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PREFACE. 


—— 


Tuis book, as the name implies, is written for High Schools and 
Academies, and is a thorough and practical treatment of the prin- 
ciples of Elementary Algebra. It covers sufficient ground for 
admission to any American college, and with the author's Col- 
4 lege Algebra makes as extended a course as the time allotted 
, to this study in our best schools and colleges will allow. Great 
| care has been taken to present the best methods, so that students 
1 in going from the lower book to the higher will have a good 
Ξ foundation, and have nothing to unlearn. : E 
l 


The problems arè carefully graded. They are for the most part 3 
new; either original or selected from recent examination papers. | 
They are sufficiently varied and interesting, and are not so difficult 
as to discourage the beginner. The early chapters are quite full; 
for even if a student is perfectly familiar with the operations of 
Arithmetic, he must have time to learn the language and the 
fundamental processes of Algebra. 

The introductory chapter should be read and discussed in the 
recitation room. This chapter brings before the student in brief 
review the knowledge he has already gained from the study of 
Arithmetie, states and proves the general laws of numbers, sets 
forth clearly the advantage of using letters to represent numbers 
in the statement of general laws, and leads him to see at the 
outset that Algebra, like Arithmetic, treats of numbers. In this 
chapter, also, the meaning of negative quantities is explained, and 
the laws which regulate the combinations of different arithmetical 
numbers are shown to apply to algebraic numbers. It is hoped 
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that a free discussion of these elementary principles will do much 
to prevent that vagueness which the beginner invariably experi- 
ences if he fails to connect the laws of Algebra with what he has 
learned in Arithmetic, 

Answers to the problems are bound separately, in paper covers, 
and will be furnished free to pupils when teachers apply to the 
publishers for them. 


Any corrections or suggestions relating to the work will be 
thankfully received. 


G. A. WENTWORTH. 


Exeter, N.H., 
June, 1890. 
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CHAPTER I. 
INTRODUCTION. 


1. Units. In counting separate objects the standards by 
which we count are called units; and in measuring contin- 
uous magnitudes the standards by which we measure are 
called units. Thus, in counting the boys in a school, the 
unit is a boy; in selling eggs by the dozen, the unit is a 
dozen eggs; in selling cloth by the yard, the unit is a yard 
of cloth; in measuring short distances, the unit is an inch, 
a foot, or a yard; in measuring long distances, the unit is 
a rod or a mile. 


2, Numbers. Repetitions of the unit are expressed by 
numbers. If a man, in sawing logs into boards, wishes to 
keep a count of the logs, he makes a straight mark for 
every log sawed, and his record at different times will be 


as follows: 


LN ΜΝ ad 
V, ΑΙ PA H N 


These representative groups are named one, two, three, 
four, five, six, seven, eight, nine, ten, etc., and are known 
‘collectively under the general name of numbers. It is 
‘obvious that these representative groups will have the 
` game meaning, whatever the nature of the unit counted, 
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8, Quantities. The word “quantity” (from the Latin 
quantus, how much) implies both a unit and a number. 
Thus, if we inquire how much wheat a bin will hold, we 
mean how many bushels of wheat it will hold. If we 
inquire how much carpeting there is in a certain roll, 
we mean how many yards of carpeting. If we inquire 
how much wood there is on a certain wood-lot, we mean 
how many cords of wood. 


4, Number-Symbols in Arithmetic, Instead of groups of 
straight marks, we use in Arithmetic the arbitrary sym- 
bols 1, 2, 8, 4, 5, 6, 7, 8, 9, called figures, for the numbers 
one, two, three, four, five, six, seven, eight, nine. 

The next number, ten, is indicated by writing the figure 
lin a different position, so that it shall signify not one, but 
ten. This change of position is effected by introducing a 
new symbol, 0, called nought or zero, and signifying none. 
Thus, in the symbol 10, the figure 1 occupying the second 
place from the right, signifies a collection of ten things, and 
the zero signifies that there are no single things over. The 
symbol 11 denotes a collection of ten things and one thing 
besides. All “succeeding numbers up to the number con- 
sisting of 10 tens are expressed by writing the figure for 
the number of tens they contain in the second place from 
the right, and the figure for the number of units besides in 
the first place. The number consisting of 10 tens is called 
a hundred, and the hundreds of a number are written in the 
third place from the right. The number consisting of 10 


hundreds is called a thousand, and the thousands are writ- 
ten in the fourth place from the right; and so on. 


δ. The Natural Series of Numbers, Beginning with the 
number one, each succeedin 


: : g number is obtained by put- 
ting one more with the preceding number. If from a given 
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point marked 0, we draw a straight line to the right, and 
beginning from this point lay off units of length, the suc- 
cessive repetitions of the unit will be denoted by the natural 
series of numbers 1, 2, 8, 4, etc. Thus, 


6. Tlie reader will notice that number symbols in Arith- 
metic stand for particular numbers, and that these symbols 
indicate a method of making up the number, but not neces- 
sarily the method by which the number is actually made 
up. Thus, if a man has 66 dollars in bank-notes, he may 
have, as the number 66 indicates, 6 ten-dollar bills and 6 
one-dollar bills, but this is not the only way in which the 
66 dollars may be made up. 


7. Integral and Fractional Numbers. When the things 
counted are whole units, the numbers which count them 
are called whole numbers, integral numbers, or integers, where 
the adjective is transferred from the things counted to the 
numbers which count them. But if the things counted are 
only parts of units, the numbers which count them are 
called fractional numbers, or simply fractions, where again 
the adjective is transferred from the things counted to the 
numbers which count them. 

To represent the parts of a given unit, two number- 
symbols are used, one to name the parts into which the 
unit is divided, and therefore called the denominator, and 
the other to denote the number of parts taken, and there- 
fore called the numerator. The denominator is written 
below the numerator with a line between them. Thus, in 
the fraction $ the 9 shows that the unit is divided into 
nine equal parts, called ninths of the unit, and the 7 shows 
that seven of these equal parts are taken. 
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8. Principal Signs of Operations. The sign +, read plus, 
indicates that the number after the sign is to be added to 
the number before the sign. Thus, 5+4 means that 4 
is to be added to 5. 

The sign —, read minus, indicates that the number after 
the sign is to be subtracted from the number before the sign. 
Thus, 8—4 means that 4 is to be subtracted from 8. 

The sign X, read times, indicates that the number after 
the sign is to be multiplied by the number before the sign. 
Thus, 5 x 4 means that 4 is to be multiplied by 5. 

The sign +, read divided by, indicates that the number 
before the sign is to be divided by the number after the 
sign. Thus, 8+4 means that 8 is to be divided by 4. 

The operation of division is also indicated by placing 
the dividend over the divisor with a line between them. 
Thus, $ means the same as 8+ 4. 


9. Signs of Relation, The sign =, read equals, or is equal 
to, when placed between two numbers, indicates that they are 
equal. Thus, 8--4— 12 means that 8+-4 is the same as 12. 

The sign >, read is greater than, indicates that the num- 
ber which precedes the sign is greater than the number 
which follows it. Thus, 8+-4> 10 means that 8--4 is 
greater than 10. 

The sign <, read is less than, indicates that the number 
which precedes the sign is less than the number which fol- 
lows it. Thus, 8+-4<16 means that 8-+-4 is less than 16. 


10. Signs of Deduction and of Continuation The sign 
stands for the word “therefore” or “hence.” The sign 
ses or = stands for the words “and so on." 


n. Number-Symbols in Algebra. Algebra, like Arith- 
metic, treats of numbers, and employs the letters of the 
alphabet in addition to the figures of Arithmetic to represent 
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numbers. The letters of the alphabet are used as general 
symbols of numbers to which any particular values may be 
assigned. In any particular problem, however, a letter must 
be supposed to have the same particular value throughout 
the investigation or discussion of the problem. 

These general symbols are of great advantage in investi- 
gating and stating general laws; in exhibiting the actual 
method in which a number is made up; and in represent- 
ing unknown numbers which are to be discovered from their 
relations to known numbers. 

The advantage of representing numbers by letters will 
be more clearly seen later on. For the present it will be 
suflicient for the beginner to understand that every letter, 
and every combination of letters, and every combination of 
figures and letters used in Algebra, represents some number. 
Thus, the number of dollars in a package of bank-notes 
can be represented by x; but if the package consists of ten- 
dollar bills, five-dollar bills, two-dollar bills, and one-dollar 
bills, and if we denote the number of ten-dollar bills by a, 
of five-dollar bills by b, of two-dollar bills by ο, and of one- 
dollar bills by d, the whole number of dollars in the package 
will be represented by 10a 4- 55 ＋ 20 f d. 

In this particular case z and 10a+5b+2c+d both 
stand for the same number. - 


12, Substitution It is obvious that the same operation 
on each of the above expressions will produce results that 
agree in value, and therefore that either may be substituted 
for the other at pleasure. In short, 

Every algebraic expression represents some number, and 
may be operated upon as if it were a single symbol standing 
for the number which 4t represents. 

18, Factors, When a number consists of the product of two 


- or more numbers, each of these numbers is called a factor of 
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the product. Ik these numbers are denoted by letters, the 
sign X is omitted. Thus, instead of a X b, we write αὖ. 


14, Coefficients, A known factor prefixed to another 
factor to show how many times that factor is taken is called 
a coefficient. Thus, in 7z the factor 7 is the coefficient of z. 


lb. Powers, A product consisting of two or more equal 
factors is called a power of that factor. 

The index or exponent of a power is a number-symbol 
placed at the right of a number, to show how many times 
the number is taken as a factor. Thus, 2* is written instead 
of 2X2x2x2; a instead of aaa. 

The second power of a number is generally called the 
square of that number; the third power of a number, the 
cube of that number. 


16. Roots. The root of a number is one of the equal fac- 
tors of that number; the square root of a number is one 
of the zwo equal factors of that number; the cube root of a 
number is one of the three equal factors of that number; 
and so on. The sign V, called the radical sign, indicates 
that a root is to be found. Thus, V4, or VA, means that 
the square root of 4 is to be taken; V8 means that the 
cube root of 8 is to be taken; and so on. 


The number-symbol written above the radical sign is 
called the index of the root. 


17. An algebraic expression is a number written with alge- 
braic symbols; an algebraic expression consists of one sym- 
bol, or of several symbols connected by signs of operation. 

A term is an algebraic expression the parts of which are 
not separated by the sign of addition or subtraction. Thus, 

.. 8ab, 5z X Ay, Jab Azy are terms. 
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A simple expression is an expression of one term. 
A compound expression is an expression of two or more 
terms. - 


18, Positive and Negative Terms. The terms of a com- 
pound expression preceded by the sign + are called posi- 
tive terms, and the terms preceded by the sign — are called 
negative terms. The sign + before the first term is omitted. 


19, Parentheses. If a compound expression is to be 
treated as a whole it is enclosed in a parenthesis. Thus, 
2 x (10 + 5) means that we are to add 5 to 10 and multiply 
the result by 2; if we were to omit the parenthesis and 
write 2 & 10 -+ 5; the meaning would be that we were to 
multiply 10 by 2 and add 5 to the result. 

Instead of parentheses, we use with the same meaning 
brackets [ ], braces f, and a straight line called a vinculum. 


Thus, (5+2), [5+2], {δ ＋ 21, 52, 3. all mean that 
the expression 5+2 is to be treated as the single symbol 7. 


20. Rules for removing Parentheses. If a man has 10 dol- 
lars and afterwards collects 3 dollars and then 2 dollars, . 
it makes no difference whether he adds the 3 dollars to his 
10 dollars, and then the 2 dollars, or puts the 3 and 2 
dollars together and adds their sum to his 10 dollars. 

The first process is represented by 10+3+-2. 

The second process is represented by 10--(3 + 2). 

Hence 10 -(8 4-2) — 10 4- 8 4- 2. (1) 
Tf a man has 10 dollars and afterwards collects 3 dol- 
lars and then pays a bill of 2 dollars, it makes no differ 
. ence whether he adds the 3 dollars collected to his 10 
dollars and pays out of this sum his bill of 2 dollars, or 
pays the 2 dollars from the 3 dollars. collected and add 
the remainder to his 10 dollars. 3 EE .5 


8 SCHOOL ALGEBRA. 


The first process is represented by 10 4-83 — 2, 
The second process is represented by 10 -- (8 — 2). 
Hence 104-(3—2)—10--3— 2. (2) 
From (1) and (2) it follows that if a compound expres- 
sion is to be added, the parenthesis may be removed and 
each term in the parenthesis retain its prefixed sign. 
If a man has 10 dollars and has to pay two bills, one of 
8 dollars and one of 2 dollars, it makes no difference whether 
he takes 3 dollars and 2 dollars in succession, or takes the 3 
‘and 2 dollars at one time, from his 10 dollars. 
The first process is represented by 10 —3 — 2. 
The second process is represented by 10— (3 + 2). 


Hence 10—(34-2)210—3—2. (3) 


If a man has 10 dollars consisting of 2 five-dollar bills, 
and has a debt of 3 dollars to pay, he can pay his debt by 
giving a five-dollar bill and receiving 2 dollars. 

This process is represented by 10 — 5 -+ 9, 

Since the debt paid is three dollars, that is, (5—2) dol- 
mi number of dollars he has left can evidently be 
exp 


ey 10629 7 
fs 10—(5—2)—10—542. ^ (0) 
From (3) and (4) it follows that if a compound expres- 

sion is to be subtracted, the parenthesis may be removed, 
provided the sign before each term within the parenthesis 


κ changed, the sign + to —, and the sign — to +. 
Exercise 1. è 

Perform the operations indicated, and simplify. 

1. TEG- 4. 58 (70, T. (8) (2) 

3 2). δ. (5 78) 2. s. (8—2)+(5—2), 

+2). 6. 5x(8—2. 9, 8x(12—6—2). 
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21. Fundamental Laws of Numbers, We are so occupied 
in Arithmetie with the application of numbers to the ordi- 
nary problems of every-day life that we pay little attention 
to the investigation of the fundamental laws of numbers. 
It is, however, very important that the beginner in Algebra 
should have clear ideas of these laws, and of the extended 
: meaning which it is necessary to give in Algebra to cer- 
3 tain words and signs used in Arithmetic; and that he 

1 should see that every such extension of meaning is con- 

sistent with the meaning previously attached to the word 

4 or sign, and with the general laws of numbers. We shall, 

4 therefore, give general definitions for the fundamental oper- 

ations upon numbers and then state the laws which apply 
to them. - 


E 22. Addition. The process of finding the result when A 
twd or more numbers are taken together is called addition, 
and the result is called the sum. 


23, Subtraction. The process of finding the result when 
one number is taken from another is called subtraction, and 
the result is called the difference or remainder, The number 

Z taken away is called the subtrahend, and the number from 

U m which the subtrahend is taken is called the minuend. 

E — In practice the difference is found by discovering the 
number which must be added to the subtrahend to give the 
minuend. If the subtrahend consists of two or more terms, 
we add these terms and then determine the number which 
must be added to their sum to make it equal to the minu- 

end. Thus, if a clerk in a store sells articles for 10 cents, 

15 cents, and*80 cents, and receives a dollar bill in pay- 
ment, he makes change by adding these items and then 

adding to their sum enough change to make a dollar. 

From the nature of this process it is obvious that the 
general laws of apwen which apply to addition apply 


14 
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also to subtraction, and that we may take for the general 
definition of subtraction 
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The operation of finding from two given numbers, called 
minuend and subtrahend, a third number, called difference, 
which added to the subtrahend will give the minuend. 


24. Multiplication, The Process of finding the result 

when a given number is taken as many times as there are 

E$ units in another number is called multiplication, and the re- 
1 sult is called the product, 

1 This definition fails when the multiplier is a fraction, for 

we cannot take the multiplicand a fraction of a time. We 

of the meaning of multi- 

ver the case in question, 

9 divide the multiplicand 


in the numerator. If, for instance, we multiply 8 by 1, we 

Ib ivi qual parts and take three of these parts, 

Ν getting 6 for the product. We see that # is 3 of 1, and 6 

E is tof 8; that is, the product 6 is obtained from the mul- 

tiplicand 8 precisely as the multiplier $ is obtained from 1. 

EE The same is true when the multiplier is an integral number. 
5 Thus, in 6x 8 = 48, 


: the multiplier 6 is 11141414 1, 
LT : and the product 48 is 8--8--8.L8..8.18 
E 3 We may, the 


9 refore, take for the general definition of 
' multiplication 


ling from two given numbers, called 
ler, wird number called product, 


da E : id τν Ἄδα ἕλε multiplicand as the multiplier is 


| 
| 
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25. Division. To divide 48 by 8 is to find the number 
of times it is necessary to take 8 to make 48. Here the 
product and one factor are given and the other factor is 
required. We may therefore take for the general definition 
of division ΄ 

The operation by which when the product and one factor 
are given the other factor is found. 

With reference to this operation the product is called 
the dividend, the given factor the divisor, and the required 
factor the quotient. 


26. The Commutative Law. If we have a group of 3 
things and another group of 4 things, we shall have a 
group of 7 things, whether we put the 3 things with the 
4 things or the 4 things with the 3 things; that is, 

44-3—3 +4. 

It is evident that the truth of the above statement does 
not depend upon the particular numbers 8 and 4, but that 
the statement is true for any two numbers whatever. Thus, 
in case of any two numbers we shall have 

First number + second number = second number + first 
number. 

If we let a stand for the first number and 5 for the second 
number, this statement may be written in the much shorter 
form 

a4-b —b-4-a. 

This is the commutative law of addition, and may be 

stated as follows : 


Additions may be performed in any order. 


27. Also, if we have 5 lines of dots with 10 dots in a 
line, the whole number of dots will be expressed by 5x 10. 
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If we consider the dots as 10 columns with 5 dots in a 
column, the number will be expressed by 10 x 5. 


. That is, 5 * 102 10 x 5. 
Again, if we divide a given length into 6 equal parts, 
i i 


— —— ͤ ᷣ— — 


one-third of the line will contain 2 of these parts, and one- 
half the line will contain 3 of these parts. Now one-third 


of one-half will be 1 of these parts, and one-half of one- 
third will be 1 of these parts; that is, 


$x4=3x}. 


Therefore, if a and 5 stand for an 


y two numbers, integral 
or fractional, we shall have 


ab — ba. 


This is the commutative ] 
be stated as follows: 


ü Multiplications may be performed in any order. 


28. The Distributive Law. 
means that we are to take the 
four times. The process can 
dots in a line, and a little to 
the same line, and then placin 
line of dots underneath the fi 
it. 


aw of multiplication, and may 


The expression 4 x (54-3) 
sum of the numbers 5 and 8 
be represented by placing five 
the right three more dots in 
6 a second, third, and fourth 
rst line and exactly similar to 
9959599 9599 
39959595 eee 

59559» eee 

900006 eee 
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There are (5 73) dots in each line, and 4 lines. The 
total number of dots, therefore, is 4 x (5 + 3). 

We see that in the left-hand group there are 4 x 5 dots, 
and in the right-hand group 4 X 3 dots. The sum of these 
two numbers (4 x 5) J- (4 X 3) must be equal to the total 
number; that is, 


4 x (54-3) — (4 x 5) ＋ (4 x 8). 


Again, the expression 4 X (8 — 8) means that 3 is to be 
taken from 8, and the remainder to be multiplied by 4. 
Thé process can be represented by placing eight dots in a 
line and crossing the last three, and then placing a second, 
third, and fourth line of dots underneath the first line and 
exactly similar to it. 


9 9 e 9 
LJ 
LJ 
e 
. 
“se 
δν ο. €. 
. ο. 


The whole number of dots not crossed in each line is 
evidently (8 — 3), and the whole number of lines is 4. 
Therefore the total number of dots not crossed is 

4 x (8— 8). 


The total number of dots (crossed and not crossed) is 
(4X 8), and the total number of dots crossed is (4 x 3). 
Therefore the total number of dots not crossed is 


(4 x 8) — (4x 3); 
that is, 4 x (8 — 8) — (4 x 8) - (4x 3). 
Hence, by the commutative law 
(8 —3)x 4=(8 x 4)—(8 x 4). 
In like manner, if a, 6, c, and d stand for any numbers, 
wehwve ae d) ab L ae ad. 
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This is the distributive law, and may be stated as follows: 

In multiplying a compound expression by a simple ex- 
pression the result is obtained by multiplying each term of 
the compound expression by the simple expression, and writ- 
ing down the successive products with the same signs as 
those of the original terms. 


29. The Associative law. The terms of an expression may 
be grouped in any manner. For if we have several num- 
bers to be added, the result will evidently be the same, 
whether we add the numbers in succession or arrange them 
in groups and add the sums of these groups. Thus, 


a+b+e+t+dte 
=a ＋ (b+ c) 4- (d 4- e) 
7 (a - ὁ) 4- (c - d 4- e). 
Likewise, if in the rectangular solid represented in the 
margin we suppose AB to contain 5 units of length, BC 3 
p units, and CD 7 units. The base may 
be divided into Square units. There 
will be 3 rows of 5 Square units each. 
Upon each square unit a cubic unit may 
be formed, and we shall have (3x 5) 
c cubic units. Upon these another tier of 
(8 x 5) cubic units may be formed, and 
- : then another tier of the same number, 
and the process continued until we have 7 tiers of (3 x 5) 
ea number of cubic units in the solid 
will be represented by 7 x (8 x 5). 

Upon the right-hand square in the back row a pile of 7 
upon the next square to the 
ic units may be formed, and 
er, and the process continued 
cubic units on each square in the 
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back row. We shall then have (5 X 7) cubic units in the back 
tier, and as we can have 8 such tiers, the number of cubic 
units in the solid will be represented by 8 x (5 x 7). 

Again, if we form a pile of 7 cubic units on the right-hand 
square of the back row, then another pile of 7 cubic units on 
the next square in front, another pile of 7 cubic units on the 
next square in front, we shall have a tier of (3 x 7) cubic 
units. We can have 5 such tiers, and the number of cubic 
units in the solid will now be represented by 5 x (3 x 7). 

It follows, therefore, that the total number of cubic units 
in the solid may be represented by 

“7 x (8x5), or by 3 & (5 X 7), or by 5x (8x 7). 


It is obvious that no part of this proof depends upon the 
particular numbers 3, 5, and 7, but the law holds for any 
arithmetical numbers whatever, and may be expressed by 

eX (ax b)—ax(bxc)-—5bx(axoc). 

This is called the associative law of addition and multi- 
plication, and may be stated as follows: 


The terms of an expression, or the factors of a product, 
may be grouped in any manner. 


30. The Index Law. 
Since d= dd, and a= aaa, 
a X a! — aa X aaa = αὖ = a"; 
axa —aaaa X a — a5 a. 
If a stands for any number, and m and n for any integers, 
since d= dad to m factors, 
and à" = aaa---- to n factors, 
a^ X a^ = (aaa ~- to m factors) X (aaa ..... to n factors), 
eM. to (m 4- n) factors, 
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Hence, the index law may be stated as follows : 


The inder of the product of two powers of the same number 
is equal to the sum of the indices of the factors. 


81. These four laws, the commutative, the distributive, 
the associative, and the index laws, are the fundamental 
laws of Arithmetic, and together with the law of signs, 


which will be explained hereafter, they constitute the 
fundamental laws of Algebra, 


82, Quantities Opposite in Kind. If a man gains 6 dollars 
and then loses 4 dollars, his actual gain, or, as We com- 
monly say, his net gain, is 2 dollars; that is, 4 dollars’ loss 
cancels 4 dollars of the 6 dollars’ gain and leaves 2 dollars’ 
gain. If he gained 6 dollars and then lost 6 dollars, the 6 
dollars’ Zoss cancels the 6 dollars’ gam, and his net gain is 
nothing. If he gained 6 dollars and then lost 9 dollars, 
the 6 dollars’ gain cancels 6 dollars of the 9 dollars’ Zoss, 
and his net loss is 3 dollars. In other 
are quantities so related that one canc 
or in part. 


words, loss and gain 
els the other wholly 


aN fall of 8 degrees. In other Words, rise and fall are quan- 
. tities so related that one cancels the other wholly or in 


An Opposition of this kind also exists in motion forwards 
and motion backwards; in di nces measured east and 
: z ie nces measured north and 
ore ali ed south; in assets and debts; in time be- 

on rand time after a fixed date; and so on. 


INTRODUCTION. 17 


88, Algebraic Numbers. If we wish to add 8 to 4, we 


begin at 4 in the natural series of numbers, 


ο αν 5—8 7. 8/9 


count 3 units forwards, and arrive at 7, the sum sought. If 
we wish to subtract 3 from 7, we begin at 7 in the natural 
series of numbers, count 3 units backwards, and arrive at 4, 
the difference sought. If we wish to subtract 7 from 7, we 
begin at 7, count 7 units backwards, and arrive at 0. If 
we wish to subtract 7 from 4, we cannot do it, because 
when we have counted backwards as far'as 0 the natural 
series of numbers comes to an end. 

In order to subtract a greater number from a smaller it 
is necessary to assume a new series of numbers, beginning 
at zero and extending to the left of zero. "The series to the 
left of zero must proceed from zero by the repetitions of the 
unit, precisely like the natural series to the right of zero; 
and the opposition between the right-hand series and the 
left-hand series must be clearly marked. This opposition 
is indicated by calling every number in the right-hand 
series a positive number, and prefixing to it, when written, 
the sign +; and by calling every number in the left-hand 
series a negative number, and prefixing to it the sign —. 
The two series of numbers will be written thus: 


we —4 —3 —2 —1 0 +1 42 43 +4... 
_—_—_— ——M——M— —À 


ALGEBRAIC SERIES OF NUMBERS. 


If, now, we wish to subtract 9 from 6, we begin at 6 in 
the positive series, count 9 units in. the negative direction 
(to the left), and arrive at — 3 in the negative series; that 
is, 6—9——8. 

The result obtained by subtracting a greater number from 
a less, when both are positive, is always a negative number. 
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In general, if a and ὁ represent any two numbers-of the 
positive series, the expression a — will be a positive num- 
ber when a is greater than b; will be zero when a is equal 
to ö; will bea negative number when a is less than 5. 

In counting from left to right in the algebraic series num- 
bers increase in magnitude; in counting from right to left 
numbers decrease in magnitude, Thus --ᾱ, — 1, 0, 4-2, 
+4 are arranged in ascending order of magnitude. 


84. We may illustrate the use of algebraic numbers as 
follows: Id s 8 20 
i 5 
D A σ z 


Suppose a person starting at A walks 20 feet to the'right 
of A, and then returns 12 feet, where will he be? Answer: 
At Ca point 8 feet to the right of A; that is, 20 feet — 19 
feet = 8 feet ; or, 20 — 12— 8. 

Again, suppose he walks from A to the right 20 feet, and 
then returns 20 feet, where will he be? Answer: At A, 
the point from which he started; that is, 20 — 90 = 0. 

Again, suppose he walks from A to the right 20 feet, and 
then returns 95 feet, where will he now be? Answer: At 
D, a point 5 feet to the left of 4; that is, 20 — 25 = — 5; 


and the phrase “5 feet to the left of 4” is now expressed 
by the negative quantity, — 5 feet, 


conc ο ο a ee dL n = Β 
x X. i p i μις, 5 * i 
y . 


E os 95. Every algebraic number, as +. 4 or — 4, consists of a 
ein + or — and the absolute value of the number. The 
sign sho 


2 - s k iiis: MT. 
. 


d qe no sign stands before à number, the sign + is 
» always understood. Thus 4 means the same as +4, a 
means the same as +a. But the sign — is never omitted. 


ERI 


nnr 
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36. Two algebraic numbers which have, one the sign + 
and the other the sign —, are said to have unlike signs. 

Two algebraic numbers which have the same absolute 
values, but unlike signs, always cancel each other when 
combined. Thus +4—4=0, +a—a=0. 


81. Double Meanings of the Signs + and — The use of 
the signs + and — to indicate addition and subtraction 
must be carefully distinguished from the use of the signs + 
and — to indicate in which series, the positive or the nega- 
tive, & given number belongs. In the first sense they are 
signs of operations, and are common to Arithmetic and 
Algebra; in the second sense they are signs of opposition, 
and are employed in Algebra alone. 


38. Addition and Subtraction of Algebraic Numbers An 
algebraic number which is to be added or subtracted is 
often inclosed in a parenthesis, in order that the signs -+ 
and —, which are used to distinguish positive and negative 
numbers, may not be confounded with the + and — signs 
that denote the operations of addition and subtraction. 
Thus ＋ 4 -+ ( 8) expresses the sum, and +4 — (— 3) ex- 
presses the difference, of the numbers -+ 4 and — 8. 

In order to add two algebraic numbers we begin at the 
place in the series which the first number occupies and 
count, in the direction indicated by the sign of the second 
number, as many units as there are in the absolute value 
of the second number. d 

Thus the sum of + 4+ (+ 3) is found by counting from 
+4 three units in the positive direction; that is, to the 
right, and is, therefore, + 7. ; 

The sum of + 4 + (— 3) is found by counting from +4 
three units in the negative direction; that is, to the left, and 
is, therefore, ＋ 1. - 
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The sum of — 4 -+ (＋ 3) is found by counting from — 4 
three units in the positive direction, and is, therefore, — 1. 


—.—5 —4—3 —2 — 9.11 12 $3 44 8 76 
© YES GE Sco abst <p eee Ye . Oa dtd 


The sum of — 4 + ( 3) is found by counting from — 4 
three units in the negative direction, and is, therefore, — 7. 

Hence, to add two or more algebraie numbers, we have 
the following rules: 

Case I. When the numbers have like signs. Find the 
sum of their absolute values, and prefix the common sign to 
the result. 

CasE II. When there are two numbers with unlike signs. 
Find the difference of their absolute values, and prefix to the 
result the sign of the greater number, 


with the third number, and so on; or, find the sum of the 
Positive numbers and the sum of the negative numbers, take 
the difference between the absolute values of these two sums, 
and prefix to the result the sign of the greater sum. 


39, The result is called the sum. It is often called the 
algebraio sum, to distinguish it from the arithmetical sum, 
that is, the sum of the absolute values of the numbers. 


40. Subtraction, In order to subtract one algebraic num- 
ber from another, we begin at the place in the series which 
9 minuend occupies and count n the direction opposite to 
of the subtrahend as many units 
e value of the subtrahend. 


^ 


NES dos Ae ον. 


* 
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The result of subtracting —3 from ＋ 4 is found by count- 
ing from +4 three units in the positive direction; that is, 
in the direction opposite to that indicated by the sign — be- 
fore 3, and is, therefore, +- 7. 

The result of subtracting +3 from — 4 is found by count- 
ing from —4 three units in the negative direction, and is, 
therefore, — 7. 

The result of subtracting —3 from —4 is found by count- 
ing from —4 three units in the positive direction, and is, 
therefore, — 1. 

Oollecting the results obtained in addition and subtrac- 
tion, we have 


ADDITION. 


+4+(—3)=+4—8=+1 
+44-(+8)=+448=+7. 


SUBTRACTION. 


+4—(+3)=+4—3=+1. 
44—(-8)—444-824-7. 


—44(—8)=—4—3=—7. 
Zub 8) —-4--8——1. 


—4—(4-8)z—4—82-—7. 
—4—(— 3) == 44-8228 


No part of this proof depends upon the particular num- 
bers 4 and 8, and hence we may employ the general symbols 
a and 5 to represent the absolute values of any two alge- 
braic numbers. We shall then have 


SUBTRACTION. 
+a—(+b)=+a—6. (1) 
Ta- (-=) agb. (2) 

_—a—(+b)=—a—b. (3) 
—a—(—b)=~—a+b. (4) 


ADDITION. 
+a+(—b)=+a—b. 
+a+(+b)=+a+0. 
—a+(—b)=—a—b. 
-a+(+))=—a+b. 


From (1) and (8), it is seen that subtracting a positive 
number is equivalent to adding an equal negative number. 


From (2) and (4), it is seen that @biracting a negative 


number is equivalent to adding an equal positive number. 
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To subtract one algebraic number from another, we have, 
therefore, the following rule: 


Change the sign of the subtrahend, and add the subtra- 
hend to the minuend. 


This rule is consistent with the definition of subtraction 
given in $23; for, if we have to subtract — 4 from ＋ 8, we 
must add +4 to the subtrahend — 4 to cancel it, and then 
add + 3 to obtain the minuend; that is, we must add +7 
to the subtrahend to get the minuend, but -+7 is obtained 
by changing the sign of the subtrahend —4, making it ＋ 4, 
and adding it to 1-8, the minuend. 


41. The commutative law of addition applies to algebraic 
numbers, for -+ 4 Ἔ(-- 8)=—8+4(4 4). In the first case 
we begin at +4 in the series, count three units to the left, 
and arrive at --1; in the second case we begin at —8 in 
the series, count four units to the right, and arrive at +1. 

The associative law, also, of addition is 


easily seen to 
apply to algebraic numbers, 


42. Multiplication and Division of Algebraio Numbers, By 
the definition of multiplication, $ 24. 
Since +8=+141+41, 
“3X(48)=4+84848 


+ 24, 
and 3x(—8)=—g_g_¢ 
--- 94. 
Again, since =e o=—1— 14, 
“(—3)x8=_g_g_¢ 


" E 
τὰ. €9xC€8-—-(-8—(.9. C5 
e - 94. 
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No part of this proof depends upon the particular num- 
bers 3 and 8. If we use a to represent the absolute value 
of any number, and 5 to represent the absolute value of 
any other number; we shall have 


(4- à) x (4- ὁ) A ab. (1) 
(+ a) x (— 5) ^ — ab. (2) 
(— a) x (+ 6) = — ab. (3) 
(— a) x C- 5) 2 -- ab. (4) 


43, Law of Signs in Multiplication. From these four cases 
it follows that, in finding the product of two algebraic 
numbers, 


Like signs give +, and unlike signs give —. 

44, Law of Signs in Division. 

Since (Sa) x (4-5) = ab, .. +ab+(+a)=+6. 

Since (+a) x ( -ab, . —ab--(4-a) 5 — 5. 

Since (Ca) x ( -ab, .. —ab--(—a) 4-5. 

Since (Ca) x (- Tab, . -Καδ--(--α)----δ. 

That is, if the dividend and divisor have like signs, the 


quotient has the sign +; and if they have unlike signs, 
the quotient has the sign —. Hence, in division, 


Like signs give +; unlike signs gwe —. 


45. From the four cases of multiplication that we have 
given in § 42 it will be seen that the absolute value of 
each product is independent of the signs, and that the signs 
are independent of the order of the factors. Hence the com- 
mutative and associative laws of multiplication hold for all 
algebraic numbers. 
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1 46. The distributive law also holds; for, if 


: | | a (b e) -- ab + ac, 
a then — a (ὃ-]- ο) 2 — ab — ae, 
i and GCE -- ὃ (— a) }- e(— a). 


Therefore, for all values of a, b, and ο, 
a (b + ο) -- ab -- do. 


From the nature of division the distributive law which 
applies to multiplication applies also to division. 


41. We have now considered the fundamental laws of 
Algebra, and for convenience of reference we formulate 
them below: 

a Oe) ae 
@+(b—c)=at+tb—eo El ae 
a—(b+¢)=a—b—e 
a (-e) ae 


(1-4) x (- 5) -- -- αὖ 
(+a) x (- 5) 2 — ab 


(2) 
(-2)x Q- 5) - — ab 
(7 a) X(—2)=+ ab 
The commutative law: 
Addition 3455 0 8 
Multiplication ab — ba | ee 
The associative law: 
Addition a Oe =(.) e a 
Multiplication α(δο) = (abye — abo | ; d 
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The distributive law: : 
Multiplication à (5 + e) — ab + ae 
3 (b — c) d b i 0 . wu) . (5) 


a a a 


Division 
The index law: 
Multiplication ^ d“ * .. . . (6) 


These laws are true for all values of the letters, but in (6) 
m and n are for the present restricted to positive integral 
values. 


48. Value of an Algebraic Expression, Every algebraic ex- 
pression stands for a number; and this number, obtained 
by putting for the several letters involved the numbers for 
which they stand, and performing the operations indicated 
by the signs, is called the value of the expression. 

In finding the values of algebraic expressions, the begin- 
ner must be careful to observe what operations are actually 
indieated. Thus, 


4a means a 4- a ]- a - a ; that is, 4 X a. 
a‘ means a X a X a X a. 
Vabe means the square root of the product of a, b, and c. 
Vabe means the product of the square root of a by 5c. 


Νοτε. The radical sign ν΄ before a product, without a vinculum 
or a parenthesis, affects only the symbol immediately following it. 


"Va -- means that b is to be added to the square root of a. 
Va-+b means that 5 is to be added to a and the square 


root of the sum taken. 


49. In finding the value of a compound expression the 
operations indicated for each term must be performed before 
the operation indicated by the sign prefixed to the term. 
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Indicated divisions should be written in the fractional form, 
and the sign X omitted between a figure and a letter, or 
between two letters, in accordance with algebraio usage. 
Thus, (5 — ο) -- 2 x c + 26 should be written 

b—e 


—— + 26. 
20 + 


Nore. The line between the numerator and 


fractions serves for a vinculum, and renders t 
necessary, 


denominator of the 
he parenthesis un: 


If 5—4, and ο---. 4, the numerical value is 


4—(—4) 26 — 8. ρα... 90 = 
2x (—4) 8 ＋ 26 1 + 26 = 25. 


Exercise 2. 


Nore. When there is no sign expressed between single symbols 
or between com; 


Pound expressions, it must be remembered that the 
sign understood is the sign of multiplicati 
If a=], b=2, and ¢= 
‘ a 


1. Ta — bc, 


8, find the value of 


5. 2a— btc, 9. VA abe. 
2. ae-- b. 6. ab+ bc — ac. 10. MG. 
3. 445 — 0. 


T. B+ arp ot . 


4 Gabbe 8. 245 — δὲ 12. Ve d. 
13. ᾱ-- 2(ὅ o), 16. 65 — 105124 4- 2c. 
14. (3 f / 2(e ay. αγ. 5e -- (b — a) — (5 3- a). 
15. VG — (5 — ο). 18. 606. 


Ia 1. 5-9 ¢=8, and d — 0, find the value of 
. ebe 21. 4ab — cd d. 


- iic Te 22. 2a—bie 


INTRODUCTION. 27 


23. ab + bc — ad. 21. 
24. 2ab —5bc. 28. 
25. VAabed. 29. 
26. Mabed. 30. 


b — c4 d. 

a — 2 (b 4- ο). 

25 (8 — 5c) + (a — 2c). 
2 (a 4- by. 


Exercise 3. 


Remove the parentheses ($ 20), and find the algebraic 


sum of 

1. (5—2)-(841. 11. 
2. (6 2) (2 8). 12. 
3. (-84-4)—(2--5). 18. 
αυ} 
δ. 29—(5—14-8). 15. 
6. 8—(1—5--4). 16. 
7. 10—(5—6— 7). 17. 
8. 2—(8—8 +4). 18. 
. (5—10)+(3—2). 19. 


— 
2 


U 4-(8--2— 4). 20. 


If a=1, 5 —2, and ο-- —8, 


21. α-ἷ- b 4- c. 24. 
22. a — b +c. 25. 
28. a—b — c. 26. 


23 .- (2 — 1 — 6). 
24 — (2 — 7 — 5). 
114-(1—4— 8). 
6 
10 — (5 — 2— 1). 
—17 —(5 — 10— 18). 
—5--(84- 2-7). 
—(2— 3 4- 4)— 1. 
— (10— 8 — 12 4- 10). 
είδα εδ 


find the value of 

a — (— ὃ) e. 

a — (— 5) — c. 

EM Cs 


CHAPTER II. 
ADDITION AND SUBTRACTION. 
INTEGRAL EXPRESSIONS. 


60. If an algebraic expression contains only integral 
Jorms, that is, contains no letter in the denominator of 
any of its terms, it is called an integral expression. Thus, 
* E- 5%, jaz - bey, are integral expressions, 
but E m RE is a fractional expression, 

An integral expression may have for some values of the 
letters a fractional value, and a fractional expression an 
integral value. 1f, for instance, a stands fox J and ὁ for 
4, the integral expression 2a — 55 stands for $—$=4; 


and the fractional expression 55 stands for 15 4 5. 
Integral and fractional ex 
on account of the form of 
ence whatever to the 
when definite numbers 


n A term may consist of a single symbol, as a, 


pressions, therefore, are so named 
the expressions, and with no refer- 
numerical value of the expressions 
are put in place of the letters. 


; n arithmetical symbol, as the factor 5 
in Habe, this factor 
the coefficient of the te 


plis à lon, a factor expressed by an arithmeti- 
dal figure is called a numer facto d b 
ων pen i M T, and a factor expresse ya 
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62. Like Terms. Terms which have the same combina- 

tion of literal factors are called like or similar terms; terms 

t which do not have the same combination of literal factors 

4 are called unlike or dissimilar terms. Thus, 5 αὖδο, — 7 a?bc, 

abe, are like terms, but 5a'be, 5ab*c, S abe, are unlike 
terms. : 


53. A simple expression, that is, an expression of one 
term, is called a monomial A compound expression, that 
is, an expression which contains two or more terms, is | 
called a polynomial A polynomial which contains two 
terms is called a binomial, and a polynomial which contains 
three terms is called a trinomial. 


54, A polynomial is said to be arranged according to 
the powers of some letter when the exponents of that letter 
either descend or ascend in the order of magnitude. Thus, 
Baz’ - 45 — 6az--8b is arranged according to the de- 
scending powers of v, and 85 —6az — 4bz!--8az* is 
arranged according to the ascending powers of z. 


55. Addition of Integral Expressions. The addition of two 
algebraic expressions can be represented by connecting the 
second expression with the first by the sign +. If there 
are no like terms in the two expressions, the operation is 
algebraically complete when the two expressions are thus 
connected. 

If, for example, it is required to add mn —p to 
a De, the result will be a4- 5 4- e - (m 4-n — p); or, 
removing the parenthesis ($ 20), a - e 4- m 4- n p. 


1 56. If, however, there are like terms in the expressions to 
- be added, the like terms can be collected; that is, every 
= set of like terms can be replaced by a single term with a 
3 coefficient equal to the algebraic sum of the ρθω of 
E 1 the like sume. 


9d 4-295 + Gab? 
S + 


de coefficient of b 
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If it is required to add 5a'-- 4a 4-8 to 2a! — 8a — 4, 
the result will be 


2a! —3a — 4 + (5a*-- 4a 4- 8) 


—2a'—3a-—4-r5a'-4-4a--8 § 20 
Ξ- 2α) -- δα]-- 3a -- Δα -- 4 -|- 8 $ 26 
za --a—1. 


This process is more conveniently represented by arrang- 
ing the terms in columns, so that like terms shall stand in 
the same column, as follows : 


24 —8a—4 
5a'--4a 4-8 
tot a—1 
The coefficient of a? in the result will be 5+-2, or 7; the 
coefficient of a will be —3 +4, or 1; and the last term is 
—4+3, or — 1. 
Nore. When the coefficient of a term is 1, it is not written, but 


understood; conversely, when the coefficient of a term is not writ- 
ten, 1 is understood for its coefficient, 


If we are to find the sum of 2a! — 8 αδ + 4 αδ' + δ", 
a’ + 40% — Tabt — 965, — 3a + 45 Sap — 40), and 
— 3%, we write them in columns. 
2d —3a'b--4aP-. δ; 

αἳ ＋ 4 1a? 938 
—8a+ ab—3aj 455 

2α' + 2075 + Bab? 335 

2a* -+ 49% --8ῤ} 


in the result will be 2--1—8--2, 
of αὖ will be —3444142 or 4-4; 
will be 1—1—3-4-6, or 0, and, | 
» the term ab? will not appear in the result; and 
will be 1—2—4— 3, or —g : 
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Exercise 4. 


Add 


m 
* 


— — 
— o 


. 9zy, 4%, Tax, and — 3az. 
. a+b and a — b. 
. — & and 22 — zt. 


. 3 —2zy-- y? and t 2 4-8y'. — 

. aa! ＋ bz —4, 3a — 2bz--4, and — 4d —25z ＋ 5. - 
. 5z--8y +z, 34 ＋ 2/ 4-82, and æ - 35 52. 

„ ab- Nd I. S, 44 h — 6a*z--5az*, αὖ H. Ga- 


ont nap © WD 


. a* 20 F 8a! — a 4- 7, 2a*— 3a J 20 — 44 6, μὰ 
. 8a! ab Tae 35˙＋ 45e è, — 5a! — ab —ac-4-5bo, 
„ a^ 3 ＋ 22! 4247, 82* 2 4-2 52 — 6, 

15.. 32% 4% +a’, 5 ll zy! — 1222, 7 V T= 
. a^ — 2d? 8d, a -- a? a, 4af δα, 2a'--3a—2, 


. P+ Day! — ay — y, 22 — Baty 4% — Ty, 


Ta, 2a, —8a, and — 5a. 
Tay, 2xy, — 4%, and — 5zy. 
4a*b, —3a*b, and —5a’d. 


5 ＋ 6 —2 and 32? —7z 2. 


and d= 8ab — 5 az. 


— a! — 99? -- 2a! — δ. 


—4be+ 5 4- 2ab, and —4a +b He 24. 


—4a*--82? — 82*--9z—2, and 22*— 2-23 —z4-1. 


and — 4 -- y! — Z. — 


and — à? 24 — 8. 


and & G — 7 y". 
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57. Subtraction of Integral Expressions. The subtraction 
of one expression from another, if none of the terms are 
alike, can be represented only by connecting the subtra- 
hend with the minuend by means of the sign —. 


If, for example, it is required to subtract a+6-+e from 
mn p, the result will be represented by 
mn == (abe); 
or, removing the parenthesis, $ 20, 
m--n»—p-—a-—b-c. 
If, however, some of the terms in the two expressions are 
alike, we can replace two like terms by a single term. 


Thus, suppose it is required to subtract a’—2a’+2a—1 
from 30 — 24 a- 2; the result may be expressed as 


follows : . eae 
34 — 20 Ea —2—(? — 2a? + 2a—1); 
or, removing the parenthesis (690), 
34 — 20 Pa 2 — 42 2471 
84 — 2d + 20 4 24241 
24 4 1. 


This process is more easily performed by writing the 
subtrahend below the minuend, mentally changing the sign 
E P of each term in the subtrahend, and adding the two expres- 
. . mons. Thus, the above example may be written 


34 --2αἳ-- α- 9 


e αἲ-- 2a? 4 24 — 
SED 9g 3 1 
| Λα... "e of a will be 3—1, or 9. the coefficient 


e — 4-F2, or 0, and therefore the term a* will 
not appear in the result; the coefficient of a will be 1 — 2, 
or — 1; the last term will be 241, ; 


boe 
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Again, suppose it is required to subtract a°+4a*z’—3a*2* 
--4αα' from a®z*+2a’z’—4az‘*. Here terms which are 
alike can be written in columns, as before: 


a2? 4- 20% — 4a 
a’ --- 4a?a? — 3 aà?3? — 4 az* 
-a — 8a?! + 5a*2? 
There is no term a* in the minuend, hence the coefficient 
of a? in the result is 0— 1, or —1; the coefficient of a^z* 
will be 1-*4, or —3; the coefficient of a will be 24-3, 


or +5; the coefficient of az* will be —4+4, or O, and 
therefore the term az* will not appear in the result. 


: aes 5. 
From 8a — 45 — 2c take 2a — 35 — 3c. 


1 

2. From 8a —45-4-3ctake 2a—85—c—d. " 

8. From Τα. —9r —1 take 5a! —6z — 8. 

4. From 22* — 2az + a’ take 2? — az — a*. 

5. From 4a — 35 3 take 2a —35 + 4c. 

6. From 527+ 77+ 4 take 34 — 1 z 4- 2. 

7. From 2az ＋ 3by 4- 5 take 3az — 3by — δ. 

8. From 4 αἳ — 6ab + 22 take 3a? ＋ αὖ 4- δ". 

9. From 4a'b + Tab’ -- 9 take 8 — 3aP*. 
410. From 5 ＋ θα — 89? take P ＋ 6 = - 
11. From a? — # take ὁ". 18. From 55 take αἳ — 21. 
12. From a! — P? take a’. 14. From g take a δ᾽, 


15. From α΄} Sa» 252 -- 3ez — Ad 
take $24 + az! — 4U 6c d. 
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If A -- δα] —2ab 4.555, C Tæ — 8ab 4-59, 
B= gal- bab g, D=II —3ab— 4655 
Hi | find the expression for 


| 1 16. A-- C4 B+ D. 19. A--C— B— D. 
11 KI 4—0— B3 5 20. 1 CBA D. 
ii 18. C A— B4 D. οι. A--C— B 4- D. 


58. Parentheses. From the laws of parentheses (§ 20), we 
have the following equivalent expressions : . 


a Oe) — a b --ο, ^ 8b ea (b4- c); 
@+(b—e)=a+b-¢ |, a+b—c=a+(b—c); 
a—(6+¢e)=a—b—o, ^ a—b—e=a—(b+0); 
@—(b—c)=a—de¢, abe Sa- Go); 


that is, if a Parenthesis is preceded by the sign +, the 
z l parenthesis may be removed without changing the sign 
N anz term; conversely, any number of terms may be 
Ξ enclosed within a parenthesis preceded by the sign +, 
without changing the sign of any term. 
If a parenthesis is preceded by the sign —, the paren- 
thesis may be removed, provided the sign of every term 
Within the parenthesis is changed, namely, + to — and — to 


-1 conversely, any number of terms may be enclosed 
Within a parenthesi 


58. Expressions: may occur having parentheses within’ 
parentheses; in euch cases parentheses of different shapes 
“are use beginner, when he meets with one 
Mithesis (, or bracket L. or brace b 
Vy for the other part, whatever may in- 
all that is included between the two parts of 
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each parenthesis must be treated as the sign before it directs, 
without regard to other parentheses. It is best to remove 
each parenthesis in succession, beginning with the innermost 
one. Thus, 


ῶ a—[b—(e—d) +4] 
=a—[b—ce+d+e] 
=a—b+c—d—e. 

(2) a— [b — [c — (4 e) +f} 


Sa -le le- 
=a—{b—c+d—e—f} 
=a—b+e—d+e+tf. 

Exercise 6. 

Simplify the following by removing the parentheses and 
collecting like terms : A 
1. a5 — [a — (5b — c) — c]. £4 
U {p — m)} bes. 
. 2z — iy + [4z — (y+ 22)]4. 3 
34 —125 — [5c — (3a + 50 J. 
a—{b+[e—(d—6)+a]— 2b}. 
8z — [9 — (2 -- 7) 3-82]. 
22—[y—(z — 29] 
. a — [25 + (38e — 25) Tal. 
„ (a—z4-y)—(6—z—9) t (a- 5 — 2y). 
. 8a — [- 45 + (4a — 5) — (2a — 58)). 
. 4e — [a — (25 — 8e) -- c]-H[a - (25 — 5e — α)]- 
.s4(-2-[8z-2-24[z—(—22) 
a — [2a-4- (a- 200 ＋ 2a] 5 —í6a — [(a4- 2a) al]. 


— κ — 
Ὁ — o 


13. 
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14. 22 —(8y 4- z) {b (e b)+ e — [a — (c — δ)]}. 
15. a—[b+e—a—(a+b)—c]+(2a— b - e). 
Νοτε. The sign — which is written in the above problem before 


the first term ὁ under the vinculum is really the sign of the vinculum, 
e meaning the same as — (b κ ο). 

16. 10—2—i—2—[z—(z—8—2)]. 

17. 22— {2e+(y—2)—824(22—(y—z—9y) —82]4-4y]. 
18. 
19. 


20. 


Exercise 7. č 
In each of the following expressions enclose the last three 
terms in a parenthesis preceded by the sign —, remember- 
ing that the sign of each term enclosed must be changed. 
. 
ee 
3. ab- 4a 541. 
4. ar by + ez+ bz — ey + oz. 
5. 3 26 f 543.47 
6. 2—92—5zy—42; 4. Byz: 
Considering all the factors that precede £, y, 
the coefficients of these letters, we may collec 
; y, and z in the following expression : : 
Ot — ay az er 4 be ( b) 4 (a — ) -( o. 
Inn like manner, collect the coefficients of , y, and z in 
the following expressions: . A 
T azt bytost le cy + a xm 
ων. "Ἔν - 22, 


and z, respectively a& 


t in parentheses the 
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. az 25% — bez — Abz + 3cy — Taz. 


. az -- δαν + 26% — bz — llez--2ey — ez. 

45% — 3 — bcz + 25 — Tex — bey — ex — cy — cz. 
- 6az —5by + 36 — 2bz — 3 ay + bz — az + by. 

. 2—by+3az—3cy + 2az — 29mz - 5bz. 


. £--ay — az dc + bez — mny — y — z. 


Exercise 8. 
EXAMPLES FOR REVIEW. 
. Add 42? —5a*—5aa*--6a'z, 6 3 A 90r, 
19az*—112*—15o?z, and 102°+-7 à^z4-5 à? —18 ασ. 


Add 3ab+3a+66, —ab+2a+4b, Tab —4a—8b, 
and 6a + 12b — 2ab. 


Nore. Similar compound expressions are added in precisely the 
same way as simple expressions, by finding the sum of their coeffi- 
cients. Thus, 3(z — y) -5(z — y) — 2(z — y) = 6 (z — y). 


. Add 4(5 —z), 665 — z), 8(5 — z), and —2(5 — z). 
Add (a+b) + OTL A, +02 
T (a 4-6)? (a 4- ὅλα", and (a 4- e)z? 4- (a }- ὄ)γ' 
T oz. 
- Add (a 4- b) z--(b -- e) y-- (c4 -a)z, (6+c)z+(e+a)z 
— (a 4- b) y, and (a 4- c) y + (a 4- 5) - (b 4- e) z. 
From a — 2 take œ + 2az + z. 
From 30. 4-2az + take a? — az — z’. 
From 82! —3az + 5 take δα + 2az 4- 5. 
è From a’ + 35% tab abe take ab? — abc + b. 
From (a 4- b) z 4- (a 4- ο) y take (α--ὅ)α--(α-- ο)ψ. 
Simplify n aee 
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12. Simplify 8a—jfa+b—[a+b+c—(a+b+ e+d)}}. 
,A$. Bracket the coefficients, and arrange according to the 
descending powers of z 

r —az— e! bz +- ba? — cx? pato 2 er. 
14. Simplify αἳ — (p — e)— [b (c --- αἲ)] -- [c -a. 
* Ifa=1, 5 —8, ο-- 5, and d= 7, find the value of 

a—25—[8e—d—[8a—(55—c—84)]— 28]. 

47746. From 2d-- 11a 4-105 δε take 2e4-5a —85. Find 
the value of each of these expressions when a, 5, c, 


and d have the values 1, 8, 5, 7, respectively, and 
show that the difference of these values 


i} the value of their difference, 
; η, If a — 1, 5 38, € — — 5, d — 0, find the value of 
N 2-20 --398.L4q: 
| If a—8, b=4 c= 
value of 
18. „ — a) (s — b) (s — ο). 
19. e+ —a) + G- (s oy. 
20. „„ 
21. Ifz=a+2b—3¢ y —5--2c — 8a, and z=e+2a 
—3 5, show that z 4- y. 2 0. 
22. Hr a- 25 4.80 y —5—2c--8a, and 2 23a 
0, show that «++ , o, 25.14 20 
23. What must be added to «+ 5y 32 in order that 
the sum may be 2 227 
24. What must be added to δα) — 70 + Bab in order 
| Mat the sum may be at 20% 20h gra 
25. If ESD 30% ο F= 8a - ὃν 


eee ων H= 2 3p, 
E find the expression for #~(F~(@— my. 


is equal to 


9, and 2s=a+b +c, find the 
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CHAPTER III. 
MULTIPLICATION. 
INTEGRAL EXPRESSIONS. 


60. The laws which govern the operation of multiplica- 


tion are formulated as follows: $47 
ab . . . I The commutative law. 
a X (bc)=(ab)xc=abe . . The associative law. 


a (b+c) = ab + ac | | The distributive law. 


a (b —c) = ab — ac 


α χα =a"... be index law. 
a X (+4) =+ ab 
eme e sé The law of signs. 


(—a) x (—8)=+ab 


61. Multiplication of Monomials. When the factors are 
single letters, the product is represented by simply writing 
the letters without any sign between them. Thus, the prod- 
uct of a, b, and c is expressed by abc. 


62. The product of 4a, 55, and 3c is 
4a X 5b X JS 4 xX 5 xX Zabe = 60abc. 


Nore. We cannot write 453 for 4x 5X 3 because another mean- 
ing has been assigned in Arithmetic to 453, namely, 400 + 50 + 3. 
Hence, between arithmetical factors the sign X must be written. 
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63. The product of αἲδ and ab? is 


αὖ X ab? = aah}? = arts pit ab’. 


64. To multiply one monomial by another, therefore, 


Find the product of the coefficients, and to this product, 
annex the letters, giving to each letter in the product an index 
equal to the sum of its indices in the factors. 


Nore. The beg 


inner should determine first the sign of the product 
by the law of si 


gus, and write it down; secondly, after the sign he 
should write the 


product of the coefficients; and lastly, each letter 
with an index equal to the sum of its indices in the factors. 


65. We ma: 


y have an index affecting an expression as 
well as an in 


dex of a single letter. Thus, (abc)? means 
abe X abe, which equals aabbee, or abe. In like manner, 
(abe) = abe. That is, 


The nth power of 


the product of several factors is equal to 
the product of the nt 


À powers of the factors. 

66, By the law of signs, we have 
(-α)Χ(--δ)--}-ᾱᾱ, 

(+ ab) x (— abe, 

(=a) x (—8) x (—0)=— abe; 

(- ale) x (— d) = + abed, 

4) x (— 8) x (~e) x (- d) = abod 


It is obvious, therefore, that 


The Product of an even number of negative factors will 
: be positive, and the product of an odd number of negative 
. factors will be negative, 


and 
that is, 
and 
that is, 
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4 67. Polynomials by Monomials. We have (§ 47), 

a (b +c) = ab 4- ac. 

In like manner, 

4 - a (b — c - d — e) = ab — ac + ad ae. 

| To multiply a polynomial by a monomial, therefore, 

Multiply each term of the polynomial by the monomial, . 


à and add the partial products. 

P Exercise 9. 

E] Find the product of 

EY 1. Te and 55. 6. Tab and δας. 

3 2. 3z and By. T. —2a and T a'z'y. 

3 3. 3a and 6a’. 8. —8a% and — 3ab*. 

3 4. 3a and 2a’. 9. —5mnp* and 4. 
3 b. Amn and 3 min. 10. — 84, —2U*, and —3ab. 


11. — 2z'y, zy, and — 3 
12. 3, —2a'b, and — z'y'a'?. 
13. 5a4- 35 and 2a’. 
E 1 14. ab — bc and 5a'be. 
E 15. ab — ac be and abe. 

16. 6a*b — 7e and a’b*c. 
17. a! --- DP — ο and d'be. 
3 18. 5a* — 821 -- 2c! and 4 αὖ” ο. 
19. abc - 3a and — 2aP'c. 
20. —zyz-rz'ysand —zyz | 
91. —2m'np! mn and — np. 
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22. r—y —z and —325y'2*. 
23. — 82! and 2*+ 2y! — z. 
24. 38z — 2y — 4 and δα". 


68. Polynomials by Polynomials. If we have m+ n+p 
to be multiplied by a -- ὁ --ο, we may substitute M for the 
multiplicand m-++n-+-p ($12). Then 

(a 4-5 -- ο) M—aM 4- bM 4- c M. $ 28 

If now we substitute for M its value m--n--p, we have 

a(m+n+p)+h(m+n+p) en t n- p) 
—am.-- an-- ap- bi 4- bn 4- bp em Heng. 

To find the product of two polynomials, therefore, 

Multiply every term of the multiplicand by each term of 
the multiplier, and add the partial products. 

69. In multiplying polynomials, it is a convenient ar- 


rangement to write the multiplier under the multiplicand, 
and place like terms of the partial products in columns. 


(2) Multiply 5a—65 by 34— 45. 


5a— 6 5 
δα — 4 b 
150 18 αὖ 

— 20 a5 + 245? 


15a! — 38ab + 2423 


We multiply 5a, the first term of the multiplicand, by 
3a, the first term of the multiplier, and obtain 15a*; then 
— 66, the second term of the multiplicand, by 3a, and ob- 
tain —18ab. The first line of partial products is 15a’ 
~ 1896. In multiplying by 4 5, we obtain for a second 
line of partial products —20ab+4243', which is put one 
place to the right, so that the like terms — 18a and 


MULTIPLICATION. 48 


—20ab may stand in the same column. We then add the 
coefficients of the like terms, and obtain the complete prod- 
uct in its simplest form. 


(2) Multiply 42 4-8 5 - 62? by 4 — 62! —5z. 


Arrange both multiplicand and multiplier according to 
the ascending powers of z. 


8+ 42+ 52!— 62 
4— bz— 62 
124- 16z 4- 202? — 242? 
—15z — 202! — 252° + 802* 
— 182* — 24 3? — 802* + 8625 
12+ = 18 73 + 8625 


(3) Multiply 1+ 2 2*— 3 by 2—2 —2z. 
Arrange according to the descending powers of z. 


* — 34 ＋ 24 71 
1 — 2 2 


— — 
2 — 38 T 2 . 2 
— 225 462 — 42! ὃς 
— 2a! 4-62 —4z—2 
2 — δαν T2223 — 6 — 2 


(4) Multiply a* + δ᾽ + 8 — ab — be de by abe. 
Arrange according to descending powers of a. 
@—ab—act+t * be+ e 


a+ b+ ο 

a' — d de ab — abe -- ac 

Hab = —aP— abe 4e A. be 
Tale — ab—a? be- bee 


—— ͤ rern? 
a g abe +5 +e 
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Nore. The student should observe that, with a view to bringing 
like terms of the partial products in columns, the terms of the multi- 
plicand and multiplier are arranged in the same order. 


10. A term that is the product of three letters is said to 
be of three dimensions, or of the third degree, In general, 
a term that is the product of n letters is said to be of n 
dimensions, or of the nth degree. Thus, δαδο is of three 
dimensions, or of the third degree; 2a'/*&, that is, 2aabbce, 
is of six dimensions, or of the sixth degree. 


71. The degree of a compound algebraic expression is the 
degree of that term of the expression which is of highest 


T2. When all the terms of a compound expression are of 


the same degree, the expression is said to be homogeneous. 
Thus, 2 -＋ 32) 3292 4 is a homogeneous expression, 
every term being of the third degree, 


78. The product of two homogeneous expressions is homo- 
geneous. For the different terms of the product are found 
by multiplying every term of the multiplicand by each term 
of the multiplier; and 


x ; the number of dimensions οἵ each 


partial product is the 
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74, Any expression that is not homogeneous can be 
made so by introducing a letter, the value of which is 
unity. Thus, in Example (3), the expressions can be writ- 
ten α΄ — 8 a! + 2a'z -- a* and 2? —2a'z — 2d. The prod- 
uct will then be 2’ — 5a*25 + Tata’ -+ 2a*5x* — bats — 2a, 
which reduces to the product given in the example, by 
putting 1 for a. 


75. It often happens in algebraic investigations that 
there is one letter in an expression of more importance 
than the rest, and this is therefore called the leading letter, 
In such cases the degree of the expression is generally called 
by the degree of the leading letter. Thus, a’x*+ba-+e is of 
the second degree in x. 


Exercise 10. 


Find the product of 

1. z 4-10 and z 4- 6. 12. 2z —3 and z + 8. 

2. z—2 and z — 8. 13. 2— 7 and 2z — 1. 

3. z — 8 and z 4- 5. 14. m — n and 2m +1. 

4. +3 and z — 8. 15. m — a and m a. 

5. z— 11 and z— 1. 16. 35 7 and 2z — 8. 

6. — 4 2 and —z—8. 17. bz—2y and 5z + 2y. 
7. —z—2and z— 9. 18. 8z — 4y and 22 ＋ 84. 
8. --ᾱ--4 and z— 4. 19. * ＋ * and 2? — 9. 

9. — z-- 7 and z4- 7. 20. 22* + 8% and 2 + yf. 
10. z 7 and z 4- 7. 21. 4 ＋ tz and z — y 4- 2. 
11. z —8 and 22 4- 8. 22. z--2y—z and z—y--22. 


38. * — zy +y and α΄ + zy +y. 
24. γι — mn + n! and m+n, 
25. γη" + mn n and m — n. 


κο A: sea 
—— , — πα ! 

jh A σα t HPE à 

΄ 2 au ΟΣ uii —— — 


Un 

E HRS 
x 

: 
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26. a? — 8 αὖ +b’ and à! — 8 αὖ — ῥ᾽. 

27. @—Ta+2 and a! — 2a + 8. 

28. 22! — 8zy + 4y' and δα] -- 42y — 5y’. 

29. t+ ry +y’ and & — zz — 2’. 

30. 1 T + 2 — ay — arz — yz and æ y+ z. 
31. 4a! — 10ab + 25 ˙ and 55 4- 2a. 

32. * 4% and y ＋ 4. 

33. * ＋ 2% 4-8 and y! + 2 — 8. 
414 

35. 832! 2% -- 57 and 82? + 277 — 32. 

36. 4 ＋ % ＋ 222221 and z 4- y — 1. 
ST. a*--2a"-! — 8*7 — 1 and a 4- 1. 

38. a* — 40 + 5a*-! - a" and a — 1. 

39. an — Ag 2g-! _ ant and 2a! — a! -- a. 
40. * — y^! and & -- t, 


Exercise 11. 
Simplify: 

f; (a+b +o) (a-- 5 — ο) -- (2ab — e), 

2. (m+n) m — [(m— n = u (al. 

8. [ac — (a— b) (b + ο)]-- bb — (a — ο]. 

* (2-162) 32 (4-8). (6-9) 41) — 8] 

5. 4(a— 85) (a-- 85) —2(a — 68 —2(a J 650. 

6. (z--y4- 2)—2(y-- -- 


T. 5[(a—3)2— ey] 9[a(z— y) ὃς 
“ter de app Do 


y) —2(z--y — 2). 


ET ——— —— —t . — 


— 


μμ ο cope mies mri 
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Exercise 12. 


EXAMPLES FOR REVIEW. 


Multiply 
z'—2-—-19 by 2*--2z— 8. 


*. 
2. 14+2¢2+27 by 1—2+ 22?— 3. 
3. 22!--2--8z by 24 — 8z-- 2. 
4. 34 5 — 4 by 84-622 — Τα. 

5. 
6 
7 
8 


Z-4r—y by 2—y-ray. 


- 94-72 r by 8 6 102 ＋4 
57 6a5˙— 44.0 by 2a% — ab*— 8a’. 
. ar b by 2 ＋ 5 — 4. 

9. 
- — (a ) ab by z—c. 

L by ya 

4 9% — Ga by 427+ 9y ＋ bay. 

.* — 3 --5 by 24. 

„ by αἲ - αἲγ gy 

24 —82 ＋ 4 — 5 by 2 —8. 

a —a^y" -- y by a" +y". 

. -a --a* —1 by a*4-1. 

: GU ab de be by a+b +o. 
Simplify (a — 25) (b — 2a) — (a — 85) (4b — a) + 2ab. 
If a=0, 5 — 1, and e — 1, find the value of 


** — πια) --nz-Fr by a*-- ez 4- d. 


(a— ὃ)(α-- ο) +c (8a — 5 — c) -- 2ae — (a — c) 25. 


L (s - 2y*][(8z 27% — (22 — 8. 
. d (b—c)— b (a— c) (- b) — (a — b) (a— ο) (b — c). 
. (2a—5y --25 (a-- 5) — 8à* — (a — by + (a--5) (a— δ). 


CHAPTER IV. 


DIVISION. 


INTEGRAL EXPRESSIONS. 


went 


T6. The laws for division are expressed in symbols, as 
follows : 


tab -- (KC —-E b 

—ab-- (Ἴ-α)---- b : 

Tab--(— Se Law of signs. 8 44 | 
~ab-+(—a)=45 | 
b+e 5 c E ἢ : 
Ca 4E : Distributive law. $47,(5) } 


ΤΊ. The dividend contains all the factors of the divisor 
and of the quotient, and therefore the quotient contains the 


factors of the dividend that are not found in the divisor. 
Thu, Wg; ας, 124 fle. 
bc a; ab ar; AXXa 816. 


. 18. If we have to divide à? by a?, at a*, a* by a, we 
Write them as follows : f d T 
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79. To divide one monomial by another, therefore, we have 
the following rule : 


Divide the coefficient of the dividend by the coefficient of 
the divisor (observing the law of signs), and subtract the 
index of any letter in the divisor from the index of that letter 


in the dividend. 
4ay 22% 145 yap, DAZYT 9% 
m 94 endi 2a rd —6*hE⁰r y" 
Butt. δα” 
Bae li aane . 


Nore. Since 2 = 1, and also by the rule above given, w= ann 
n a" 


a 

ao, it follows that a?—1. Hence, any letter which by the rule 
would appear in the quotient with zero for an index, may be omitted 
without affecting the quotient. 


80. To divide a polynomial by a monomial, we have, by the 
distributive law, the following rule : 


Divide each term of the dividend by the divisor, and add 


the partial quotients. 
Thus, 8+ Ae bad Sab, 4ae Gad 
2a 28. 2a 2a 
—4b-r2c— 8d. 
9a'b*z —12a*bz* — 8 d Nb 12a'bz . ϑαα 
Bax Bax Baxr Basr 
=83 ab — 4abz — 1. 
G. 4 θα” 4 
Chen uer questum a. 


Nore. Here we have 4n+1—(2n—1)=4n+1~2n41—2n42, 
and 9n —(2n—1)=3n—2n+1=n 4 1, as indices of z in the first 
and last terms of the quotient respectively. 
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΄ Exercise 13. 

Divide f 
1. δα) by a’. 13. aba by abz, 
2. —422" by 655, 14. —2a'bz* by ar. f 
3. —852 by 52, 15. 4αδαϑ by da- l 
4. — 62 by — 32. 16. 18 bu by —9dtz", l 
. Day by 42 11. 262s by Bays, 
6. — 21 by — 794 18. — 50a% by — 1005 
7. 28a'b by — Tabt. 19. 84% by 147 
8. --25 201 by — δε. 20. — 30a'z*z by — 6zz. 
9 


2m by — 4 m. 21. αἰ ＋ 2% by z. 

10. — 357% by δρᾳ. 22. a?—2ab by a. 

11. — 16 by — ἁγρ 33. 4 — δα) by 927 

12. 28m"n" by Apto 24. —6 2° — 2z by — 2z, 
25. — 8a 16 by — 8a. 
26. 279! — 86’ by 9a’, 
27. — 80a -- 904? by — 1045 
28. — 1225 — 452) by — 4. 

29. — 3277 _ 62725 by — 3. 

30. 30000 Jab by gap 
31. 2 — ry — rz by —z. 
32. δα) — 6a% — gap by —8a, 
39. αγ h by αρ. 
94. abe — e po by abc. 
35. 84 — 45 — θα). by — 2a. 
36. 5mn— 10 mn — 15 mn? by 5 mn. 


3 
8 2224 ——ů—³—PT—— 
TEE — — — —— iR i 

— 
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81. To divide one polynomial by another. 


If the divisor (one factor) 2 a+b 4- e, 
and the quotient (other factor) πι p-4q, 
; an+ bn en 
then the dividend (product) = { + ap 4- bp + cp 
T ag + bg + eq. 


The first term of the dividend is an; that is, the product 
of a, the first term of the divisor, by n, the first term of the 
quotient. The first term n of the quotient is therefore 
found by dividing an, the first term of the dividend, by a, 
the first term of the divisor. 

If the partial product formed by multiplying the entire 
divisor by n be subtracted from the dividend, the first term 
of the remainder ap is the product of a, the first term of 
the divisor, by p, the second term of the quotient; that is, 
the second term of the quotient is obtained by dividing the 
first term of the remainder by the first term of the divisor. 
In like manner, the third term of the quotient is obtained 
by dividing the first term of the new remainder by the first 
term of the divisor; and so on. Hence we have the fol- 
lowing rule; 


Arrange both the dividend and divisor in ascending or 

cending powers of some common letter. 

Divide the first term of the dividend by the first term of 
the divisor. 

Write the result as the first term of the quotient, 

Multiply all the terms of the divisor by the first term of 
the quotient. 

Subtract the product from the dividend. 

If there be a remainder, consider it as a new dividend 
and proceed as before. 
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82. It is of fundamental importance to arrange the divi- 
dend and divisor in the same order with respect to a com- 
mon letter, and to keep this order throughout the operation. 


The beginner should study carefully the processes in the 
following examples : 


(1) Divide 2? + 18z- 77 by «+7. 


z ＋ 182 ＋ 77 14 7 

V+ Tz an 
llz-r77 
112477 


Nore. The student will notice that by this process wo have in 
effect separated the dividend i 


f TI-(S + Τα) 40124 77); 
ο επι A2 2 77 
r-T7 4 ＋ 7 2+7 


(2) Divide e 20548 by 45. 


--ᾱ 11, 


Daz. Baty 
a't’ — a 


— 
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(4) Divide 220%? + 15 δ' + 8a* — 10a — 22a» 
by œ +3% — 2ab. 
Arrange according to descending powers of a. 


3a. — 10 ab + 22a'0* — 29 αδ᾽ }- 1574] a? — 245 L855 
δα᾽-- θα 9a TEF 
— 4a'b + 180% — 23457 
— 405+ 8a'P—12aP 
5a°b? — 10 αὖ) -+ 1554 
5a*b* — 10 αὖ) + 155* 


(5) Divide 5 — z-- 1— 82 by 1+ 82? — 2, 
Arrange according to ascending powers of z. 
1— eiie pets 
1--9σ--8ω l+ α-- ο 
* — 3. δα) — 324 
α-- 2274 32° 
— 2 — 3 
— 222 — 32 


(8) Divide ο) +y + 2 3 by z--y4- z. 
Arrange according to descending powers of x, 
P — ὄγεα LC 2 427 ＋2 j 
z + ya" +z ere ee 
Ty? — 2 — Byer +P 4-2 


— — yy 


λε ys yet y 42 


za — yzr— zz 
Vr — g r T 
yu +yz 
r 2 
in — 272 77 
2" + γαὶ --- 2 


22 + y2? + 28 
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(7) Divide 4g* — 80a* ＋ 19277 4 5g T 9 
by * Ta*-* 4- 2a*-5 — 8 5-6 


4 30 L194 5a**49 a2 a* Id. 2. g 
daH 98621. 8a*-1—12g2-1 4a*—2a)— 3a? 
— 2a PII IT = 


— 2 ＋L＋IA a- 4 6 = 
— 34 1 4 64 = 
- 34.421 a**—6 a? ＋ο gz 
et oP * 
Nore. We find the index of a i 
subtracting the index of a in the 
index of α in the first term of the divi 


Exercise 14. 
Divide 


1. 4. ＋ 744 12 by a ＋ 4. 6. 12*-- 192 4.9 by 224-8. 
2. @—5a46 by a3. 7. 62 — 1124-4 by 32—4. 
8. * ＋ 2 ＋ y by r L, 8. 8 10-3 by 42d 
2 hy 9. δαῖ--4α- 4 by 2— a. 
z—y by zy. 10. 4 843 by 3— a. 
Mia. α lla—126 55.6 by 3--a*— 8a, 


— 
. 


2 ＋ 3, 
76b ab gp εδ. 
18. 175 64 by 1— 432 


ME 
————— 


f 
i 
i 
] 
ἱ 
| 
- 
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- Baty’ + 9y+ 162* by 4 L 3% Azy. 

OS y rZ 3zy48zy by 1 E 2. 

. - gabe by a EO 4- c. 

8 2*--8y 4-2 —6zyz by THAY C2 — 4 2 —2yz. 

2 —8y + zy - 42 4% 297 by 2z--8y ＋ 2. S 

4 % — 2% —2 by z4-y4z. 

COR xt y! by αἳ zy + y. : 
* — 92! ＋ 122 — 4 by 2 32 — 2. 

$ y —2y— 65 --4y ＋ 18% 4-6 by f+ 3 4-3y +1. 
% 5% +424 by y — yz — 22. 

* — 4% —92 + 129 by z-4-2y — 3z. 

2 — 41 — 120 by 2? +424 5, 

+ M—34 524 αἲ--- 4 αἳ by 3 — 2 . 

62 ＋ 10 11 μα by 443 — 2z. 

. 1-62 +524 by 1— 22 1 2. ss 

- 2*--81-4-92? by 3z — 22— 9. 

* V by EA 4 y 

C£ Hy by & ＋ . 

* La at by z'— az --- æ. 

4 — 20'+ ab — 80} The -2ac by 30 La 5. dl 
ab + 2 35 Abe d e by e 24 4 36. 

. 15 4. ＋. 10% | 4% ＋ Ge 3.24 by 30 + 2az — z, 
4891 θα by α-- 96 — 1. 

. g^ — Bay" + Sanyim — p by z*— y". 


s ath "y 4a rr 1 — 27 απ 1} + 49 ar- 


by a^-- 8α"-1ῤ»..ϱ a hu, 
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2 —: 


83, Integral expressions may have fractional coefficients, 
since an algebraic expression is integral if it has no letter in 
the denominator. The processes with fractional coefficients 
are precisely the same as with integral coefficients, as will 

seen by the following examples worked out: 


(1) Add 12 —425 +43", and $a?+ gab — 35. 


1? — gab 4 ui | 
$c gab 465 


* EE, A 

v 7 MANI - s 5 joda 
— Ug tenn 
enm d 


i 4% -4ab 4:5 | 
(2) From $a — 42b +12 take $a’ — 425 -- £». f 
fapad 10 i 
ta" fab+ gp i 
io fab — p L 
(3) Multiply id — fab ip by 4a — 4b. 
4% — J + 455 

ta -- 12 
040+ χα | 
SA gab yy . 
1α'- ᾳα EET 1 
© Divide ge apa αφ br 1 44 
| ds Rap ΑΔΗ uu I 
W- 14 bd 4? naris f 
κα. πα | 
— Adi. ip | 
| εν 
Pe-ao 


* 


o σι » p 5 


ο - o OC A ος 


Find the value of 1 -F?-—8zy, if α-- 1, y=2 
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Exercise 15. 
Add }a% + 46% and — You'd — }ὅ”ο'-- 4. 
From f g e Ta take 92. far — a. 
From 1% — $a — $z-- 15 take Ma- 42. 


- Multiply $c’—}o—} by 4 ez. 
i Multiply 1 1 ＋ ła by Ir A ła. 
Multiply 0.5m* — 0.4m'n +1.2m'n? + 0.8 m — 144 


by 0.4m* — 0.6mn — 0.8 75 


- Divide ve a‘ — {αὖ + irae + ab by $a +46. 
- Divide —i2'- d! — $a? 4 gas by — $d?+-2d. 


Exercise 16. 


EXAMPLES For REVIEW. 


and z= — 8. 


Find the value of VZ -α, and of V2be—a, if b — 8, 


€—9, and a — 23. 


Add a — al + 5 and d ἆ αὖ + ab? — ἃ δ», 

* Multiply a — 45 p» by a” ὁ" 

* Multiply 44 6a*** + θα’ by θα”... gat, 

* Divide 24. 89 — 1252+ 80zyz by & 2y — 5z. 
Simplify ( a); — (z 5) — (a — b) (a +b — 82). 
* Find the coefficient of x in the expression 


2 a 202 - b(c — α)]. 


* Multiply Agrima Z. Su- by bg 


* 


SERES 


- Divide 62015 13 


Divide 19999. jm» 


* Multiply 30 f αὖ 
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Divide cd - code by G- d- 

- Divide my» — m. my" by m = 
* Divide al — α)-- grt by a. 

* Divide z — ο” δει Tax by p-n, 

Divide γρ =Y yt by 8 

Divide 22 Bay" G 2% by z^— y^. 


Divide & ~ 2aa* + ate — abe Bir T ab + ab’ 
by z'— az 4- bx — ab, 


» Divide e^ +241 by η 
* Divide 3 4122 


— 9a" 
by 27H — βρε 


T8295. 13 pa 
by 22" 2 — 


— 2041 jn — n+l 
b 4 g 2% T 19a 10a 


Inc ώς ign TA 


Divide 1.24 5.494 u. 4.8 atz ＋ 0.9 — αὖ 
0.6 az — 222, 


Milly oi 4 4439 by $a +45, 


ij — day + iy. 
5 Έλεν - ΗΝ from 2. — ry . 


lip a- v teeny- 


CHAPTER V. 


SIMPLE EQUATIONS. 


84. Equations. An equation is a statement in symbols 
that two expressions stand for the same number. Thus, 
the equation 3z ＋ 2 — 8 states that 3 ＋ 2 and 8 stand for 
the same number. 


86. That part of the equation which precedes the sign 
of equality is called the first member, or left side, and that 


Which follows the sign of equality is called the second mem- 
ber, or right side. 


86. The statement of equality between two algebraic 
expressions, if true for all values of the letters involved, 
is called an identical equation; but if true only for certain 
particular values of the letters involved, it is called an 
equation of condition. Thus, (a 4- b! =a +2 ab -- 23, which 
is true for all values of a and 6, is an identical equation ; 
and 824 2=8, which is true only when z stands for 2, is 
8n equation of condition. 

For brevity, an identical equation is called an identity, 
and an equation of condition is called simply an equation. 


87. We often employ an equation to discover an unknown 
from its relation to known numbers. We usuall 
represent the unknown number by one of the last letters of 
9 alphabet, as 2, V, 2; and, by way of distinction, we use 
the first letters, a, b, c, etc., to represent numbers that are 
supposed to be known, though not expressed in the number- 
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symbols of Arithmetic. Thus, in the equation qr -+b — c, 
æ is supposed to represent an unknown number, and a, b, 
and c are supposed to represent known numbers. 


tains the first power of the symbol for the unknown number, 
z, and no higher power, is called a simple equation, or an 
equation of the first degree. Thus, dr EY —c is a simple 
equation, or an equation of the first degree in z. 


89. Solution of an Equation. To solve an equation is to 
find the unknown number; that is, the number which, when 
substituted for its symbol in the given equation, renders the 
equation an identity. "This number is said to satisfy the | 

i 
1 


88. Simple Equations. An integral equation which con- | 
| 


equation, and is called the root of the equation. 


90. Axioms. In solving an equation, we make use of 
the following axioms: 


ΑΧ. I. If equal numbers be added to equal numbers, 
the sums will be equal, 


Ax. 2. If equal numbers be subtracted fro 
bers, the remainders will be equal. 


Ax. 3. If equal numbers be multi lied by equal numbers, 
the products will be equal. λος 


Ax. 4. If equal numbers be divided by equal numbers, 
the quotients will be equal. 


. i 

Af, therefore, the two sides of an equation be increased by, XE 
hed by, multiplied by, or divided by equal numbers, 

be equal. i 


m equal num- . | 


the results will 
Thus, if 82 = 24, then δα--4-- 94-14 8 —4-—924—4 jd 
iX85—4xX34 ad g e — ^ ^. "| 


: Mey ‘Transposition of Terms, It becomes necessary in solv- 
TE am equation to bring all the terms that contain the 


D. 
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symbol for the unknown number to one side of the equation, 
and all the other terms to the other side. This is called 
transposing the terms. We will illustrate by examples: 


(1) Find the number for which z stands when 
16z — 11 -- Τα 4- 70. 
The first object to be attained is to get all the terms 
Which contain z on the left side of the equation, and all the 


other terms on the right side. This can be done by first 
subtracting 7 from both sides (Ax. 2), which gives 


9z — 11 — 70, 
and then adding 11 to these equals (Ax. 1), which gives 
: 92 — 81. 


If these equals be divided by 9, the coefficient of z, the 
quotients will be equal (Ax. 4); that is, z— 9 


(2) Find the number for which z stands when z-4-5— a. 
The equation is e+b=a. 
Subtract b from each side, r--b — 5 — a — b. (Ax. 2) 
Since +3 and — 5 in the left Side cancel each other 
(8 86), we have 2=a—b; 
(8) Find the number for which z stands when z— 5— a. 
The equation is * = ad. 
Add + to each side, * ab. (Ax. 1) 
Since —5 and +6 in the left side cancel each other 
($ 36), wo have z-—2a- b. 
(4) What number does z stand for when h 


This is the general form which every simple equation in 
æ will assume when the like terms on each side have been 
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collected. In this equation z represents the unknown num- 
ber, and a, b, ο, d represent known numbers. 
If now we subtract (Ax. 2) ez and 5 from each side of 
the equation, we have 
ar- = d -b; 
or, bracketing the coefficients of 2, 


(a — e)z — d — b. 
Whence, dividing both sides by a — c, the coefficient of z, 
we get 
r= d—b 
a -e 


92. The effect of the operation in the preceding equa- 


tions, when Axioms (1) and (2) are used, is to take a term 
from one side and ‘to put it on the other side with its sign 
changed. We can proceed in a like manner in any other 
case. Hence the general rule: 


98. Any term may be transposed from one side of an equa- 
ton to the other provided its sign {8 changed. 


94 Any term, therefore, which 
the same sign 
the equality. 


occurs on both sides with 
may be removed from both without affecting 


E Ὁ) What number added to twice itself gives 24? 
si Let z stand for the number; 


ῃ 


d 
t 
f 
1 
i 
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then 2z will stand for twice the number, 
and the number added to twice itself will be x ＋ 2. 
But the number added to twice itself is 24 : 


*. 4 ＋ 24 — 24. 
Combining x and 2, 34 = 24. 
Divide by 8, the coefficient of z, z= 8. (Ας. 4) 
The required number is 8. 
VERIFICATION. z+ 2 = 24, 
8＋2 * 8 = 24, 
8 + 16 = 24, 
24 — 24. 


(2) If 4z — 5 stands for 19, for what number does z 
stand ? 


We have the equation 4z 5 — 19. 
Transpose — 5 to the right side, 4z— 19-5. 
Combine, 4z 94. 
Divide by 4, ᾳ--6. (Ax. 4) 
VERIFICATION, 4z — 5 — 19, 
4x6—5-—19, 
24 — 5 — 19, 
19 — 19. 


(3) If 3z — 7 stands for the same number as 14 — 47, 
What number does z stand for? 


We have the equation 34 —'71 — 14 — 4z. 
Transpose — 42 to the left side, and 

—7 to the right side, 34 ＋ 4K = 1477. 
Combine, 721. 
Divide by 7, z= 3. 
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VERIFICATION, 8g — 7— 14 — 45, 

8x8—7—14—4x 8, 

229. 

(4) Solve the equation (z — 8) (z — 4) =z (æ — 1) — 80, 
We have (z— 8) (z — 4) — z (z — 1)— 30. 
Remove the parentheses, 

2 — "12-19-27... 80. 
Since 2* on the left and 2? on the 

same, including the sign, they may be cancelled. 

Then 7 ＋12 2-930, 
Transpose — z to the left side, and -+ 12 to the right side, f 


right are precisely the 


Ir 830—192 | 
Combine, [ 

—62z-— 49 } 
Divide by — 6, <= T ιν 
VERIFICATION. 


(1—8)(1—4) = 1 (11). 39, 
4x3=7x 6— 0, 

12= 42 — 30, | 

12= 12, : | 

2 Exercise 47, 
3 Find what number 2 stands for 
τας 1 Tf 2— 5 stands for 7 
* IE 248 stands for 12 
8. If 62—12 stands for 18, 8. If 52 282 44. 
u s atanda for 28. ο 1 7 562 1 
S: Se PS nds for 48. 10. Itóz-3—95 ος 


------ 


8. If 24 5 7. 
yg If22—4=5_ 2. 


TN 
Fw 
UD 
TS 
13 
Hors 
i 
a 
NS e 
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11. If 3x and z 4- 8 stand for the same number. 
12. If 22 — 5 stands for the same number as BEA 


Solve the equations : 


13. 27 —3 — 8-4 z. 16. 37—4 — 12 — x, 

14. 5r--4— 20 z. 17. 24 —5 — 71 2. 

15. 227 - 38 7 —z. 18. 34 ＋ 14 2— z. 
Find z 


19. If 2z — 5 and 4z — 11 stand for the same number, 
20. If z(z — 7) and 2*— 70 stand for the same number. 


21. If z(3z — 2) and 8z(z — 1) -- 2 stand for the same 
number, 


22. If 82 —5 — 42 — 10. 

23. If 227 —4 — 14 — z, 

34. If 3z —8 and 4z — 11 stand for the same number, 
25. If 2z 5 and 7 — z stand for the same number. 


26. If 22! — 23 and (22+ 1) (x — 3) stand for the same 
number. 


27. If (z + 3) ( — 7) — (z — 4) (z 4- 1) — 95. 
28. If 2 — 1) (z-- 8) — (x — 8) (2z — 8) — 72. 
Solve the equations: 
29. z(z—5)— 23— 30, 
30. 2 ＋ 8) = 23.1.18, 
31. (@—8)(e+1)=2— 8241 
. (51 (e--2)-E (--3) (71) 22 (24-4) - (e+), 
* ?(8)—(z4-1)(2—2) —5(z4-3)-8— 0. 
34. E (2 --8)—(z — 4) (z -4) —2— 0. 


SCHOOL ALGEBRA. 


97, Statement and Solution of Problems, The difficulties 
which the beginner usually meets in stating problems will 
be quickly overcome if he will observe the following direc- 
tions: 

Study the problem until you clearly understand its mean- 
ing and just what is required to be found. 

Remember that z must not be put for money, length, 
time, weight, ete., but for the required nwmber of specified 
units of money, length, time, weight, ete. 

Press each statement carefully in algebraic language, 
and write out in full just what each expression stands for. 


Do not attempt to form the equation until all the state- 
ments are made in symbols, 


We will illustrate by examples: 


(1) John has three times as many oranges as James, and 
together have 32. How many has each ? 


Let x stand for the numb 
then 3 


and 2+3 


*r of oranges James has; 
z is the number of oranges John has; 


z is the number of oranges they together have, 


But 32 is the number of oranges they together have; 
“+32 323 
42= 32, 
1 8. 


34 24. 


or, 

and 
Since z = 8, 
Therefore James has 8 oranges, and John has 24 oranges. 


Nore. Beginners in stating the preceding problem generally write : 
Let 2 = what James had. ; 


ameshad. He had oranges, and we are to 
the number of e 


(2) James and John together have $24 and James has 
$8 How many dollars has each ? 


—̃ 
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Let æ stand for the number of dollars John has: 
then £ + 8 is the number of dollars James has; 
and z + (z + 8) is the number of dollars they both have. 


But 24 is the number of dollars they both have; 


ενα +(x + 8) = 24. 

Removing the parenthesis, we have 

α +g +8 = 24. 
Transposing and collecting like terms, we have 

22 = 16. 
Dividing by 2, we get 

z= 8, 
Since z — 8, 248-18. 


Therefore John has $8, and James has $16. 


Nore. The beginner must avoid the mistake of writing 
Let z — John's money. 


We are required to find the number of dollars John has, and there- 
fore z must represent this required number, 


(3) The sum of two numbers is 18, and three times the 
Breater number exceeds four times the less by 5. Find the 
numbers, 

Let 2 the greater number, 

Then, since 18 is the sum, and z is one of the numbers, the other 
number must be the sum minus z. Hence s 

18 ~ x = the smaller number, 


Now, three times the greater number is 32, and four times the less 
number is 4 (18 — z). 

We know from the problem that 3% exceeds 4(18 — z) by 5; or, 
in other words, we know that the excess of 32 over 4(18 — 2) equals 
5. It only remains to determine what sign the word d 
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Hence, 32—4(18 — x) = the excess 
But À 5 = the excess. 
7 92—4(18 — 2) = 5, 
or 35 72 ＋ 4 —5. 
7 - 77, 
and 1211. 


Therefore the numbers are 11 and 7. 


(4) Find a number whose treble exceeds 40 by as much 
as its double falls short of 35. 


Let z= the required number; 
then 32 = its treble, 
and Sz — 40 = the excess of its treble over 40; 
also, 35 — 2 = the number its double lacks of 35 
Hence, 32-40 35 — 2. 
Transposing, 32 ＋ 2235 + 40, 
5 75, 
and * 15. 


Therefore the number required is 15. 


(5) Find a number that exceeds 50 by 10 more than it 
short of 80. 
Let z= the required number; 
then 5 — 50 = its excess over 50, 
= re .  80—z-the number it lacks of 80. 
Hence, 2 — 50 — (80 — 2) = the excess, 
Dat 10 = the excess, 
ἐκ 5 - 2—50 — (80 — z) = 10, 


d a eM Eas 
2 32 —140 
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Exercise 18. 


1. If a number is multiplied by 7, the product is 801. 
Find the number. 


2. The sum of two numbers is 48, and the greater is five 
times the less. Find the numbers, 


8. The sum of two numbers is 25, and seven times the 


less exceeds three times the greater by 35. Find the num- 
bers. 


4. Divide 20 in two parts such that four times the 
greater exceeds three times the less by 17. 


5. Divide 23 into two parts such that the sum of twice 
the greater part and three times the less part is 57, 


6. Divide 19 into two parts such that the greater part ex- 
ceeds twice the less part by 1 less than twice the less part, 


7. A tree 84 feet high was broken so that the part 
broken off was five times the length of the part left stand- 
mg. Required the length of each part. 


8. Four times the smaller of two numbers is three times 
the greater, and their sum is 63. Find the numbers, 


10. Distribute $15 among Thomas, Richard, and Henry 


80 that "Thomas and Richard shall each have twice as much 
as Henry, 


11. Three men, A, B, and C, pay $1000 taxes, B pays 
four times as much as A, and C pays as much as A and B 
together. How much does each pay? 


iS 
" 

8 

a 


icd tigna eee 
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12. John's age is three times the age of James, and 
their ages together are 16 years. What is the age of each? 


13. Twice a certain number increased by 8 is 40. Find 
the number. 


14. Three times a certain number is 46 more than the 
number itself. Find the number. 


15. One number is four times as large as another. If I 
take the smaller from 12 and the greater from 21, the 
remainders are equal. What are the numbers? 


16. The joint ages of a father and son are 70 years, If 
the age of the son were doubled, he would be 4 years 
younger than his father. What is the age of each? 


17. A man has 6 sons, each 4 years older than the next 


younger. The eldest is three times as old as the youngest. 
What is the age of each? 


18. Add $24 to a certain amount, and the sum will be 


as much above $80 as the amount is below $80. What is 
the amount? 


19. Thirty yards of cloth and 40 yards of silk together 
cost $330; and the silk costs twice as much per yard as 
the cloth. How much does each cost per yard ? 


20. Find the number whose double diminished by 24 
exceeds 80 by as much as the number itself is less than 100. 


es as many women as children. 
9W many are there of each? - 
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23. How can $3.60 be paid in quarters and ten-cent 
pieces so as to pay twice as many ten-cent pieces as 
quarters ? 


24. I have $1.98 in ten-cent pieces and three-cent pieces, 
and have four times as many three-cent pieces as ten-cent 
pieces. How many have I of each? 


Nore. In problems involving quantities of the same kind ex- 
pressed in different units, we must be careful to reduce all the quanti- 
ties to the same unit. 


25. I have $17 dollars in two-dollar bills and twenty- 
five-cent pieces, and have twice as many bills as coins. 
How many have I of each? 


— 


26. I have $6.50 in silver dollars and ten-cent pieces, 
and I have 20 coins in all. How many have I of each? 


9T. A bought 9 dozen oranges for $2.00. Fora part he 
paid 20 cents per dozen; for the remainder he paid 25 cents 
a dozen. How many dozen of each kind did he buy? 


38. A gentleman gave some children 10 cents apiece, 
and found that he had just 50 cents left. If he had had 
another half-dollar, he might have given each of them at 


20 cents instead of 10 cents. How many children 
were there? 


29. A is twice as old as B and 6 years younger than C. 


The sum of the ages of A, B, and C is 96 years. What is 
the age of B? 


30. Divide a line 24 inches long into two parts such 
that the one part shall be 6 inches longer than the other. 


31. Two trains travelling, one at 25 and the other at 30 
miles an hour, start at the same time from two places 220 


miles apart, and move toward each other. In how many 
hours will the trains meet? 
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$2. A man bought twelve yards of velvet, and if he had 
bought 1 yard less for the same money, each yard would 
have cost $1 more. What did the velvet cost a yard? 

33. A and B have together $8; A and C, $10; B and Q, 
$12. How much has each ? 

34. Twelve persons subscribed for a new boat, but two 
being unable to pay, each of the others had to pay $4 more 
than his share. Find the cost of the boat, 

35. A man was hire 
every day he worked h 
he was idle he w 
the time he recei 

36. A man walki 


another person who walks 3 miles an hour. 
miles must the firs 


d for 26 days on condition that for 


How many 
t man walk to overtake the second ? 


_ 89. Two persons start from towns 55 miles apart and 
walk toward each other. One walks at the rate of 4 miles 
on the way; the other walks at 


How many miles will each 


h three times ey as B; but if A gives B 
š M ch? ENT SC im, as much as A. How much 
De τα jr ο 8 stands for 20, for what number will 4—4 


9 was to receive $3, and for every day 


ὶ 
1 
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42. A vessel containing 100 gallons was emptied in 10 
minutes by two pipes running one at a time. The first pipe 
discharged 14 gallons a minute, and the second 9 gallons a 
minute. How many minutes did each pipe run? 


43. A man has 8 hours for an excursion. How far can 
he ride ont ina carriage which goes at the rate of 9 miles 
an hour so as to return in time, walking at the rate of 8 
miles an hour? 


44. If 82—4a= 22 — a, find the number for which 
47 — Τα stands. 


45. If 7 a — 9(z — a), find the number 2z—3a 
4 


Nore. When we compare the ages of two persons at a given time, 
and also a number of years after or before the given time, we must 
remember that both persons will be so many years older or younger. 
Thus, if a man is now 2 years old and his son z years old, 5 years 
ago the father was 27 — 5 and the son == 5, and 5 years hence the 
father will be 2 +5 and the son z +5, years old, 


46. A man is now twice as old as his son; 15 years ago 
he was three times as old as his son. Find the age of each. 


47. A man was four times as old as his son 7 years ago, 


and will be only twice as old as his son 7 years hence. Find 
the age of each, 


48. A, who is 25 years older than B, is 5 years more 
than twice as old as B. Find the age of each. 


: 49, A man is 25 years older than his son ; 10 years ago 
© Was six times as old as his son. Find the age of each, 


50. The difference 


in the squares of two consecutive 
numbers is 19. Fin 


d the numbers. 


* 81. The difference in the squares of two successive odd 
numbers is 40. Find the numbers. 


CHAPTER VI. 
MULTIPLICATION AND DIVISION. 


SPECIAL RULES. 


10 " " n à 
— ΕΡΕ 


98. Special Rules of Multiplication. Some results of mul- 
tiplication are of so great utility in shortening algebraic 
work that they should be carefully noticed and remem- 

* The following are important: 


99. Square of the Sum of Two Numbers. 
(a t δ)' — (a-- D) (a ὃ) 
— a(a 4 ὁ) }-δ(α 4- b) 
a ab ab --- ὃν 
=a? 245 + p. 


Since a and b stand for any two numbers, we have 


Ruiz l The square of the sum of two numbers is the 
sum of their Squares plus twice their product. 


100. Square of the Difference of Two Numbers, 
(a — ὃ) = (a — b(a b) 
Sala — b)— b (a — ὃ) 


ab - 45 ＋ 55 
π e ns =a — 2ab 4- 8 
The square of the difference of two numbers is 
feir squares minus twice their produc 


. 


| 
| 
i 
l 


MC 


, 
| 
| 
| 
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101. Product of the Sum and Difference of Two Numbers. 
(a 4- 5) (a — ὃ) = a (a — b) + b (a — ὁ) 
= a! ab + ab — δι 
= a? — δ". 
Hence, we have 
RULE 3. The product of the sum and difference of ‘two 
numbers is the difference of their squares. 
If we put 22 for a and 8 for b, we have 
Rule 1, (2 +8? 4 4- 122 4- 9. 
Rule 2, (2z — 8) — 42? 122 4-9, 
Rule 8, (22 ＋ 3) (2z — 8) = 423 — 9, 


Exercise 19. 
Write the product of 
1. (z4- yy. 7. (z--y)(z—y) 
2. (r—ay. 8. (42 — 3) (4z 4- 8). 
3. ( 25). 9. (Ba . 4b) (8a — 45»). 
4. (3z — 20}, 10. (8a— e)(8a— c). 
- (&4y — 5). 11. (z4- 79) (e 4- T0). 


Ge EASY. 12. (ar 28) (az 25, 
102. τε We are required to multiply a--5-L-c by a-4-5 — c, 
we may abridge the ordinary process as follows : 


@+b+e)a4 5 — ϱ) [(a 4-2) - e][(a 4-2) — ο] 
By Rule 8, —(a-4-by—e 


By Rule 1, Ξ- a* 4- 2ab+ P e, 
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If we are required to multiply a 4- b — ὃ by a—5 4-c, we 
may put the expressions in the following forms, and per- 
form the operation : 


(a-F5— 9) (a—5-4- o) — [a-F (5 — o][a — (6 — ο] 


By Rule 3, 
By Rule 2, 


=a — (b — cy 
=a? — (P — 2be +e) 
=a? — b 4 90ο --- ë. 


Exercise 20. 


Find the product of 


1. 


σι 0 ο 


t--y--z and * — 7 — 2. 


* £—y--z and $—y-— 


az --by--1 and az 4- by — 1. 
l--z—y and 1—z-y. 


2 25 — 8c and a — 25 4- 8c. 


αἳ — ab +B? and @ + ab ＋ δὲ, 


mn mnt nt and m? — mn +n, 
- 2-c-z-4-2* and 2—z—g., 


9. @+a+1 and * — a 4-1, 


10. 
108. 


32+ 2 2 and Bz—2y +z. 


Square of : 
V +2 for b, in the identity 


— We shall have 
Tr ον 
TO αγ 


= 905p. 


PHP422¢y42)4 yha), 
D + eet ΠΡ 
TE Y- PER 222 -- 2 yz. 


| 
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It will be seef that the complete product consists of the 
sum of the squares of the terms of the given expression and 
twice the products of each term into all the terms that fol- 
low it. 


Again, if we put a—8 for a, and e d for b, in the same 
identity, we shall have 
[(a—5)--(o— 2)? 
= (a— B) --2(a—5)(e— d) (-A) 
a e ale d) 2b (-D AC d- 
= 4—2ab--U-2ac—2ad— 25e 25d 4-9 2cd 4 d? 
πα) Γζ" ο] d'-2a5--2ae—2ad 250 25d 20 


Here the same law holds as before, the sign of each 
double product being 4- or —, according as the factors com- 
posing it have dike or unlike signs. The same is true for 
any polynomial. Hence we have the following rule : 

RULE 4. The square of a polynomial is the sum of the 
Squares of the several terms and twice the products obtained 
by multiplying each term into all the terms that follow it. 


Exercise 21. 
Write the square of 
1. 2 39. 10. 2. 
2. a 5 4- c, 11. 2z7—y — 2. 
5. 1 . 2. 12. a—25 80. 
4. 2 — 2. 13. 34 — 5 7 20. 
5. zy 5. 14. z4-2y — 3z. 
6. * ＋ 2/8. 15. & ＋ / 241. 
7. 4 5 Κο 16. 41 5 ＋2— 2. 
; ὃς — 2y 44, 17. 22 —y — 2 — 8. 


2z —8y 42. 18. z—2y —8z--4, 
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104. Product of Two Binomials. The product of two bino- 
mials which have the form Ea, & ö, should be carefully 
noticed and remembered. 


)  (z-F5)(z--8) — z (z --8) --5 (z 4-3) 
=2+824+52+15 
— 2 -L8z-- 15. 

6) — (z—5)(z—8)—2z(z—8) — 5 (z —8) 
—2-—8z—5z--15 


= - 8 415. 

6) (@+5)(¢—8)=2(e—3)4.5(2- 8) 
452 15 
2 — 15. 


(4) (2— 5) (2 -- 8) — 2 (2-8) — 5 (z 4-8) 
—2--8z—52z—15 D 
—2!—2z—]15. 


Each of these results has three terms. 


The first term of each result is the product of the first 
terms of the binomials, 


The last term of each result is the product of the second 
terms of the binomials, 


The middle term of each result has for a coefficient the 
ic sum of the second terms of the binomials, 
The intermediate step given above may be omitted, and 
"he products written at once by inspection. Thus 


f 
3 
f 
] 


,S*T—15, 8x 786 
e “C++ N= 24 1504 gg 


Et 
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(2) Multiply z — 8 by z— 7. 
T=) Ξ--16, . 8) (— 7) =+ 66. 
^ (—8)(z— 7) = 152 + 56. 
(3) Multiply z — Ty by ＋＋ 6y. 
746 1, (7 Ty) x 6y = — 4247. 
“.(@—Ty)(@+6y) = 2 — ry — 499. 
(4) Multiply 2? + 6 (a +6) by αἳ — δ(α +b). 
Ἔθ-δ--], 6(a+b)x —5 (a 4- 5) - 80 (a 4- by. 
^ [22-6 (a+b)] [2*—5 (a+6)]=2*+(a+b)2*—80 (a+0)?. 
Exercise 22, 
Find by inspection the product of 


1. (©+8)(2 4-8). 16. ( 9)(z* + 8). 

2. (z--8)(z — 8). 17. (2° 2% ( -- 893). 
5. (z— T) (s+ 10). 18. ( ＋ 8% ( — 4%). 

4. ( — 9) ( — 5). 19. (ab — 8) (ab δ). 

δ. (z— 10) (z 4- 9). 20. (ab —7 zy) (ab ＋ 8zy). 
6. (a — 10) (a — 5). 21. (z—3y)(z — 8y). 

T. (z — 8a) (z 4- 2a). 22. (x+ 6)(x 6). 

5. (a--25)(a — 45). 23. (a — 35) (a — 88). 

ϑ. (a— 19) (a — 8). 24. (r—c)(z— d). 


10. (a + 25) (a 4- 40). 25. (z--a)(z— δ). 
11. (a — 85) (a +78), 26. (x—a)(x+5). 
12. (a+ 25) (a — 95). 27. [(a--5)-- 2] [(a--5)— 4]. 
19. (2 — 8a) (z — 4a), 38. [(z--y) —2][ (e 4-y)-4]. 
M. (ο, 42) (z — 22) 29. (z--y— T) (z 4- y- 10). 
15. (t+ 6y) (z — δν). 30. (z—y— T) (z—y—10). 
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105. In like mann 
may be written. 
(1) Multiply 25.5 by δα ＋ 45. 
(2a— b) (8a-- 42) — 64. 803 345 — 455 
= ba’ + 545 — 4%. ] 
(2) Multiply 22+ δν by δα — 24. | 
The middle term is 
(22) x (-2y)+3yx 8α--ὄαγ; 
„EE 2% 624 δαν — by’. 


er the product of any two binomials 


| 
| 
| 


Exercise 23, 
Find the product of 


3 y and 2 4 y, 
: iz—3, and 82 —2,, 
5z — 4y and δε-- 


10 37 and 10z — Ty. 

3a’— 263 and 2a! 4- 39. 

* 9*4 - P and a 3. 

50 — 2%, and 24.36. 

45 and a 4-5. 
106. Special Rules of Division, Some results in division 

we so important in abridging a] 


gebraic work that they 
jx Should be Y noticed and remembered 


4y. 


ww ο 


SPECIAL RULES OF DIVISION. 


Exercise 24, 


Write by inspection the quotient of 


1. 


12. 


13. 


a —4 


5 
| 
bo 


252* — 3657 


ὅσ--θ6ὁ 


49 οἱ. qz 
Te—d 
9a —1 
34 ＋ 1 


16 — 4a 


4 — 2a 


* 


δα! by 
42 —9 

2 3975 
c 
2 - 


14. 


15. 


16. 


17. 


18. 


19 


21. 


23 


24. 


25. 


26. 


apte — qn 
abet +- zê 
zta — p» 
2. — δὲ 

a — (b - cy 

a — (5 4- ο) 
a! — (8b —4cy 
a — (35 — 40) 
Ι--(α--ι E 
l4 (z—y) 
8α-- P= 1655 
(32 — y) -- 4z 
z--3aj—92* 
(z +8a)— 8 
1—(7a—55 x 
l4- (Ta —52) 
34 ＋2 8 
(34 4- 2y) — 2z 


a — by —(c—4 


(a- + (e — y) 


z* — (y 4- zy 


s—(y Fz) 

(r—2yy 25 
(r—2y)45. 
23 + Αρ Lal 
(2z--y)— 32 
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108. Sum and Difference of Two 
the division, we find that 


αἳ --- δ) 


——-= αἳ — ab 4- P, and — 


a+b 


Hence, 


RULE 2. The sum of the cubes of two numbers is divisible 
the sum of the numbers, and the quotient is the sum of 


Oubes By performing 


b 


the squares of the numbers minus their product. 


RULE 8. The differ 
divisible by the differ 
is the sum of the sq 


Exercise 25. 


ence of the cubes of two numbers is 
ence of the numbers, and the quotient 


‘wares of the numbers plus their product. 


Write by inspection the quotient of 


1—82 
ο ο 
1—2z 
2. lt 82 
l4 2 
27a —» 
8 
δα--} 
27 a? + δ} 
6 
δα -- ὃ 
8. 042) +27 : 
4248y 
6. (42 — 277 
4 3 
7. 1272 
Tans 
z 1-32 


10. 


li. 


12. 


13. 


14. 


7 a! + ab +B 
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109. Sum and Difference of any Two Like Powers, By 
performing the division, we find that 


a‘ — bt 


b =a’ + αὖ + ab? -- P^; 

Ω -- 

CaF mab al is 
ges. 

pee Hab + a?/ + aP +b; 
TEE mat — ο) +- af abe +. ὃν. 


We find by trial that 
4 ＋ ὁ’, 4. f 5, αἳ 4- δ", and so on, 
are not divisible by a+b or by a — 5. Hence, 
If n is any positive integer, 


(1) α"- δ" is divisible by a+b if n is odd, and by neither 
ah nor a — b if n is even. 


(2) a^ — b^ is divisible by a— b if n is odd, and by both 
a+b and a — b if n is even, 


Nore. It is important to notice in the above examples that the 
terms of the quotient are all positive when the divisor is a — b, and 
a. a positive and negative when the divisor is a +b; also, that 
τ quotient is homogeneous, the exponent of a decreasing and of b 
increasing by 1 for each successive term. 


: Exercise 26. 

Find the quotient of 

** € 2 7. 24.82 
Say z4-1 ' z4-2 

8 s, «'--16 s, lom 
1 z—2 122 
z—1 

3. TES ^ z — 82 9. 1+ m5 


gf e nee. =. * 


ARK. a 


eH TAL DU y 


ῥ᾽ LE 


demon ρὸν 


j 
i 
| 
4 


T 
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FACTORS. 


110, Rational Expressions, An expression is rational when 
none of its terms contain square or other roots. 


lll Factors of Rational and Integral Expressions, By fac- 
tors of a given integral number in Arithmetic we mean 
integral numbers that will divide the given number with- 
out remainder, Likewise by factors of a rational and inte- 
gral expression in Algebra we mean rational and integral 
expressions that will divide the given expression without 


remainder, 


112. Factors of Monomials, The factors of a monomial 


may be found by inspection, Thus, the factors of 14a% 
are 7, 2, a, a, and b. 


6 
ae T z 22 2 c By. 

zt RES e 25 46% (8 

Stn ex ioc ER 9). 

d Fence, the required rs are 2z and 2+ 8y, 
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(2) Resolve into factors 165 T 4a* — 8a. 
Since 4a is a factor of each term, we have 
16a? + 4a*~ 8a κ 16a° , 4α 8a 
4a 4a 4a 4a 
-—4a!-- a — 9. 


= 16a’ + 4a — 8a=4a(4a? - a — 9). 
Hence the required factors are 4a and 4a*--a— 2. 


Exercise 27. 


Resolve into two factors : 


1. 32!— 652. 7. 3475 — 4αῤ᾽, 

2. 2a! — 4a, 8. BTY + 42%. 

3. 5ab — bap, 9. 3 — 92? 6. 

4. 3a! — αμα. 10. 84 — 4 a*b + 120% 

δ. ÈH ay . 11. 8αῥοξ- 4455. 

6. a! —a*b 4 at, 12. 15 — 100% + Baz. 
Ολες II. 


Kes When the terms can be grouped so as to show a common 
T, 


(1) Resolve into factors ac f ad + be + bd. 


Fad + bet bd = (ac -- ad) + (be 4- bd) (1) 
7 a(e 4- d) -- b (e 4- d) (2) 
— (a 2) (e -- 4). (3) 
Nore. Since 


one factor is seen in (2) to be ¢ + d, dividing by c+ d 
We obtain the other factor, a + b. 
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(2) Find the factors of ac + ad — bc — bd. 
ac + ad — be — bd = (ae + ad) — (be -- bd) 
— a(e-- d) U d) 
7 (a — ὃ) (c + d). 


two terms, — bc — bd, being put within a 
e sign —, have their signs changed to +. 


(3) Resolve into factors δα. — 52! — 62+ 10. 
82 —521— 624 10 = (82° — 52*) — (62 — 10) 
—a'(8z—5)— 2(8z — δ) 
= (2! — 2)(8z — 5). 
(4) Resolve into factors 5 15az! — z 4- 8a. 
515 2 δα-- (52° — 15 ασ") — (a — 8a) 
= 52" (ᾳ--δα) — 1(z — 8a) 
= (52"— 1)(z — 8a). 
(5) Resolve into factors 6y — 27 2*y — 102 +452, 
Sy— 27 aty— 1004.45.23 — (452? — 27 ay) — (102 — 6y) 
—92'(5z—3y)—92(5z — 3y) 
= (92" —2)(5z 89). 
M eig By grouping the terms oe 27 — (102 — 452%), 


Nore. — Here the last 
parenthesis preceded by th 


for the factors, 2—9 
But (2-956, 6 vean 
Signs, the si 


6. Z + zy — az — ay, 
8. 22*—82y-- 4az — bay. 


| 
| 
| 
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9. a'b — abt — ac + cx. 
10. ab ＋ ber — acy — bey. 
11. 82! —5y! — 62° + 1027. 
12. 8az — 105 — 12a + 155. 
19. 22° — 34 — 4 ＋ 6. 
14. 62*-- 82? — 951 — 125. 
15. ax‘ + b — ar — b, 
16. 3 c — 241) — 9 c2? + 6 d. 
17. 17152 — r. 4. 
18. az* a -- a 4- r. 
19. (a ＋ 5) (c 4- d) — 8c (a +b). 
20. (z— yy ＋ 2y (z — ). 
116, If an expression can be resolved into two equal 
factors, the expression is called a perfect square, and one of 


its equal factors is called its square root, 


Thus, 16 = 4z'yX4zy. Hence, 16% is a perfect 
Square, and 4 z*y is its square root. 


Nore. The Square root of 16 %% may be — 4% as well as ＋ 4%, 


for 4 x _ 4 = 162842; but throughout this chapter the posi- 
tive square root only will be considered. 


17. The rule for extracting the square root of a perfect 
Square, when the Square is a monomial, is as follows: 


: the square root of the coefficient, and divide the 
index of each letter by 9. 


118, In like manner, the rule for extracting the cube 
root of a Perfect cube, when the cube is a monomial, is, 


fix 8 root of the coefficient, and divide the index 


éd. 
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119, By $$ 99, 100, a trinomial is a perfect square, if its 
first and last terms are perfect squares and positive, and its 
middle term is twice the product of their square roots. 
Thus, 16 a? — 24ab +. 93? is a perfect square. 

The rule for extracting the square root of a perfect 
square, when the square is a trinomial, is as follows: 

Extract the square roots of the first and last terms, and 
connect these square roots by the sign of the middle term. 

Thus, if we wish to find the square root of 

16a — 24ab +937, 
We take the square roots of 166? and 9 63, which are 4a 
and 35, respectively, and connect these square roots by the 


sign of the middle term, which is —, The square root is 
therefore i2 98 
In like manner, the square root of 
If 2405 +. 959 is 4a+ 85. 
Case III. 


120. When a trinomial is a perfect square, 

(1) Resolve into factors z? + 2 ＋ . 

From $ 119, the factors of 2* -+ 22% + y? are 
Y (e+ . 

(2) Resolve into factors €. y + yf 

From $119, the factors of 2* — 227 4 9? are 
(2*—y) (2? — y). 


Exercise 29, 
Resolve into factors : 
1. @ — bab 1-95. 
2. Aa! - 4ab g 


3. @ — 4ab -- 437, 
4. * bay 4-95. 


l 
| 
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5. 42! —12az 49a. 19. 492'— 28zy + 493. 

6. à! —10ab + 2537, 14. 1— 205 +. 10003. 

7. 4a! — 4a 4- 1, 15. 8la'--126ab + 4903. 

8. 49 —1 yz. z. 16. min — 16 mna* +- 64 a*, 

9. 2 — lóz.r 64. 17. 4a' 20a + 252%. 

10. 9 ＋ 24% ＋ 16%. 18. 121a! -+ 198 ay +- 81%. 

11. 16 ＋L Ga Ta. 19. a5 — Qabrcta® = 1 

12. 254 802+. 413. 20. 49 — 14013 + 100% 
Case IV. 


121. When a binomial is the difference of two squares, 

(1) Resolve into factors z? — y. 

From § 101, (* y)(z— y) 923 — y, 

Hence, the difference of two squares is the product of 
tWo factors, which may be found as follows : 

Take the Square root of the first term and the square root 
0f the second term, 

The sum of these roots will Jorm the first factor ; 

The difference of these roots will Jorm the second factor, 


Exercise 30, 
Resolye into factors : 
1. eg, 6. 25 — 16a. 11. 81˙— 472 
2. Lge 7. 16 — 25y, 12. 64 59% 
$ os 95 8. a —]. 13. mn? — 86. 
E id—49p 9. 2* — 100, 14. 2*— 144. 


* — 455 10. 1213632 15. 2? — 25. 


"ram acta. LaL coi a 
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16. 49 — 100% 23. 49. y”. 30. 25 — 64y. 
17. 1— 49% 24. 64a’ —92*. 31. 162 92% 
18. 4 — 121% 25. 8145. — é, 32. 25 —16 0. 
19. 1 — 169. 26. 40% 905. 33. 36 ˙ 49a*, 
20. 4˙5˙— 4% 27. 20 4˙5˙— Hab. 34. 2 164’. 

21. 9 — gs 28. 3aà'—12a'€8, 35. 1.. 400*. 
33. 428—y" 29. 9g. 8137. 36. 4a'c — 98. 


122. If the squares are compound expressions, the same 


method may be employed. 


(1) Resolve into factors (t+ 3y) — 16a. 
The square root of the first term i 


of these roots is z + 3y 4, 
=(@+3y + 4a) (s - 3y — 4a). 
(2) Resolve into factors a? — (85 — δο). 


(35 — δο), or a ＋ 35 fe. 
The difference of these roots is a — (35 — 50), ora —3b 4 5e. 
Therefore 4705-59 — (4 +33 δο(α. 8) + δο). 


198, If the factors contain like terms, these terms should 
be collected 
form. 


as to present the results in the simplest 


(3) Resolve into factors (8a+ 55y — (2a — 85y. 
The square roots 9f the terms are 3a δδ and δα... 35, 
The sum of these Toots i (3a + 5d) +(2a_ 33) 
or 34 755 4 24 —3 5-54 } 9}, 
of these roots is Gar 24-35 
ern 
Μάο ee een 


— — 


— ——— 
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Exercise 31. 
Resolve into factors : 


1. (z4-yj — 2. 11. (a — 5 — (c — dy. 

2. (z— yy — 25 12. (24 ＋ 5) — 2505. 

3. ( — 2y} — 42. 13. (z + 2% — (2 — yy, 

4. (a 85) .— 16% 14. (z ＋ 87 (82 4). 

5. 4 — (y — zy. 15. (a 4-5 — ο) — (a — ὃ — oy, 
6. αἲ — (85 — 20) 16. (α-- 82) — (3a — 2. 
7. 5 — (2a - 80). 17. (2a—1y (34 ＋ J)) 

8. 1— (z 4- 55y. 18. (z—5) —(z4-y — 5). 

9. 3a! — (x — 8ο): 19. (Za bc- (a — 25-1 ο). 


10. 16a’ — (2y 32). 20. (a--25—8 c) — (a --5oy., 


14 By properly grouping the terms, compound expres- 
Sions may often be written as the difference of two Squares, 
and the factors readily found. 

(1) Resolve into factors a? — 2ab + b — 9c, 
α 2ab 4 p 9 (à* — 2ab + δ 9¢ 

— (a — 5 — 92 

— (a —5-4- 3c) (a — 5 — 8c). 
(2) Resolve into factors 12ab + 92? — 491 932. 


„ ὍΤΕ. Here 12 45 shows that it is the middle term of the expres. 
#02 Which has in its first and last terms a? and 52, and the minus 
"gn before 4a? and 9%? shows that these terms must be put in a 


thesis with the minus sign before it, in order that they may be 
Positive, 


arrangement will be 
ἐπ (21242-1937) 92 (βα. ϱ by 
= (82+ 2a— 85) (82— 20-85). 
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(3) Resolve into factors — a? TU — ο -- d* -- 2ac+ 28d. | 


Nore. Here 2ac, 254, and —a*, — 6, indicate the arrangement | 
required. 


Da d. 2ac 25d 
G 25d d’) — (à Ade Fe) 
7 (b +d} — (a ey 
=6+d+a-c)(b+d—a+o). 


Exercise 32. 
Resolve into factors : 


: à -2ab-- 9 49. 5. a. — — y! — 2. 
2 — 2 4-93 95 6. 1— 0! — 25 — 85 
** Aar ha. 7. a - P --9ab — 160%. 
» da*--4ab- Egi 8. 44. — 9a! 64 — 1. 
x 9. 45. 6245. 20d. =) 
1 Εφ οὗ yp 


11. 929—624. l— a! — 435 --4ῤ᾽, 
132. 


Ae E Vm 


4 +2ab— 2 — 6% 9% g, 
13. 2 25 1554. 25% s 
14. 9 βαρ. 1655 . 
18. ar T 4 1 405 
16. 4 — d —94- F620 


[7 
d 
i 
"d 
f 
5 


t we must add ab" to the |. 
make ita perfect Square. 1 


Pu — ALS 
ges Nar ei . nir ao a adc ER 
Flint canon ee CS "ANT — 
a * " — * 
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We must also subtract a% to keep the value of the 
expression unchanged. We shall then have 


(1) a. αἲδ' + δ' — a- T 2α δ} + δ — αἲδα 
= (a? + by — a 
= (a? 4- bp ab) (a* + δ] — ab) 
= (a* + ab + ὁ’) (a? — ab 4 5). 


If in the above expression we put 1 for ö, we shall have 
(2) a! 4- o? }- 1 -- (a* ＋ 24 ＋ 1) — ᾱ 

= (αἱ -- 1)1 --- a 

— (a! 4- 1-4- a) (a? 4-1 — a) 

77 (a* +a 4- 1) (à — à 4- 1). 


(8) Resolve into factors 414. 37 2 * ＋ 9% 


Twice the Product of the square roots of 424 and 9y4 is 1222y2, 
9 May separate the term —372*y! into two terms, —122*y* and 
7252*y and write the expression 


G — 1227 4 9% — 95 at? 
= (22! 39 — 25 xy? 
= 24 —8y Fozy) (222—589 Bay) 
= (2 ＋ 5% 3%) (22° O 37%). 


Exercise 33. 
Resolve into factors : 


CP ba y, 


1 6. 9a*-- 26 a*b! - 25 5% 
ας 4. ＋ 2 4 1. 7. 4 — 217 +. 99A. 
5. θα! 159741, 8. 4a'— ate +. 250. 
4. lba 179.41 9. 4a*+ 16ac -- 250% 


δ. 1a —18g.4.1. 10. 25% 317 -- 16% 


"cesi. 


P 


i 
f 
] 
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Case V. 
126. When a trinomial has the form X Fax 4- b. 


From § 104 it is seen that a trinomial is often the product 
of two binomials. Conversely, a trinomial may, in certain 
cases, be resolved into two binomial factors. 


, 


and whose algebraic sum is a, the coefficient of z in the 
middle term of the trinomial, 


(1) Resolve into factors 2? +1lz+ 30, 

We are required 
whose sum is 11. 

Two numbers whos 
10, 5 and 6; and thes 


to find two numbers whose product is 30 and 


* product is 30 are 1 and 30, 2 and 15, 3 and 
um of the last two numbers is 11. Hence, 


2 ＋ 112 ＋ 30 (z -Ε 5) (z +6). 
(2) Resolve into factors z? — Tz 4-12. 


We are required to find two numbers wh 
whose algebraic sum is — 7. 

Since the product is + 12, the two numbers are both positive or both 
negative ; and since their sum is — 7, they must both be negative. 


negative numbers whose Product is 12 are — 12 and — 1.—6 
aad ~Z fand 4 and the sum of the last two numbers is — 7. 
Hence, 


4 74 12— (z — 4) (z — 9), 


(3) Resolve into factors ο) Ἔ2α-- 24. 


We are required to find two n 
Whose algebraic sum is 2. 


ose product is 12 and 


umbers whose product is — 24 and 
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Since the product is — 24, one of the numbers is positive and the 
other negative; and since their sum is +2, the larger number is 
positive, 

Two numbers whose product is — 24, and the larger number posi- 
tive, are 24 and —1, 12 and —2 8 and — 3, 6 and — 4, and the sum 
of the last two numbers is +2. Hence, 


T a+ 2a — 24 = (x -- 6) (z — 4). 


(4) Resolve into factors x? — ἃς — 18. 


We are required to find two numbers Whose product is — 18 and 
Whose algebraic sum is — 8, 


Since the product is — 18, one of the numbers is positive and the 


other négative; and since their sum is —3, the larger number is 
negative, 


Two numbers Whose product is — 18, and the larger number nega- 


tive, are —18 and 1, — 9 and 2, — 6 and 3; and the sum of the last 
two numbers is — 3. Hence, 


* —82—18 = (z — 6) (L). 


(5) Resolve into factors z? — 10zy + 9ψ!, 


; ais required to find two expressions whose product is 94? and 
Whose algebraic sum is — 10y. 


os the product is + 9 y*, and the sum 10% the last two terms 
Must both be negative, 


Two negative expressions whose product is 9%, are —9 y and —y, 
τὸν and —3y; and the sum of the first two expressions is ~10y, 
ence, 


4 — Way + 9y = (a — 9y) (z — y). 


Exercise 34, 
Resolye into factors : 


1. * 82 J 15. 4. 8 10. 
ὃς 82 4.15. . 4-5az-- 6a, 
* 2-42; 15 „ar 4- 6a’, 


O σι 


T. 2215. 
8. 2. 5 6. 
4 — 5 6. 
. 4-z—6. 

| d 6. 

2 Oz. 5, 
4 — 624-5, 
. 4 — 5. 
. — 4 δ, 
2 9 L 18. 


2 — 9 4-18. 


4 3 18. 
2 — 318. 
#49248, 
- 23 —92z--8. 
| 272-8, 
. z!—Tz—8. 


2 ＋ 7 ＋ 10, 
2 7 -Ε 10. 
* δα -- 10. 
2 —baz — 50g: 


` Y'—Bay— 4, 
4 — Bar 5422 
4 de 2%. 


V- 28% 41872 
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$2. 
33. 
34. 
35. 
36. 
37. 
38. 
39. 


40. 


41. 


42. 
43. 
44. 
45. 
46. 
4T. 
48. 
49. 
50. 


** + az — ba, 
* — az — 6a, 
z- 5 ary -+ 4%. 
T — 3 — 4% 
z — δαν + 4y’. 
ᾳ-δαγ--4 y. 
2 4-3zy + 2y*: 
a* — Tab + 1025, 
a — Bar 54. 
4 — Τα — 44, 
z' 4-z— 189. 
* — 152+ 50. 
a — 283a + 190. 
a* 4- 17 a — 890. 
e 4- 25c — 150, 
e 5867 57, 
a* — 114 + 8025. 
+ Dey -+ 20y, 
zy + 19zyz ＋ 484 


- GP — 13abe +. 2265 
4 1645 — 3637 
T 30% 
„ % — 18yt, 

> € e— 90, 

* ' 4- 1625 — 96032. 


——— 


| 
$ 
[ 
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57. y —5yz — 8427. 

58. * —11z— 152. 

59. I8—3z—31—.. (* 4- 8z — 18). 
60. 88--8z— 2! — —(31—8z — 38). 
61. 78— 7 — z, 


Oase VI. 
128, When a trinomial has the form ax’ bx 4- o. 
From § 105, f 
(82 — 2) (52 48) 
= 1527+ 92—102—6 = 157—2z—6. (1) 
(82 — 2)(5z — 8) 
15 9 - 106 152*— 1924-6. (2) 
Consider the resulting trinomials : 


The first term in (1) and (2) is the product 32 x δα. 
The middle term in (1) is the algebraic sum of the products 


32x 3 and (— 2)x 5a. 

The middle term in (2) is the algebraic sum of the products 
δα x (—3) and (—2)x 52, 

The last term in (1) is the product ( 2) x 3. 

The last term in (2) is the product (— 2) x (— 3). 


e trinomials have no monomial factor, since no one of their 
factors has a monomial factor. Hence, 


1. If the thirg term of a given trinomial is negative, 
9 second terms of its binomial factors have unlike signs. 
2. If the third term is positive, the second terms of its 


nomial factors have the same sign, and this sign is the 
sign of the middle term. 
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8. If a trinomial has no monomial factor, neither of its 
binomial factors can have a monomial factor. 
(1) Resolve into factors 627+ 172 J 12, 


The first terms of the binomial factors must be either 6 and z, or 
3α and 2z. 


The second terms of the binomial factorg must be 12 and 1, or 6 
and 2, of 3 and 4. 


We therefore write 


reject 3 and 4 for I. 
The required factors, therefore, are (32 + 4) and (22 + 3). 


(2) Resolve into factors 145... 11 α... 15. 
For a first trial We write 


(Tz )(2z ). 
Since the third term o 


t positive product by 114. 
The required factors, therefore, are (72 +5) and (22 — 3). 


Exercise 35, 
Resolve into factors : f 


1. 2245248 4. 
2. 3 — 2 2. 


| 5. 3645 — 19% gy 
3. 5 823. 


6. 15 4. 192 + 6% 
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7. 6z'--72z 2. 14. 152! — 26 + 8y7. 

8. 6*— 2. 15. θα’ 6 8%. 

9. 152 ＋ 142 8. 16. 62? 35%. 

10. 8 — 102.1. 3, 17. 102!—21zy — 107’, 
11. 182+ 92 — 2, 18. 142? — 55zy + 21%. 


12. 24 — May —5y2, 19. 62* — 28 zy ＋ 903. 
13. 242* — 88zy -+ 15y*. 20. θα” + 85zy 6%. 


Case VII. 
129, When a binomial is the sum or difference of two cubes, 


Ewa SEE a 


and εν OUR ONU 


* €-EP — (a +) (a? — ab + 550 


and d — P — (a — D) (αἱ + ab +59), 


In like manner we can resolve into factors any expres- 
sion which c 


àn be written as the sum or the difference of 
two cubes, 


(1) Resolve into factors 8 9 + 91 δ᾽, 


Write δᾳ) ＋. 9736 ag (2a) + (38%, 


Since αἵ +. δ) — (a+ b) (a? — ab + &), 
We have, by Putting 2a for a and 303 for b, 
(2a) + (903) = (2a 857) (4a! —6aP* -9 55). 


— HI 
—————— j 
i 


{ 
| 
Il 
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(2) Resolve into factors 1952? 1. 
1252 —1— (5 —1 
= (82 — 1) (252* . 52 4-1), 
(3) Resolve into factors 24 y. 
“ενώ 
— Gy) (t — ορ», 


130. The same method js applicable when the cubes are 
* compound expressions, 


(4) Resolve into factors (æ — 


/) 2 
Since 


αἱ P — (a+b) — αὖ 4. ὁ), 

we have, by putting z — y for a and z for b, 
ebe terte y ας ρε] | 

T αν) 22y- Ey 2s 4 0-4 20 


Exercise 36, 
Resolve into factors: 


1. αἳ -- 803. δ. . 216a* — δ», 

2. à — 27 4. 6. œ 2735 10. 649? — 9703, 

3. a? + 64. 7. xy 64. 11. 348 9 

4. 1250 1. 8. 12. ab +. 848, 
13. δα] — 3% 19. 82 — ( yy. | 
M. 216. % 20. 8 . 23 1 
15. (a ＋ 5) — 1. 21. 729% 642 
16. (a — by +1. 22. (a+ by — (a — by. 
17. r- A0). 23. 729 a ＋ 21665 
18. 1— ( — py. 24. zy 51225 


271. 9 


64a + 19575. 
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191. We will conclude this chapter by calling the stu- 
dent's attention to the following statements - 


1. When a binomial has the form z” - - y", but cannot be 
written as the difference of two perfect Squares, or of two 
perfect Cübes, it is still possible to resolve it into two 
rational factors, one of which is z—y. Thus (8 109), 


a’ — p — (a oy (at+-a%-+- a*b?+-ah3 +. bt). 


2. When a binomial] has the form * %, but cannot be 
Written as tho sum of two perfect cubes, it is still possible 
to resolve it into two rational factors, except when n is 
2. 4, 8, 16, or some other power of 2. "Thus ($ 109), 

ab. b= (a+b) (a*—a*b d. 55). 

But 42 4 ＋ 15, a I, cannot be resolved into 

rational factors, 


8. The Student must be careful to select the best method 
8 resolving an expression into factors, Thus, a*— 36 can 


ference of two cubes, or be divided by a — ὄ, or by a Lb. 
Of all these methods, the best is to write the expression as 
erence of two Squares, as follows 


( — (5% — ( + 88) (a 350 
= (a+b)(a*~ ab +8*)(a+-b)(a%+ αὖ-}-δ᾽). 
4 From the last example, it will be seen that an expres- 
n can Sometimes be resolved into three or more factors. 
* — 38 (at ＋ 0^) (at — 79 
= (z* + bt) (2? +- 0) (2? — δ) 
= (z* + 8) (22.1 δ) (z + b) (z — δ). 


— 
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5. When a fac 


tor occurs in every term of an expression, 
this factor should 


first be removed. Thus, 


825—502. 4 10a — 2(427— 25a* ＋ 2z — 5a) 


= 2[(423 — 25a") + (2x — 5a)] 
2 r — 5a) (25 5a + 1). 


shall have for a coe r a multiple of 
the last term. Thus, 


(1) τ Hls-M- (5284 e f 5215) 


7 (21—524-6)4-5(z—3) 
-ς-ϑ)[σ(α--.9} 6] 
=(z—8) (2— 22-5). 


(2) eee 25 


( 14)4- 12(z—2) 
=2(x—7) (z—2)4-12(z—9) 
—(z — 2) (a1 724-12) 
—(z—2) (z—8) (z— 4). 


(3) CMS be (Poi 


72(?— 25) — (4.5) 
7656-57.) 


πο; 
τα GHE2) (2 4) 
76 2)(9- a9) 

7C 2642), 


(4) P+ 32 


— — — Á— M. ÁÓ 
2 ^ 
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Exercise 37. 


EXAMPLES ron REVIEW. 


Resolve into factors : 


1. à! — 95. 23. 122! —2— ]. 

2. vy — 4% g. 24. 1227— 20. 

3. 2-44]. 25. 9a?+ 124 4. 

4. * — 2y + 22 — xy, 26. a? — δ). eE 230. 
5. 35 ＋ 2 — 92 86. 27. th ayy ,. 

6. 2 — 14 4 49. 28. 2? — 62 — 40. 

7. 362 — 49% 29. x*— Tx — 60, 

8. * — % 30. a! — 19a + 84, 

9. (* yy — p. 31. 27+ 2ax + 85z -+ 6ab. 
10, 2 y. 32. Hm 2m. 
11. at — 5%. 33. 42 — z. 

12. at of. 34. . . 

18. * — ( 5). 35. 9% 212/25 
14. m+ Ann + 1. 36. 1 — 47% ＋ N. 
15. a — (m4 n), 37. 2431 32 — 2y. 
16, * — 112 418. 38. 24 7a 46. 

M 2 42 45. 39. 2 — 71. 

18. t+ 1804 36. 40. 1— a! — b 245. 
19. @— 13249 41. 82*— 62549272 
30. στ} θα. 36, 42. 2—53! 2% 4. 10. 
7. Wete οι 43. 2-Laz — bz — ab. 


22. 12 44. 2 — ga + 4az — bay. 


- r | 7 μοι”. 
nti rtl slc acis aa. a a... — «ὦ weit 
& nA) - 9 — | 
- 2 wai tise 


EE mom 


ROS -S 
n 


r 


* 


56. 


„ar br — az 5. 

. +a. 

. dé —P-ra-— 5. 

- -yf —2y (s — y). 
. 1—10zy-rF25z*y". 

. à —P--2bc— ë. 

Qm -FÀAy —2—4A2zy. 
. dà —4lj 9 L 12 be. 
42 ＋9 % —2—12zy. 
* (a-- 5) (e — dy. 
ey. 


32 — ο, 


- a4 64g. 

. τοῦ — z. 

pa ys. 

(a ＋ 5) — 1. 
a- a-. 

- d-Fa--35 95. 


81. 
82 
83 
84. 
85 
86 


87. 
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63. 
64. 
65. 
66. 
67. 
68. 
69. 
70. 
71. 
72. 
73. 
74. 
75. 
76. 
TT. 
78. 
79. 
80. 


6a? —a— 77. 

50 — 15 ο — 90c. 
ax — cz + ay — ey. 
162* — 81. 


* E 4-1. 


27 6405. 

z?-. 

* — y. 

a* — 256. 

* + 16 a?z? + 256 a*. 
l—(z— y”. 
(z-- y + =. 
a? — 216. 


827+ 27—2. 
2— 8a — 2a’. 
4—5c— θα. 


2 --- αἳ — +2. 
4a — 9a --θα--]1. 


a —2ab +b . 122 — 421 gy, 

ἃ 24 — 4% + 2% 4 2% — 2ay. 

+ (a-- 5 — 1— ab (5 l U) 

* --αἳ ＋ δα ---δ. (See § 191, 6.) 

- 62 — 932° ＋ 16 8. (See $ 131, 6.) 
CO y-RZ—2z:)—92:4-29; (Ses 8108.) 
idt- (αἳ + δ’. . 


— —-— — — — — 


— ——— HDHT— 


CHAPTER VIII. 


COMMON FACTORS AND MULTIPLES, 


182, Common Factors, A common factor of two or more 
integral numbers is an integral number which divides each 
of them without a remainder. 


188. A common factor of two or more integral and rational 
expressions is an integral and rational expression which 
divides each of them without a remainder. 
Thus, δα is a common factor of 20a and 25a; 32*y* is 
& common factor of 122% and 15 7. 


"um Two numbers are said to be prime to each other 
vw 


en they have no common factor except 1. 


186. Two expressions are said to be prime to each other 
When they have no common factor except 1. 


136. The highest common factor of two or more integral 


numbers 


is the greatest number that will divide each of 
them without 8 remainder. 


137. The highest common factor of two or more integral 
and rational expressions is an integral and rational expres- 
“on of highest degree that will divide each of them with- 
out a remainder, 


Thus, 3a? is the highest common factor of 848. 646 
and 1241. 5 


NS A ey’ is the highest common factor of 10 


απο, We use H. C. F. to pond for highest 
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To find the highest common factor of two algebraic 
expressions : 


Case I. 


138. When the factors can be found by inspection. 
(1) Find the H. C. F. of 420 and 60 a?b*. 
429g =2x 3x7 xaaa x bb; 
60ab = 2x 2x 3 x 5 x aa x bbbb. 
^. the H. C. F. 22x 3 x aa x bb, or Gab. 


(2) Find the H. C. F. of 2a'z + 2az’ and 8abzy + 8 Dr 
2aiz--2az2 --2αα(α--α); 
Sabzy--3bzy = 3bry(a + z). 
the H. C. F. a vz). 


(3) Find the H. C. F. of 427+ Δα — 48, 62? 48 + 90. 
45 L 4z —48—4(2 C2 12) 
Ξ-4(ᾳ-- 3) (x+ 4); 
62? — 482+ 90 = 6 (2° δᾳ + 15) 
—6(zr—3)(z—5); 
„. the H. C. TF7. ο(ς-- 8) 
---α--6. 


Hence, to find the H. C. F. of two expressions: 

Resolve each expression into its simplest factors. 

Find the product of all the common factors, taking each 
common factor the least number of times it occurs in any of 
the given expressions. 


τ ΤΩΙ 


$ 
1 
` 5 
Ei 
* 


— — — 
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Exercise 38. 


Find the H. C. F. of 


1. 120 and 168. 4. 36a'z' and 28 zy. 
2. 362° and 27. 5. 48a'D'c and 60a. 
3. 42 ˙ and 60a'z*. 6. 8(a +6) and 6(a + bY. 


7. 1l2a(z-- y) and 4δ(α 4- y). 
8. (2 — 1) (x+ 2) and (z — 8) ( + 2). 
9. 24 0 (a +b) and 42a°b(a+ 6)’. 

10. z'(r—8) and z'—8z. 19. αἲ-- 4 and a*—62+8. 

11. z— 16 and 2 44. 18. 7 12 and αἱ — 16. 
14. 92 — 49! and 122? — zy — 6 y". 
15. z1à —1z —8 and r ＋ 5x 4- 4. 
16. αἳ + 3 — 107 and αἲ — 2zy — 357’. 
17. * — 22? — 24 and 625 6 — 1802". 
18. * — 3 and æ — 27 y". 
19. 1+ 642° and 1 4 4- 162’. 
20. 2*— 81 and z‘ + 82? — 9. 

91. 4.22 — 8, 2 Τα 412. 

22. * — 6 45, 2 3 — 40. 

28. δα’ . 15% — 725, θα) — 30 0 + 36450. 

24. 62 — 127 4-69), Bry + Vay — 125^. 

25. 1 — 16% 1-- 8 1200. 

26. 824 2 —1, 62 ＋ 72 . 2. 

N. 6 2, 127 — 6. 

28. 152 —192y + Bay’, 10 — zy — 82'y’. 

M». EoD»- o /, 42% + 15y! 4%. 
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Case II. 


189. When the factors cannot be found by inspection, 


The method to be employed in this case is similar to 
that of the corresponding case in Arithmetic. And as in 
Arithmetic, pairs of continually decreasing numbers are 
obtained, which contain as a factor the H.C. F. required, 
so in Algebra, pairs of expressions of continually decreas- 
ing degrees are obtained, which contain as a factor the 
H.C.F. required. 


140. The method depends upon the following principles: 


(1) Any factor of an expression is a factor also of any ` 


multiple of that expression. 


Thus, if ¢ is contained 3 times in A, then c is contained 
9 times in 3 4, and 3m times in m A. 


(2) Any common factor of two expressions is a factor of 
their sum, their difference, and of the sum or difference 
of any multiples of the expressions. 

Thus, if ¢ is contained 5 times in A, and 3 times in B, 
then ο is contained 8 times in A+B, and 2 times in 
A—B. 

Also, in 5 A+2 Bit is contained 5x 5-4-2x 3, or 81 times, 
and in 542 it is contained 55 - 2 8, or 19 times. 


(3) Phe H. C. F. of two expressions is not changed if one 
of the expressions is divided by a factor that is not a factor 
of the other expression, or if one is multiplied by a factor 
that is not a factor of the other expression, 

Thus, the H. C. F. of 4a%e and æd is not changed if 
"sj aove the factors 4 and b from 4a'ho and d from 
aed; or if we multiply 42858 by 7, and dd by 1. 


— — — 


— — — 
maea 
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ML We will first find the greatest common factor of 
two arithmetical numbers, and then show that the same 
method is used in finding the H. O. F. of two algebraic 
expressions, : 


Find the greatest common factor of 18 and 48. 
18) 48(2 
36 
12)18(1 
12 


-6)12(2 
12 


Since 6 is a factor of itself and of 12, it is, by (2), a fac- 
tor of 6.12, or 18. 
Since 6 is a factor of 18, it is, by (1), a factor of 2 x 18, 
or 86; and therefore, by (2), it is a factor of 36-1- 12, or 48. 

Hence, 6 is a common factor of 18 and 48. 
in, every common factor of 18 and 48 is, by (1), a 
of 2x 18, or 86; and, by (2), a factor of 48 — 36, 
or 12, 

Every such factor, being now a common factor of 18 and 

is, by (2), a factor of 18— 12, or 6. 
ore, the greatest common factor of 18 and 48 is 

contained in 6, and cannot be greater than 6. Hence 6, 
Which has been shown to be a common factor of 18 and 48, 
35 the greatest common factor of 18 and 48. 


142 It win be seen that every remainder in the course of 
oo contains the greatest common factor sought ; 
and ahi 


ο.» is the greatest factor common to that remain- 
der and the Preceding divisor. Hence, 


: s greatest common factor of any divisor and the corres 
dividend is the greatest common factor sought, 
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143, Let A and B stand for two algebraic expressions, 
arranged according to the descending powers of a common 
letter, the degree of B being not higher than that of A. 
Let A be divided by B, and let Q stand for the quo- 
tient, and R for the remainder. Then 


B) A(Q 
BQ 
R 
Whence, R= A- BQ, and A= BQ4- R. 


Any common factor of B and R will, by (2), be a factor 
of BQ+ R, that is, of A; and any common factor of A and 
B will, by (2), be a factor of A — BQ, that is, of R. 
Any common factor, therefore, of A and B is likewise 
a common factor of B and R. That is, the common fac- 
tors of A and B are the same as the common factors of B 
and R; and therefore the H.C.F. of B and R is the 
H. C. F. of A and B. 
Tf, now, we take the next step in the process, and divide 
B by R, and denote the remainder by S, then the H. C. F. 
of S and E can in a similar way be shown to be the 
same as the H. C. F. of P and R, and therefore the H. C. F. 
of A and B; and so on for each successive step. Hence, 
The H. C. F. of any divisor and the corresponding divi- 
dend is the H. C.F. sought. 
: If at any step there is no remainder, the divisor is a fac- 
tor of the corresponding dividend, and is therefore the 
H. C. F. of itself and the corresponding dividend. Hence, 
the last divisor is the H. C. F. sought. 
Nore. From the nature of division, the successive remainders are 
expressions of lower and lower degrees. Hence, unless at some step 
the division leaves no remainder, we shall at last have a remainder 


that does not contain the common letter. In 


4 this case the given 
expressions have no common factor, 


| 
i 
I 
| 


COMMON FACTORS AND MULTIPLES. lll 


Find the H. C. F. of 227+ 2—8 and 42°+82'—2—6. 
22--z—3)42--82— x—6(2e+8 


42 +227 —6x 
62*--5z—6 
62 ＋ 382 —9 
24 ＋ 3) 2 + x—8(z—1 
24 ＋ δα 
— 24 —8 
the H. C. F. ος 4-3. --2α--8 


Each division is continued until the first term οἵ the remainder is 
of lower degree than that of the divisor. 


144 This method is of use only to determine the com- 
pound factor of the H.C.F. Simple factors of the given 
expressions must first be separated from them, and the 


H. 0. F. of these must be reserved to be multiplied into the 
compound factor obtained. 


Find the H. C. F. of 
122*-- 302? — 7227 and 822° + 842° — 176. 
12 + 302? — 722! = 62? (22? + 5z — 19). 
822° + 8427 —176z— Fr (82 21 — 44). 
ER ez and 4z have 2x common. 
. 98 bz —12)80 4-212 — 44(4 
EIE, k δα" + 20x — 48 
TOP EA IE z+ 4)22--52z—12(2z 8 
23! --8z 
— 8 12 
— 384 12 


- e ‘ 
ο»... MP, NS 


. te Lata set = < 
— — —ͤ—Ü — ο E cremate - - ~ 
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145. Modifications of this method are sometimes needed. 


(1) Find the H. C. F. of 42? —8z —5 and 122? —4z— 65. 
42! —8z—5)122! — 4z — 65(3 

1227 — 24z — 15 

20x — 50 
The first division ends here, for 202 is of lower degree than 42*. 
But if 20z —50 is made the divisor, 42? will not contain 20α an 
integral number of times. - 
The H. C. F. sought is contained in the remainder 20 x 50, and is 
a compound factor. Hence if the simple factor 10 is removed, the 


H. C. F. must still be contained in 22 — 5, and therefore the process 
may be continued with 2z — 5 for a divisor. 


2z—5)42 — 82—5(2r+1 
4 —10z 
2z —5 
2z—5 
<. the H. C. F. = 2z — 5. 
(2) Find the H. C. F. of 
212! — 4a? — 15z —2 and 2122 — 322° — 54z — 1. 
212 —42 — 15 2) 212 82 —54z 7(1 
212 44 152 —2 
— 28 * —89r—5 
The difficulty here cannot be obviated by removing a simple factor 
the remainder, for — 2821-392 —5 has no simple factor. In 
this case, the expression 21 2? — 42?— 152 — 9 must be multiplied by 
the simple factor 4 to make its first term exactly divisible by — 282°. 
- The introduction of such a factor can in no way affect the H. C. F. 


sought, for 1 is not a factor of the remainder. 
The signs of all the terms of the remaind 


if an expressi E er may be changed ; for 
"mo Preston A is divisible by — F it is divisible by + F. 
The process then is continu 


ed by changing the signs of the re- 


mainder and multiplying the divisor by 4. 


5 


| 
| 
| 
| 
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28:2 --89z--5)842 — 1627— 60 — 8(8x 
842--1l72?-- 15x 
—1882— Ίδα-- 8 
Multiply by —4, —4 
5322? + 8002 + 32(19 
; 589 αἱ -+ 7412+ 95 
Divide by — 63, — 63) — 4414 — 63 
"z4- 1 
7 ＋ 1) 28 ＋ 39 4- 5(42 4-5 
BPH 42 


354 ＋5 
| c the H. O. F. 72 1. 85245 


(3) Find the H. C. F. of 
8 + 22 3 and 62 + 52! — 2, 


62-- δα’-. 9 
ει. 
82--22—3)242--202 — 8 (8α--1 
; 24% C 6αΐ-- θα : 
ee lg 92-8 ᾿ 
P Multiply by 4, 4 
ESAMI 562? + 862 — 32 
f νο 5627+ 14z — 21 
.. Divide by 11, 11)222—11 
Ἔα 2z— 1) 8 , 2 - 8(44＋3 
8 - 4 
62—8 
6z—3 


Son iieri diei ο 


catio o MR inim ac 
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The following arrangement of the work will be found 
most convenient : 


82 --2r—8 | 6 ＋ δαΐ-- 2 


δα] — 4 | 4 
θᾳ -- 8 24 --20α.-- 8 δα 
6ᾳ —8 24 -- 6z— Ir 
] 1427+ 9z— 8 
4 
56 2? + 36z — 32 +7 


5627+ 142 — 21 
1227—11 
| TENE Ae+8 
146. From the foregoing examples it will be seen that, in 


the algebraic process of finding the H. C. F., the follow- 
ing steps, in the order here given, must be carefully 


observed: 


I. Simple factors of the given expressions are to be re- 
moved from them, and the H. C. F. of these is to be reserved 
as a factor of the H. C. F. sought. 

II. The resulting compound expressions are to be ar- 
ranged according to the descending powers of a common 
letter; and that expression which is of the lower degree is 
to be taken for the divisor; or, if both are of the same 
degree, that whose first term has the smaller coefficient. 


is of lower degree than the divisor. 

IV. If the final remainder of any division is found to 
contain a factor that is not a common factor of the given 
expressions, this factor is to be removed ; and the resulting 
expression is to be used as the next divisor. 

V. A dividend whose first term is not exactly divisible 


by the first term of the divisor, is to be multiplied by such 
a number as will make it thus divisible, 


III. Each division is to be continued until the remainder ` 
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Exercise 39. 


Find by division the H. C. F. of 

L 4 f 8 10, 42-72! 32 — 15. 

2. 23 — 62 52 — 2, 8: 28 176. 

3. 20 . 22 — 182 4 48, 20 — 1727+ 482 — 8. 

4. 42 —93*— 162 — 91, 1222 — 9823 — 97 x — 42. 

5. 12 . 4 17 — 8, 242 522 4- 14z — 1. 

6. 2 . 5a! — 9z--8, 3 4 2 — 17 4- 12. 

T. 8 6 ＋ 152 — 25, 4% -- Tr — δα — 15. 

8. 42 — 4 — bz 4-8, 102! — 192 -+ 6. 

9. 621—182? -- 32! 4 22, 62* 10 + 42* 6 4-4. 

225—823 . 2 —95 —8, 42 823 --4z— 8. 

38 — P_ 2a? 2 — 8, 622 137 82+ 20. 

8 . 2% L, 825-22 82 422 — 1. 

G 627—102, 424-102*4-10 24-4 274-602, 

2 11 — 9, 4112 4-81. 

* — 4 . 1021 — 12 4-9, 2 22? 4- 9. 

» 222—821 — 1024-24, 4 -22* — 982? — 162? — 822. 
* — 14 1. 4 224. 8 . 2. 
6% —14 0 LG — 4 a*, a* —ax*—a'x*—a'y—2a'. 
24, — 20 — 8a! — 2a, 34 — à — 2a — 16a. 

2 ＋ Tag? |. Aa?z — 3a*, 42° + 9az* — 2a*z — a. 
PL, 22—9a2 D J, 42° — War . 20 % — 16 a’. 

* 22-92 + 14248, 3214 140’ 92-2. 


. ge — 784 Bat 22 —4, 6. — 122—102 524-2. 


Seed Wii κ tei ντο; roe Mec 
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147. The H. C. F. of three expressions may be obtained 
by resolving them into their prime factors; or by finding 
the H. C. F. of two of them, and then of that and the third 
expression. 

For, if A, B, and C are three expressions, 

and .D the highest common factor of A and B, 
Ye. and E the highest common factor of D and σ 
Then .D contains every factor common to A and B, 
and Æ contains every factor common to D and C. 
E contains every factor common to A, B, and C. 


| 
| 
I 


Ὃν, D 
i 
> * — — — — * , 


| i 
831 
9 1 
E 
ET 
PRE 
ER 
143 
AER 


Exercise 40. 
Find the H. C. F. of 
. $-F8z4-2, 24-4248, αἰ  -6z 4-5. 
. 9 — 10, 22 —72z —30, 22 — 112 4- 10. 
2—1,72—222--1,2-2z-4 1. 
.62-Lz—9,92--"5z—4, 22 —' Τα 4 8. 
. a! --2ab -- P, - **, αἳ 4-2atb + 2αδ᾽ + ῥ᾽. 
. 2—5az--4a', 2—B8ar+ 2a, 822 — 10az 4-12. 
. £2 --z—0,2-—22 —z--2, 24-82 —6z —8. 
. 5 1, 5 3 31, 3/5 2 — l. 
. 22—62*--11z—6, 22—82?--19z—12, 2—92?4-262—24. 


%%% Wm ο P» ο ΘῈ 


148. Common Multiples. A common multiple of two or 
more numbers is a number which is exactly divisible by 
each of the numbers. 

A common multiple of two or more expressions is an 
expression which is exactly divisible by each of the ex- 

. pressions. Thus, 48 is a common multiple of 4, 6, and 8; 
48 (2^ — y") is a common multiple of 3 (z — y) and 8(z- 4). 


P. 
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149, The lowest common multiple of two or more numbers 
is the least number that is exactly divisible by each of the 
given numbers, 

The lowest common multiple of two or more expressions 
is the expression of lowest degree that is exactly divisible 
by each of the given expressions. Thus, 24 (2*— y?) is the 
lowest common multiple of 3 (z — y) and 8(z-- y). 

We use L. O. M. to stand for “lowest common multiple." 

To find the L. O. M. of two or more algebraic expressions: 


OASE I. 


150. When the factors of the expressions can be found by 


(1) Find the L.C. M. of 42 0% and 60a%*, 
420° —2x8x "xax; 
1 60a'0* —2x 2K N BN MN 
e L.C.M.m 


: ust evidently contain each factor the greatest num- 
of times that it occurs in either expression, 


^4L0.M.22x29x8x"7x5xa xb, 
= 490 5 
- (8) Find the L. C. M. of 
42* -- 4c — 48, θα’. 4824-90, 4 — 10 — 6. 

ΣῈ 42—48—4(1--2—19) 2 208) (44); 
de —482--90—06(2—82-L15) 230 - 8) (z—5); 
lo 620% 528) = 2(z—8) (2241). 
LOM. —2 x 2x 3 x (2— 8) (z--4) (z — 5) (22-1). 
ace, to find the L. C. M. of two or more expressions: 
Resolve each expression into its simplest factors. 
Find the product of all the different factors, taking each 
x or the greatest number of times it occurs in any of the 


1. 


ο ρα ο σι ὃν »» 


Find the L. C. M. of 
. 2! —9zy +y and αἲ — . 


. Harta, à? — di, and 2 — a. 

.* ( — 9) and z' 5 4-6. 

. . 7 ＋ 12 and a* — 92’. 

. z—'"z--10, 2—4z—5,2—2z—2. 

. 1-38 42, 1-42 5, 1 9 — 10 

. 62+ Tay ο 32 112) — 4y’, 2211/12 
. 8—l4a+ 6a, 40 40-3, Λα -2a? —6a*. 

. 6 122—82, 814 —5, 627+392+45. 

- 6az--90z—2ay —3by, 62*--3ax— 2zy — ay. 

. 12az—9ay — S 6%, 6az ＋ 34% — 4% — 2y". 
N=, 62--az—a', ]δαΐ--δαα--8δα--αὖ. 

.* — 1, 2 — l, 34 2. 


151. When the factors of che expressions cannot be found by 
inspection. 


In this case the factors of the given expressions may be 
found by finding their H.C.F. and dividing each expres 
ion by this H.C. F. * 
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Exercise 41. 


24, 32, and 60. 
24 %, 60, and 32az*. 


* — 4 4, 4 J 4, and r — 4. 
c a' and αἲ-- a. 


3 


Case II. 
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Find the L. C. M. of 
62 —112 + 2% and 92? 227 8. 


θα] 42% 9 227 8y 3 
62— 8254 9 


αγ) ο — 18 44% 16% 
Ll9ryHzy42y, ISS NE 6y 0 
lly) 83 2*y—44 zy'—22 

δα. — 4zy — 2y'|2xz—y 
^. the H. O. F. = 321 — 4zy 2%. 
Hence, 622—112*y-- 2)? — (2z — y) (82? —4 zy 2%), 
and 94 —22 zy! — 8y — (3z--4y) (3 4% 2%). 

^. the L. C. M. = (2z — y) (8z + 4% (82 — 4zy 2%). 


Exercise 42. 
Find the L. O. M. of 


1. 
2. 


6 — Tar — 90a*z, 32° -p ax — 4a’. 

δα) — 18 . 28 — 21, 6 L 23 44 J. 91. 
. δα” — Baty + xy? — , 42° — ay — 3zy*. 
X4. 20 Ce, Qt 9 — De — 9, 

45. P8043, „32 J 218. 

9 — Ga A. 12 4% 823, 2a! — Baz -+ 84’ 
2 122 4.0, 22 - 7234 192 — 9. 
5. Tage b, 7 4122, 102 45. 

„ 182 4 86. ** 7 G6. 
3 7 1 10, 4 — 42! 9 4-5. 
22 —2! — 80 — 16, 6 — 221 — 18z — 6. 
Ta—5z—92,62-L521—3z— 2. 

90 ＋ 26 — 24, 2 — 12 -- A7 z — 60. 


CHAPTER IX 
FRACTIONS. 


152. An algebraio fraction is the indicated quotient of 
a 
A 

The dividend a is called the numerator, and the divisor b 
is called the denominator, 

The numerator and denominator are called the terms of 
the fraction. 


153. The introduction of the same factor into the divi- 
dend and divisor does not alter the value of the quotient, 
and the rejection of the same factor from the dividend and 
divisor does not alter the value of the quotient. Thus 
12 2x12 12+2 
— — — = th f e, that 
1 8, 2x4 3, vs 8. It follows, therefor 

The value of a fraction is not altered if the numerator and 
denominator are both multiplied, or both divided, by the 
same factor. 


two expressions, written in the form 


REDUCTION ΟΕ FRACTIONS. 
154 To reduce a fraction is to change its form without 
altering its value. 
j Case I. 
156. To reduce a fraction to its lowest terms. 
A fraction is in its lowest terms when the numerator and 


denominator have no common factor, We have, therefore, 
the following rule ; 
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Resolve the numerator and denominator into their prime 
factors, and cancel all the common factors; or, divide the 
numerator and denominator by their highest common factor. 


Reduce the following fractions to their lowest terms : 
(1) e αχ θα 9404 
Tabe 3 195% 34 
(2) d—z _(a—2)(@+ar+2’)_a'+ar+2? 
a — αἳ (a — z) (a + 2) d x 
(3) @+Ta+10_(a+5)(a+2)_a+5 
@+5a+6 (a+8)(a+2) a+3 
(4) Gat—52—6  (2:—8)(8z4-2) 82 ＋.2 
8 — 2 15 (2 — 5) (4K T5) 4245 
() 2—42-42—1 
* — 2 ＋ 42 — 3 


We find by the method of division the H. C. F. of the 
numerator and denominator to be z — 1. 
The numerator divided by z —1 gives t 3 4- 1. 
The denominator divided by z— 1 gives 2 — z +8. 
25 E AP paral 2 84-51 
Z—92$-4z—8 rr} 


Exercise 43. 


3 : 7. 34 ‘ 

49 mn? ` lazy 

δ. 30 / 2. 8. 9δαύ!ο 
18 Sabie 

6. lmr 9. D8ab%c® 


l"—1 95. AP adul ^. ων: ΝΥΝ, ΝΟ: T aom c 


5 
3 - — 4 


9zy—12y 
12 — 16zy 


4α.-- 96 
' 4a G 
3a + 6a 
a+4a+4 
B—5b 
'" P—4b—5 
20 (a? — 
` 4(a* 4- ac --- c") 
15. μα ΕΝ εἰ 
* ＋ 2 y 
22 
422 — 15 
αἲ — 84 ＋ 15 


æ — z — 20 


22 — 13 ＋ 21 


22 7 15 
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42! --12az r9 
8 + 27a’ 
2 —y-—2ys—9. 
a+ Z 
21. LLL. 
＋ — y 
24.4.1714 4.21. 
30 ＋ 26a + 85 


19. 


20. 


22. 


23. 


(a-- by — Cc d. 
(a+ — (b - d) 

a N=. 
; Tae — (à -- e 05 


Reduce by finding the H. C. F. of the terms: 


Z—6r—4 


| 39-8518 


82—21—2z—1 
Geos EE 
m. E 182486 
d 


is 841-112 1-99α1-8. 
` 62-4-25214-232-r6 


39. f 5a — 25 
22 +r —8z43 
823--82*4-2 — 2 
35. PHAP 824 24 
` αἲ --α) +82—8 


34. 


2 — 82 — 152 425. 


| 
Ἶ 
d 


— 
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Case II. 
166, To reduce a fraction to an integral or mixed expression. 
(1) Reduce = —i to an integral expression. 
E 1. (8108) 


1 to a mixed expression. 


2—1] 
2 
(2) Reduce at 


4 —1 lz 1 
PHP αἲ--α-Ἴ-1 
— 4 1 
— K — 
2 —1 
z--1 
—2 
. 2—1 OL 
et z+1 zt 
Nore. By the Law of Signs for division, 


ον T1) οτι 
. form usually written. 


M 1f the degree of the numerator of a fraction equals 
ae exceeds that of the denominator, the fraction may be 


to a mixed or integral expression by the following 


. It there is a remainder, this remainder must be written as 
ea ον of which the divisor is the denominator, 
its proper sign must be annexed to the integral 
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Exercise 44. 


Reduce to integral or mixed expressions: 


1 4g! 4- 13α 1-8 8 2a ab — 6 

: 4a : a+b 

2 ϑαΐ--θα--2 9 3 --2z4-1 

Wr BW 244 

$. zy 10. 4 + 22° 
ry a ＋ 2 

a tHe n. 432 — 54 
* — z—4 

5. LK. 12 δα) 2. 
4 — 3 

6. z—y 13. 4 4-6az--9a 
4 ＋ 2 3a 

7. 215581 14 4 444. —5 
1 ＋3 4-2 

Case III. 


158. To reduce a mixed expression to a fraction. 

The process is precisely the same as in Arithmetic. Hence, 

Multiply the integral expression by the denominator, to 
the product add the numerator, and under the result write 
the denominator. 

(1) Reduce to a fraction De z—b. 


xz 


2-38. 5_2—8+(r—4)(z—5) 


—27—38+2—92+420 
a—4 

-.αἲ--8ςσ-Ε11 

ας 


FRACTIONS. 125 


X à 
(2) Reduce to a fraction a — ὁ — a! — ab K. 


a+b 
a-p Zt _ (a—b) (a+ 6) — (a. — αὖ — b") 
a+b a+b 
Qai — Ut — αἱ |- αὖ 0 
a+b 
EN 
a+b 


Nore. The dividing line between the terms of a fraction has the 
force of a vinculum affecting the numerator, If, therefore, a minus 
sign precedes the dividing line, as in Example (2), and this line is 
removed, the numerator of the given fraction must be enclosed in a 
parenthesis preceded by the minus sign, or the sign of every term of 


the numerator must be changed. 
Exercise 45. 
Reduce to a fraction : 
n pi 
2 z—8 
2. 241223. 9. . 
i 2z ata 
8. 44 5— 22b. Sa — 
a * ry 10. αἳ -ἵ- ασ --- r em 
Ec OPS α- δα — 

nt "PES 11. a+ 2z. 


S 4 
zi E a b 


8a? — 203 
12. 8a MALES 


19. 22— 7 21 δα 
z—3 ze 


34.2 421. 
14. δα ET 
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CASE IV. 


159, To reduce fractions to their lowest common denominator. 


Since the value of a fraction is not altered by multiply- 

ing its numerator and denominator by the same factor 
(§ 153), any number of fractions can be reduced to equiva- 
lent fractions having the same denominator. 

The process is the same as in Arithmetic. Hence we 
have the following rule: 


Find the lowest common multiple of the denominators; 
this will be the required denominator. Divide this denomi- 
nator by the denominator of each fraction. 

Multiply the first numerator by the first quotient, the sec- 
ond numerator by the second quotient, and so on. 

The products will be the respective numerators of the 
equivalent fractions. 


Nore. Every fraction should be in its lowest terms before the 
common denominator is found. 


(1) Reduce 2 35 and as to equivalent fractions 


having the lowest common denominator. 


Thé L.C.M. of 4a?, 3a, and 6a* 1205. 
The respective quotients are 3a, 4a, and 2. 
The products are 9 az, 8a*y, and 10. 
Hence, the required fractions are 
9ar 8aly 10 
120 12a = 128 


1 2 8 
2) Red PEN MM DUE duo. PESOS wed POT. ανν 
NN PSlIb5rl0 mtr}? 22 T1 
equivalent fractions having the lowest common denom- 


to 
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1 2 3 
@+50+6 . ＋ 4 13 2 2 71 
1 2 3 


“etet E+E) DIN 

+, the lowest common denominator (L. C. D.) is 

(@ + 3)(2 + Ye 4 1)( + 1). 
The respective quotients are 

(z 4 1)(z +1), (z + 9) (α +1), and (x + 3) (α + 9). 
The respective products are 

l(z 1}(α 4 1), 26 + 2)(z +1), and 3(z 78) +2). 
Hence the required fractions are 


2 }- 1}(α +1 2(z + 2)(α +1 
(δρα αργα D 
ϑ(α + δ)(α + 
(z  3)(z  2)(z + 1) 
Exercise 46. 
Express with lowest common denominator: - 
1 9—2z 923 —2az 4. 44 8, Late 
3a Qax Ja- 2a— e 


1 2 - ay! 1 
2. ~; —. - s e 
ki 25 4% 5 ＋ 2% 


cag a 2—2 
> z-a Poa T il FEX 
— Ye 8 E RUE et ρα 
. ety z—y αἲ- 

1 1 3 


F 
1 ＋2 1-42" 1—2z 
5 7 8 
9. 2 —,. —. 

9— STe 3 — 


ο ene 
f—9r-18 z'—10z--24 
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AppITION AND SUBTRACTION OF FRACTIONS. 


160, The algebraic sum of two or more fractions which 
have the same denominator, is a fraction whose numerator 
is the algebraic sum of the numerators of the given frac- 
tions, and whose denominator is the common denominator 
of the given fractions. This follows from the distributive i 


law of division. : 
If the fractions to be added have not the same denomi- 
nator, they must first be reduced to equivalent fractions 
having the same denominator. (§ 159.) 

To add fractions, therefore, 

Reduce the fractions to equivalent fractions having the | 
same denominator; and write the sum of the numerators | 
of these fractions over the common denominator. | 


161. When the denominators are simple expressions, 


~ rs. 968—456. 2a—b+ec , α-- 4ο | 
1) Simplify ————— . 
The L. C. D. 12. | 
The multipliers, that is, the quotients obtained by dividing 12 by 

4, 3, and 12, are 3, 4, and 1. 
Hence the sum of the fractions equals 
9a—12b 8a—4b +4¢,a—4e 
12 12 12 


,2a—125—(8a —45 + 4c)+a—4e 
12 


9 125-84 4b —4cta—4c 
12 


24 8b 80 
12 


2 45 —4c 
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The above work may be arranged as follows : 
The L. C. D. = 12. 
The multipliers are 3, 4, and 1, respectively. 

3(3a—4b) = 9a-12b = Ist numerator, 
-4(2a—b 0) —8a- 45 4% 2d numerator. 

la-4) = a — 4c = 3d numerator, 

2a— 8b—8c 
or 2(a—4b—4c) = the sum of the numerntors. 

„ Bum of fractions = 2(a. o9 ^ — —— 


3 És 4 3. 
3. Te —5 E +a δα — 10. 
x a TUE στ 
4. MIS si οκ... 
i 9 6 12 8 
5. EE t3 18z45 _ z—9 
) ἐς 8 * 
sa ἘΞ — κ ᾱ-Ἰ z—1l 
2 6 12 
B. 40? | ab + ab — 4g. 
V 
1 »-1.115-1 126—5 
sri- 12 8 


SCHOOL ALGEBRA. 


27—6 8z—4,56z—48 


45z 


FT 


10. UN — — 
δα 15a 
ay 
3 1 
12. — 4 — 
ds 6y'z 


ay? ay 
1 24 —z y—6z 


2 Ἔ 4 4 


162. When the denominators have compound expressions. 


(1) Simplify 


2a--b 2a—b Gab 
a—b a+b ad-—U 


The L.C. D. is (a — b)(a + b). 
The multipliers are a + b, α-- b, and 1, respectively. 


(a + b) (2a +b) 


= 2a +3ab+b = lst numerator. 


— (a — b) (2a — b) = — 2a? + 3ab — b’ = 2d numerator. 


—1(8ab) 


= —6ab = 3d numerator. 
0 = sum of numerators. 


-. sum of fractions = 0. 


r—2,z—38 


Y Simplify 5—1.2—2,7—7. 
did ας. δ 24 


sm 


The L. O. D. is (z — 2) (æ 3) (x — 4). 


(@—-1)(@-3)(@-4)= 


(x — 2) (x — 2) (2 —4) = 
(«-2(2-3)6-3)- 


aS — 822 4 19 12 - 1st numerator. 


2 82 4 20 — 16 = 2d numerator. 
2 82 4 21 18 =3d numerator. 


323 — 240? + 60 — 46 = sum of numerators. 


.. sum of fractions = 


3433 — 2427 + 602 — 46 
(z— 3) — 3) 4) 


* 
1 


1 
4a - 30 


z—y (z—yy 


8 20 (a b) 


1 
Ir [αὶ 1— 1 


— (a — Bey. 
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(zy) 
1 10. ——+ —+ > 


1—z 


--- — — 


g'—21c 
1 1 
a1 oy wy 


13. 
14. 
15. 


16. 


— — ——— — ——À 


a+b (a+6) 


ety 2 ee —y). 


17. 
y «tty Y = 


Hr. Reduce the last fraction to lowest terms. 


Host. Reduce the first fraction to lowest terms. 


3 he 38 
z—a (α-α) (z—ay 
1 THRONE m a α--α 
α--θα α-- 80 Zar T Ta 
* — 24 3 
* ＋ 1 + 
1 r—1 
z—8! 248249 
2 82 415 z—1 
TTT 10 z—2 


18. 


19. 


Ου, Ὃν 


ρὸν απο ee ee 


— 


prime factors. 
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αἲ- -δασ!-6α α--Ία 
2 — Sar 1540 z—95a 
6 
z—9 2 — 32 ＋2 αἲ — 4 --8 


23. 


24. 


Hist. Express the denominators of the last two fractions in 


l F 
26. a qajl d-—4a48 4 — 54 ＋ 4 
8 4 
289. 
IO Ta 3 20 7a 4 
27. 3 1 


. 


163. Since 2- a, and -5 — a, it follows that 


The value of a fraction is not altered if the signs of the 
numerator and denominator are both changed. 

It follows, also, by the Law of Signs, that 

The value of a fraction is not altered if the signs of any 
even number of factors in the numerator and denominator 
of a fraction are changed. 


164. Since changing the sign before a fraction is equiva- 
lent to changing the sign before the numerator OF the 
denominator, it follows that 

The sign before the denominator may be changed, provided 
the sign before the fraction is changed. 
Nore. Ifthe denominator is a compound expression, the beginner 


must remember that the sign of the denominator is changed by 
changing the sign of every term of the denominator. Thus, 


T 
a- r—a 
s These principles enable us to change the signs of frac- 
BORA. ìf deer ae that their denominators 
arranged in the same order, — t 
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S 
22 — 1 1— 4 
Changing the signs before the terms of the denominator of the 
third fraction and the sign before the fraction, we have 
2 3 24 3 
2 21 41 
The L.C. D. = z(2z 1) (22 + 1). 
22 1) (2 ＋ 1) - 8a%?—2 = 1st numerator. 
31 ＋ 1) 62 3 2d numerator. 
—z(2z—3) = — 2a? + 3a 3d numerator. 


—2 = sgum of numerators. 


sum of the fractions - 


(2) Simplify 


2 
z(2z—1)(2z + 1) 


TTT 
a(a—b)(a—c)' b(b—a)(b—c) ο(ο--α)(ε-- ὃ) 
Nore. Change the sign of the factor (b -a) in the denominator 
of the second fraction, and change the sign before the fraction. 
Change the signs of the two factors (e—a) and (e — ὃ) in the de- 
nominator of the third fraction. We now have 
P 
a(a-3ya—éj c = 
The L. C. D. = abe (a — 5) (a — ο) (b — c). 
be(b ὁ) = b'e — be = ist numerator. 
aa -c) = de ac = 2d numerator. 
ab(a—b) = ab — ab? - = 3d numerator. 
ab — αἲς — ab? + act + be — bc? = sum of numerators. 
=a (b — e) — a(b — e?) + beb- ὃ. 
7 [à — a(b + ὃ + δο][δ — ο), 
la ab — ac + bc)[b — e) 
= [(a? — ac) (ab — δο}[ὁ — σ], 
7 [a(a — c) — b(a — δ)][ὅ — c). 
-ία--δ)ία--ο(δ-- δ. 


-. sum of TEER (a — Ma- = — 
ob the fractions = c 400 abe 


* 


$ 


— —„—̃ . — -i ἑ 


ΜΗ Nn DORT RS 
— SP EL PALIN d 
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Exercise 49. 

Simplify: 

* z x 
* — it +1 1 

a 3a 2ας | 
Qoae s— f 
. | 
''ga--8 . 8--2a 9—4c 

a—b, 2a a! + αὖ, 


„ y ta-b Pad 


1. 


8 5 2z—1 
. 

1 1 1 
"Gay G2) Ara 
: 1 da z—y | ozy—22 
z—y Ptayty Y—7 


bc ac ab 
G-36-5'G-506-9'0-96-9 


: b+e a+b __. 
w. o De j 0-90- = 


11. 


| 

l 

| 

| 

| 

| 

| 

I 

1 
! &-316-9* 9-06-9'6-D6-9 


FCC 
C-A- cee ee 
12. * 1 3 | 
z(r—y)(z—:) y(y—2)(y—2) 747 | 

d. — be P+ e 4 αὖ 
ρθρο 6-269 (0-26 τ) 


b 
2 
t 
= 
i 
t 14 
| 
l 
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MULTIPLICATION AND DIVISION OF FRACTIONS. 
166, Multiplication of Fractions. 
Find the product of 2x. 


bd 
Let τα, and = 
Then a=bz, and c= dy. 
The product of these two equations is 
ac bd. 
or ac 

Divide by dd, iQ 

Gout 
But i x 5 758 ay 

a e αὐ 
Therefore, 7 * 2714 


To find the product of two fractions, therefore, 


Find the product of the numerators for the required 
numerator, and the product of the denominators for the 
required denominator. 


166, In like manner, 

a K Hy =; 
Caf , 
and so on for any number of fractions. 


: αν α..α αἳ 
Agi, () 85 
In like manner, 

DE 
b) b 


167. Division of Fractions. If the product of two numbers 


is equal to 1, each of the numbers is called the reciprocal of 
the other, 
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s gib | 
The reciprocal of Zuo | 
δ.,α ba 
XT — 2 1 
for "iai ene 
'The reciprocal of a fraction, therefore, is the fractior | 
inverted. 
Si C Q < a — 1, i 
ince 5 5 | 
and b 4-1, it follows that 
a b } 
To divide by a fraction is the same as to multiply by its | 
reciprocal. i 
To divide by a fraction, therefore, i 
Invert the divisor and multiply. 
Nore. Every mixed expression should first be reduced to a frac- 
tion, and every integral expression should be written as a fraction 
having 1 for the denominator. If a factor is common to a numera- 
tor and a denominator, it should be cancelled, as the cancelling of ἃ 
common factor before the multiplication is evidently equivalent to 


cancelling it after the multiplication. 


1) Find the product of 240... 0c d ,, Sable. 
@) bd δω 
20% „ 6 cd 5 abc _2x6xdsar%bicd_ D. 


Zeck Dab Badd 3x5x8abod 2d 
(2) Find the product of 
z—y x24 —2y y 2 — zy. 
z—3zy--2y  z-Ezy ( N 
2 — γῆ x 2 —2y! αἲ-αν 
* --δαψ ο αὖ αν ΄ (z—y) 
Ax (z — y)(z +y) EEE 2D αίτ--χ) 
ee εαν) G(-96-9 


y | 
= z—y 
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Nore. The common factors cancelled are (x — y), (e+ y), (z— 2ψ), 
τ, and z — y. 
"UE ως 
(a- a ---ᾱἳ 
. 2 . * (a — α)(α +2) 
( — FM αἲ -- αἳ - (a ( α) ab 


., z(a 4 2). 
b (a — &) 


(3) Find the quotient of 


The common factors cancelled are a and a — z. 


Exercise 50. 


Simplify : 

1. 12 „ May JJ 

, Ty X 9 52 = a-rab-L-5 

2. Babe’ „ 20m*n* 11. e ς 
damn 9ἱα ὅ * -- γῇ 4 ＋ 

3. Gab? Bme 13. αὖ —v EER 
Tmzy 3e a(a 4- α(α 1ο) a (a 550 

4. N 4 αγ 1s, α — 40) 4 | a-—2ar 
82 ^ 15mn 4 Jar az T 4 
16 αὐ; 4 4. — . cl 

5. ö ha A 
212,7 Baty We Gay ey 

6. [αγ . 352z is AES cM 
192 ` 369 9 za 

7. ea Εκ Az 16 oF a—b. 
Pty sty ‘Ge ah +e 

FF 

a 92—4z 2 4 5 X 2122-8 


δὲ . 82—6 e+ ) 
9. I -ᾱ- 
bz—10 τῷ M ( τ) ( ay 


e FM) 


ο 


84.0 . èd 4 ab bed — cd? 
ο δω ed 20 bd) 
y(?—y), ELN NOE 
z(z- y) αγγ Gy» 
irre CES E (α-- by -- ὅ 
a+ ab — ac X b — b — be 
as, (150 —2 «ᾱ--(α-- κ e 
d = Geh C (a ＋ by ac — αἱ ab 
oe, Ee — P à — (6 — a), ara --ᾱὖ, 
(r—by—a = (a- ). bz — αὖ +b’ 
ebe. 
α -- Zab ὁ -- ο΄ a—b+e 
38. [ee EE 
α(α ＋ 1) * ＋ 
29. 2 f. 2% „ = z-ra, 
(z—ay(z--ay 20 ff) ar 
30. a - 22 ) 
a — ab de a 4-5 4- c, 
si; Vn EM ot) p EE, 
a* — δ. "We a 
go, Z Ταν +12 z+ - 2. 
Pony ö ο 4 


b e 


— — ων ων ꝛ———— 
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168, Complex Fractions. A complex fraction is one that 
has a fraction in the numerator, or in the denominator, or 


in both. 
: 5 82 
1) Simplify ——- 
(1) Simplify at 
82 3 _ 82, 4 1 32, 4 
el 1 4 1 41 
4 
12. 
44 —1 


Nore. Generally, the shortest way to simplify a complex fraction 
is to multiply both terms of the fraction by the L. C. D. of the frac- 
tions contained in the numerator and denominator. Thus, in (1), if 


we multiply both terms by 4, we have at once 7 T 


α-α 4 — 


. Λ α-α G 
cose ee ey 
— —ů 

α-- a+r 


The L. C. D. of the fractions in the numerator and denom- 


inator is 
(a — 2) (a 4- x). 
Multiply by (a — 4) (a + z), and the result is 
(a 4- αὐ — (a — α)᾽ 


(a 4- z)' 4- (a — zy 
_ (a? + 2az 4- à?) — (a — 2az +a) 
(za + Zar 4- 2°) + (αἳ — 2 +a) 
. a!--2az--2* — a! -2az —2* 
a T 2az 4- z? 4- αἳ — 2az -- 2* 
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(8) Simplify — — 


1— — Ü 


r 


z T 


172 ＋ 
==, which simplified is 


* 


1424 
12 


T 
we "EDIT 
1-242 
Multiplying both terms by 1-- z + A, we get 
21424 
1 γα T= T --ᾱᾱ 
E LI 
1+2 


H d 
| T 
{| 1 GU (I r EN 
N . ; 5 rete 
H ed rs 
b Ae 
Ih “να EE, 
EER Ir 
i 5 sQl trt? 
TTT OHC 5) 
οσα .. 
l+ 


Nore. In a fraction of this kind, called a continued 
begin at the bottom, and reduce step by step. Thus, 


example, we take out the fraction. and multiply 


1-ααἳ 


the numerator and denominator by 1— æ + 2*, getting for 
1 — . . 


GTU +e LTT 
Putting this fraction in the given complex fraction for 


— iiio uad 
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Exercise 51. 


+ | + 


πι 818175 


-l' 


Zabe 
be + ac + ab 


"IT mite), (mn ntn) 
κ ΕΞ τοσα: γη — m 


20. τος . : 
z 


18. 


Ἔν Sy) ον = 
i: 


E 
a b+e B+ α - a 
21. τ LE UT F 
a T | 
Exercise 52. 


EXAMPLES FOR REVIEW. 
1. Find the value of να F 95 4- & (a- b — c), when 
2, 5 2, and c= 4. 
2. Red 82--1022--7z—2 
r 
s 
z—4 α--8 


EE 9 (z — 1)(z 8) Be 


FRACTIONS. 


4. x -- yz us y taz i ο. LY 
(r—y)z—z2 (y—2(y—2) G&—26€—» 


pus in fw lsh 
Cees τς me 


6. hep ANE PENNE, See 
- z-4-2c * ＋ ez —2c 


T i oo 1+ y 
ay W-y cry) 


PPTP 
S—z—2 «τα» 2-4 


9. (*- 2y Ὁ» d “η 5) 
(πο Ty T2-zxy5/ 
10. a= 12 90 put. 

z— it 4 — 3 a a) 
n. LL „ ,(y—2y 


Όταν ety (Fy) 


— be αρ 2b—c—a n Q2c—a—b 
ία ο (b—c)(b—a) (α-- α)(α-- ϐ) 


mite 2 1:235 
zl (z 4- 2)(z 4-1) a 
A Ἔν ES 1 . 14. 
2+2 (α--λ)(--2) 
15. on Bud. zl 

is 2z-r1/ 
16. 2.— 82 . — zy y "x z(z*—) 
ασ) N 2 ＋ 


21212 bic—a eta—b 44.2 
17. 8 T o_O C—O 
at $t. bc ac ab 


CHAPTER X. 


FRACTIONAL EQUATIONS. 


o amurca mh meom cc las: o ilL > 2; : ^ 
- » — 3 . ὶ 
- — Se βτος Ε κφος H 


169. To reduce Equations containing Fractions. 


z α-- 
(1) Bw πιο 
Multiply by 33, the L. C. M. of the denominators. 
Then, 112 —32 43-332 — 297, 
11232 335 — 297 — 3, 
— 95a = — 300. 
2. 2 12. 


Nore. Since the minus sign precedes the second fraction, in remov- 
ing the denominator, the + (understood) before z, the first term of the 
numerator, is changed to —, and the — before 1, the second term of 
the numerator, is changed to +. 


Therefore, to clear an equation of fractions, 

Multiply each term by the L. C. M. of the denominators. 

If a fraction is preceded by a minus sign, the sign of 
every term of the numerator must be changed when the 
denominator is removed. 
b a—6 2-8 z—9 


Nore. The solution of this and similar problems will be much 
easier by combining the fractions on the left side and the fractions 
on the right side than by the rule given above. 


—(r—5 (z—'))(z — 9) — = 


* 
€-960-9 - 
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By simplifying the numerators, we have 

MY SUI ωστε 

(2—5)(2—6) (z—8)(z—9) 
Since the numerators are equal, the denominators are equal. 
Hence, (z — 5) (a — 6) = (æ — 8) (x — 9). 


Solving, we have z = 7. 


Exercise 53. 

Solve: - 

1. ὃς-1 22 ＋1 4z—5.., 
4 3 5 


$ 3—12—1,.3,. 19418 


6 4 


5z--1,19z--7 3z—1. "7"z—1 
Se se BAL T LI iudi TL D di ZUR — 
ES. 2 6 


z 9rz—2 11α152 2—'"x 


— — — — — 


: 62 ＋ 7 
9 


7z—18. 22 44 


Tm 8 


,9z-F5,8z—7 36 ＋ 15 4l 
14 T 34 56 t 56 


6.513 α-9 82—5,1 
2 8 19-4 


32 —1 2z--1 242 —5 Le-) 
9. — — — oe Oe —[ —— — 
as 4 + 3 ) a ( 8 + 8 


Ta—4 5 1. δία-1) 38z—1),2 
p 3T. 8 -.— 20 τη 
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11. 62 212 — i ao 1) = 22-9 Hea, 929. 


105111 122—18 ,..7—6z 
12. 8 


13. 


14. -Ξ------------------- 


25--8 ϱ.. 2-6 
8z—6 


16. 10—Tz —— 20. 


8 be @—1 21 


EU 


15. 
2 


1. St82_ 45-82 21. 5-22 3-Ία 52-4 
8422 18-22 '  z—1 l 


5z—1 52-8 22. τα 


18. : — 
2 3 22 3 £--9 2-2 1 — 4 


19. 


24. 22+1_ Ἶα--1 2 —8z—45 
δᾳ- 62+6 4r — 4 


@—2+1, 24241 
25. — — — — — τ 
z—1 5 z+1 


2e. 92 +5 4 3a —51z — Τι 15z—7 
66 -- 1) 18 (a? J) 9(z-- 1) 


πι ικα 37 


WIR LIS ον το 
V 


. 2— 1 


(00 wmm ^g 


M PEST. 
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170. If the denominators contain both simple and com- 
pound expressions, it is best to remove the simple expressions 
bd. and then each compound expression in turn. After 


each multiplication the result should be reduced to the 
simplest form. 


(1) Solve Set, Te 3_ 42+6 


62+ 2 7 
Multiply both sides by 14. 
Then, 82 +5 + 102-9 8a + 12, 


Transpose and combine, 1 5 = 7. 
3a + 


Divide by 7 and multiply by 32 +1, 
7 332 41. 


*. 6 1. 

— 4 iz 8 

(2) Solve Maru c 
E! 10 
Simplify the complex fractions by multiplying both terms of each 
fraction by 9. 
Then, 2—4s 1 Ta-37 
36 90 


Multiply both sides by 180. 
135 — 20 z = 45 — 14 z + δά, 
— 62 = — 36. 


s.m. 


Exercise 54. 
Solve: 


1. áz--8 2z—5 2z—1l 
40. δε-.Ε. δε 


2. 951530  42—12 


86 δα--4 + 


= 
4 
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$ 105-11 194-159 52—4 


18 18z— 16 9 
62-7, 72—13, 2054 
ag 6z--8 8 
6551 22—2 ΕΙ 
νο hh 12—6 5 


1 6z+1 22—4 z—1 


--------------------- 


15 Tæ— 16 5 
; l1z—18 22275 182+7 
9 2(82+7) 
132-2 2 12 2416. 


το 32 3 36 


22 — 2 pL. 
6 105 
22128 
24 15 


171. Literal Equations. Literal equations are equations 
in which some or all of the given numbers are represen 
by letters; the numbers regarded as known numbers are 
usually represented by the first letters of the alphabet. 

(4) (a— z) (a 2) -- 2 + 2% — 2". 


Then, αἳ — αἲ = 2a? + 20 — , 


Solve : 
1. ar+2b=3br+ 4a: 3. (a-- 2) (b 4- z) 2 z(z — ο) 
2. += (- 2). 4. (α--α(α--ὃ)--(α-- θ)ία--δ). 
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— b Š 17 z—a (2z—aY V 
„atar ccm '"z—b WMiz—b 
ae m-re z—a (α--ὐγ' M 
ab--bz an N E 33 4 
z+2_m+n ura 
z—2 mn 2 ο 

19. =% E 
m+n mn 1 b 

2+2 2— 4 m 

a+br_e+dzx ar- D qr = 
a+b e+d 

M 39. 
6r--a 3 5 a b 
4 - 92xr—a b a 
"2 x: ez--d 

Ἔτξ-- 

b 
a ς 91. a 24 pe 
Par b ibo ο zi a 

c a 

Dee αν ος at+z—38 


pn | iB mo cabe S 
ς 


μι κο. ο)» Eid 
a—b a+b ao - 
iln atin 23. e sth =o. 
Bog "A MA 
25 eee 

26. d 10 
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172, Problems involving Fractional Equations. 


Ex. The sum of the third and fourth parts of a certain 
number exceeds 3 times the difference of the fifth and sixth 
parts by 29. Find the number. 


Let z= the number. 
= the sum of its third and fourth parts, 


= the difference of its fifth and sixth parts, 
= ee = 3 times the difference of its fifth and sixth parts, 
: + : — 065 c 3E the given excess. 


But 29 — the given excess. 


Multiply by 60 the L.C. D. of the fractions. 
20z ＋ 15 36 + 302 = 60 x 29. | 
Combining, 292 = 60 x 29. 
ο. æ= 60. 


Exercise 56. 


1. The sum of the sixth and seventh parts of a number 
is 13. Find the number. | 


2. The sum of the third, fourth, and sixth parts of 8 
numberis 18. Find the number. i 
| 


3. The difference between the third and fifth parts of 
a number is 4. Find the number. 


4. The sum of the third, fourth, and fifth parts of 8 
number exceeds the half of the number by 17. Find the 
number. 


5. There are two consecutive numbers, z and r+1, 
such that one-fourth of the smaller exceeds one-ninth of the 
larger by 11. Find the numbers. 
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6. Find three consecutive numbers such that if they 
are divided by 7, 10, and 17, respectively, the sum of the 
quotients will be 15. 


7. Find a number such that the sum of its sixth and 
ninth parts shall exceed the difference of its ninth and 
twelfth parts by 9. 


8. The sum of two numbers is 91, and if the greater is 
divided by the less the quotient is 2, and the remainder 
isl. Find the numbers. 


five. Dividend — Remainder 


- = Quotient. 
Divisor 


9. The difference of two numbers is 40, and if the greater 
is divided by the less the quotient is 4, and the remainder 
4. Find the numbers. 


10. Divide the number 240 into two parts such that the 


smaller part is contained in the larger part 5 times, with a 
remainder of 6, 


11. In a mixture of aleohol and water the alcohol was 
24 gallons more than half the mixture, and the water was 
4 gallons less than one-fourth the mixture. How many 
gallons were there of each ? 


12. The width of a room is three-fourths of its length. 
If the width was 4 feet more and the length 4 feet less, the 
room would be square. Find its dimensions. 


Ex, Eight years ago a boy was one-fourth as old as he 
one year hence. How old is he now? 


æ = the number of years old he is now. 
? —8 = the number of years old he was eight years ago, 
1 = the number of years old he will be one year hence. 
> * z—8=}(z +1). 
Solving, z=11. 


Let 
and 


— = 
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13. A is 60 years old, and B is three-fourths as old. 
How many years since B was just one-half as old as A? 


14. A father is 50 years old, and his son is half that 
age. How many years ago was the father two and one- 
fourth times as old as his son? 


15. A father is 40 years old, and his son is one-third 
that age. In how many years will the son be half as old 
as his father ? 


Ex. A can doa piece of work in 6 days, and B can do 
it in 7 days. How long will it take both together to do 
the work ? 


Let 2 the number of days it will take both together. 
Then ; = the part both together can do in one day, 


4= the part A can do in one day, 
} — the part B can do in one day, 
and 37 J- the part both together can do in one day. 
SUMI 
6 z 7 2 
Tx +62 = 42, 
132 42. 
t= 357 · 
Therefore they together can do the work in 844 days. 


16. A can do a piece of work in 3 days, B in 4 days, and 


0 in 6 days. How long will it take them to do it working 
together ? 


17. A can do a piece of work in 2 days, B in 3} days, 
and 0 in 4$ days. How long will it take them to do it 
working together ? 


{ 18. A and B can separately do a piece of work in 12 
days and 20 days, and with the help of Ο they can do it in 
6 days. How long would it take C to do the work? 


PT αμ zat 
P RAN 
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19. A and B together can do a piece of work in 10 days, 
A and C in 12 days, and A by himself in 18 days. How 
many days will it take B and C together to do the work? 
How many days will it take A, B, and C together? 


20. A and B can do a piece of work in 10 days, A and 
C in 12 days, B and C in 15 days. How long will it take 
them to do the work if they all work together ? 


21. A cistern can be filled by three pipes in 15, 20, and 
30 minutes respectively. In what time will it be filled if 


the pipes are all running together? 


A22. A cistern can be filled by two pipes in 25 minutes 
and 30 minutes, respectively, and emptied by a third in 20 
minutes. In what time will it be filled if all three pipes 
are running together ? 


X 28. A tank can be filled by three pipes in 1 hour and 20 
minutes, 2 hours and 20 minutes, and 3 hours and 20 min- 
utes, respectively. In how many minutes can it be filled 
by all three together? : 


Ex. A courier who travels 6 miles an hour is followed, 
after 5 hours, by a second courier who travels 74 miles an 
hour, In how many hours will the second courier overtake 
the first? 


Let a = the number of hours the first travels. 
Then 15 the number of hours the second travels, 
6z the number of miles the first travels, 
and (z—5)7) = the number of miles the second travels. 
They both travel the same distance. 
. 62=(«—5) 77. 
d 122 = 152 — 75. 
No $-25 
: Therefore the second courier will overtake the first in 20 
ours, 


ουν ον n 


^ 
—— — 
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24. A sets out and travels at the rate of 9 miles in 2 
hours. Seven hours afterwards B sets out from the same 
place and travels in the same direction at the rate of 5 
miles an hour. In how many hours will B overtake A? 


95. A man walks to the top of a mountain at the rate of 
9} miles an hour, and down the same way at the rate of 4 
miles an hour, and is out 5 hours. How far is it to the top 
of the mountain? 

26. In going from Boston to Portland, a passenger train, 
at 27 miles an hour, occupies 2 hours less time than 8 freight 
train at 18 miles an hour. Find the distance from Boston 
to Portland. 

27. A person has 6 hours at his disposal. How far may 
he ride at 6 miles an hour so as to return in time, walking 
back at the rate of 8 miles an hour? 

28. A boy starts from Exeter and walks towards Ando- 
ver at the rate of 3 miles an hour, and 2 hours later another 
boys starts from Andover and walks towards Exeter at the 
rate of 2} miles an hour. The distance from Exeter to 
Andover is 28 miles. How far from Exeter will they meet? 


Ex. A hare takes 5 leaps while a greyhound takes 3, but 
1 of the greyhound's leaps is equal to 2 of the hare's. The 
hare has a start of 50 of her own leaps. How many leaps 
must the greyhound take to catch her? 

Let 32 — the number of leaps the greyhound takes. 

Then 52 =the number of leaps the hare takes in the same time. 

Also, let a =the number of feet in one leap of the hare. 

Then 2a= the number of feet in one leap of the hound. 


Hence 3zx2a or 6az = the whole distance, 
and (5z50)a or ö + 50a = the whole distance. 
<. Gaz =5az + 50a. 
So $-50, 
and 3a — 150. 


Therefore the greyhound must take 150 leaps. 
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29. A hare takes 7 leaps while a dog takes 5, and 5 of 
the dog's leaps are equal to 8 of the hare's. The hare has 
a start of 50 of her own leaps. How many leaps will the 
hare take before she is caught ? 


30. A dog makes 4 leaps while a hare makes 5, but 3 of 
the dog's leaps are equal to 4 of the hare's. The hare has a 
start of 60 of the dog'sleaps. How many leaps will each 
take before the hare is caught? 

Nore, If the number of units in the breadth and length of a 
rectangle are represented by x and z + a, respectively, then z(z + a) 
will represent the number of units of area in the rectangle. 

31. A rectangle whose length is 23 times its breadth 
would have its area increased by 60 square feet if its length 
and breadth were each 5 feet more. Find its dimensions. 


32. A rectangle has its length 4 feet longer and its width 


8 feet shorter than the side of the equivalent square. Find 
its area. 


33. The width of a rectangle is an inch more than half 
its length, and if a strip 5 inches wide is taken off from the 
four sides, the area of the strip is 510 square inches. Find 
the dimensions of the rectangle. 


Nore. If z pounds of metal lose 1 pound when weighed in 
water, 1 pound of metal will lose 1 of a pound. 
z 


34. If 1 pound of tin loses 4% of a pound, and 1 pound 
of lead loses 2 of a pound, when weighed in water, how 
many pounds of tin and of lead in a mass of 60 pounds that 
loses 7 pounds when weighed in water? 

35. If 19 ounces of gold lose 1 ounce, and 10 ounces of 
Silver lose 1 ounce, when weighed in water, how many 
ounces of gold and of silver in a mass of gold and silver 
Weighing 530 ounces in air and 495 ounces in water? 


— .... P 
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Ex. Find the time between 2 and 8 o'clock when the 
hands of a clock are together. 

At 2 o'clock the hour-hand is 10 minute-spaces ahead of the 
minute-hand. 


Let z= ihe number of spaces the minute-hand moves over. 
Then z — 10 the number of spaces the hour-hand moves over. 
Now, as the minute-hand moves 12 times as fast as the hour-hand, 
12(α — 10) = the number of spaces the minute-hand moves over. 
120 10), 
and 112 -- 120. 
. * = 10H. 


Therefore the time is 1019 minutes past 2 o'clock. 


36. At what time between 2 and 3 o'clock are the hands 
of a watch at right angles? 


37. At what time between 3 and 4 o'clock are the hands 
of a watch pointing in opposite directions? 


38. At what time between 7 and 8 o'clock are the hands 
of a watch together? 


Ex. A merchant adds yearly to his capital one-third of 
it, but takes from it, at the end of each year, $5000 for 
expenses, At the end of the third year, after deducting 
the last $5000, he has twice his original capital. How 
much had he at first? 


Let æ = number of dollars he had at first. 
Then 42 — 5000, or — 


will stand for the number of dollars at the end of first year, 


and § (62-999) — 5000 ak 16α — 105000 
- 9 
will stand for the number of dollars at the end of second year, 
and 4[16z— 105000 _ 642 — 555000 
1 5000, or 27 


will stand for the number of dollars at the end of third year. 
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But 22 stands for the number of dollars at the end of third year. 


Whence a = 55,500. 


39. A trader adds yearly to his capital one-fourth of it, 
but takes from it, at the end of each year, $800 for ex- 
penses. At the end of the third year, after deducting the 
last $800, he has 11 times his original capital. How much 
had he at first? 


40. A trader adds yearly to his capital one-fifth of it, 
but takes from it, at the end of each year, $2500 for ex- 
penses. At the end of the third year, after deducting 
the last $2500, he has lj times his original capital. 
Find his original capital. 


41. A's age now is two-fifths of B's. Eight years ago A’s 
age was two-ninths of B's. Find their ages. 


42. A had five times as much money as B. He give B 
5 dollars, and then had only twice as much as B. How 
much had each at first? 


43. At what time between 12 and 1 o'clock are the hour 
and minute hands pointing in opposite directions ? 


44. Eleven-sixteenths of a certain principal was at in- 
terest at 5 per cent, and the balance at 4 per cent. The 
entire income was $1500. Find the principal. 

45. A train which travels 36 miles an hour is Ẹ of an 
hour in advance of a second train which travels 42 miles 
an hour. In how long a time will the last train overtake 
the first ? 


46. An express train which travels 40 miles an hour 
starts from a certain place 50 minutes after a freight train, 
and overtakes the freight train in 2 hours and 5 minutes, 
Find the rate per hour of the freight train. 
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4T. A messenger starts to carry a despatch, and 5 hours 
after a second messenger sets out to overtake the first in 8 
hours. In order to do this, he is obliged to travel 24 miles 
an hour more than the first. How many miles an hour 
does the first travel ? 


48. The fore and hind wheels of a carriage are respec- 
tively 94 feet and 112 feet in circumference. What distance 
will the carriage have made when one of the fore wheels 
has made 160 revolutions more than one of the hind 
wheels ? 


49. When a certain brigade of troops is formed in a 
solid square there is found to be 100 men over; but when 
formed in column with 5 men more in front and 3 men less 
in depth than before, the column needs 5 men to complete 
it. Find the number of troops. 


50. An officer can form his men in a hollow square 14 
deep. The whole number of men is 3136. Find the num- 
ber of men in the front of the hollow square. 


51. A trader increases his capital each year by one- 
fourth of it, and at the end of each year takes out $2400 
for expenses. At the end of 8 years, after deducting the 
last $2400, he finds his capital to be $10,000. Find his 
original capital. 


52. A and B together can do a piece of work in 1} days, 
A and C together in 14 days, and B and C together in 1$ 


days. How many days will it take each alone to do the 
work ? 


53. A fox pursued by a hound has a start of 100 of her 
leaps. The fox makes 3 leaps while the hound makes 2; 
but 3 leaps of the hound are equivalent to 5 of the fox. 


How many leaps will each take before the hound catches 
the fox ? 


1 


| 
i 
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118, Formulas and Rules. When the given numbers of a 
problem are represented by letters, the result obtained from 
solving the problem is a general expression which includes 
all problems of that class. Such an expression is called a 
formula, and the translation of this formula into words is 
called a rule. 


We will illustrate by examples: 


(1) The sum of two numbers is s, and their difference d; 
find the numbers. 


Let æ = the smaller number; 
then x + d =the larger number. 
Hence r 1 ds, 
or 24 28 d. 
α--- d 
2 
and 24 d 44724 
2 
wttd 
2 
Therefore the numbers are Ê T d d 3 d, 


As these formulas hold true whatever numbers s and d 
stand for, we have the general rule for finding two numbers 
when their sum and difference are given: 


Add the difference to the sum and take half the result for 
the greater number. 

Subtract the difference from the sum and take half the 
result for the smaller number. 


(2) If Á 8 do s piece of work in a days, and B can 
do the same work in b days, in how many days can both 
together do it? 
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a= the required number of days. 


Then, 1. the part both together can do in one day. 
z 
Now 1. the part A can do in one day, 
a 
and i- the part B can do in one day; 


therefore 1 ; = the part both together can do in one day. 
a 


EU] 
. 24722 
a b c 


Whence * . 
a+b 


| 

The translation of this formula gives the following rule | 
for finding the time required by two agents together to 

produce a given result, when the time required by each 

agent separately is known : | 
l 

| 

| 

| 

| 

| 

| 


Divide the product of the numbers which express the units 
of time required by each to do the work by the sum of these 
numbers; the quotient is the time required by both together. 


114. Interest Formulas The elements involved in com- 
putation of interest are the principal, rate, time, interest, 
and amount. 

Let p= the principal, 

r — the interest of $1 for 1 year, at the given rate, 
inn the time expressed in years, 

i= the interest for the given time and rate, 

a — the amount (sum of principal and interest). 


176, Given the Principal, Rate, and Time; to find the Interest —— 


E 7 is the interest of $1 for 1 year, pr is the interest 
$p for 1 year, and prt is the interest of $p for ¢ years. 


i prt, (Formula 1.) 
RuLE. Find the product of the principal, rate, and time. 


i. ενα 
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176. Given the Interest, Rate, and Time; to find the Principal. 


By Formula 1, rt i. 
Divide by σέ, p =i (Formula 2.) 


177. Given the Amount, Rate, and Time; to find the Principal. 
From formula 2, p+prt=a, 
or p(l-4rt)- a. 


Divide by 1+ t, p (Formula 3.) 


mp m 
1 -- τῇ 


178. Given the Amount, Principal, and Rate; to find the Time, 

From formula 2, p+ prt=a. 

Transpose p, prt=a—p. 

Divide by pr, t=. (Formula 4.) 
pr 


179. Given the Amount, Principal, and Time; to find the Rate, 


From formula 2, p+prt=a. 


Transpose p, prt=a—p. 
Divide by pt, r= ET d (Formula 5.) 
Exercise 57. 


Solve by the preceding formulas: 
1. The sum of two numbers is 40, and their difference is 
10. Find the numbers. 
2. The sum of two angles is 100°, and their difference is 
| 21° 30'. Find the angles. 
3. The sum of two angles is 116° 94! 80”, and their 
difference is 56? 21' 44", Find the angles. 


j 
| 
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4. A can do a piece of work in 6 days, and B in 5 days. 
How long will it take both together to do it? 


5. Find the interest of $2750 for 3 years at 44 per 
cent. 

6. Find the interest of $950 for 2 years 6 months at 5 
per cent. 

7. Find the amount of $2000 for 7 years 4 months 
at 6 per cent. 


8. Find the rate if the interest on $680 for 7 months is 
$35.70. 


9. Find the rate if the amount of $750 for 4 years is 
$900. 
10. Find the rate if a sum of money doubles in 16 years 
and 8 months. 


11. Find the time required for the interest on $2130 to 
be $436.65 at 6 per cent. 


12. Find the time required for the interest on a sum of 
money to be equal to the principal at 5 per cent. 

13. Find the principal that will produce $161.25 interest 
in 3 years 9 months at 8 per cent. 


14. Find the principal that will amount to $1500 in 3 
years 4 months at 6 per cent. 


15. How much money is required to yield $ 2000 interest 
annually if the money is invested at 5 per cent? 


16. Find the time in which $640 will amount to $1000 
at 6 per cent. 


17. Find the principal that will produce $100 per month, 
at 6 per cent. 


18. Find the rate if the interest on $700 for 10 months 
is $25. 


CHAPTER XI. 


SIMULTANEOUS EQUATIONS OF THE FIRST 
DEGREE. 


180. If we have two unknown numbers and but one rela- 
tion between them, we can find an unlimited number of 
pairs of values for which the given relation will hold true. 
Thus, if z and y are unknown, and we have given only the 
one relation s -+y = 10, we can assume any value for z, 
and then from the relation s+ y — 10 find the correspond- 
ing value of y. For from æ y —10 we find y —10— z. 
If z stands for 1, y stands for 9; if æ stands for 2, y stands 
for 8; if x stands for — 2, y stands for 12; and so on with- 
out end. 


181. We may, however, have two equations that express 
different relations between the two unknowns. Such equa- 
tions are called independent equations. Thus, z+ y= 10 
and z—y —2 are independent equations, for they evidently 
express different relations between z and y. 


182. Independent equations involving the same unknowns 
are called simultaneous equations. 

If we have two unknowns, and have given two independ- 
ent equations involving them, there is but one pair of values 
which will hold true for both equations. Thus, if in § 181, 
besides the relation 2 y = 10, we have also the relation 
1 — y — 92, the only pair of values for which both equations 
will hold true is the pair z = 6, y = 3. 

Observe that in this problem z stands for the same num- 
ber in both equations; so also does y. 


164 
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183. Simultaneous equations are solved by combining 
the equations so as to obtain a single equation with one 
unknown number; this process is called elimination. 


There are three methods of elimination in general use: 


I. By Addition or Subtraction. 
II. By Substitution. 
ΤΠ. By Comparison. 


184, Elimination by Addition or Subtraction. 


(1) Solve: ` 5a —3y= 20 
22+ 5% = 99 } 
Multiply (1) by 5, and (2) by 3, 
25x — 15 y = 100 
62 + 15y = 117 
Add (3) and (4), δια = 217 
«.. 8 «αἴ, 
Substitute the value of z in (2), 
14 + 5y = 39. 
. 25. 


In this solution y is eliminated by addition. 


(2) Solve: 6z--35y = 177 
8z—21y— 33 
Multiply (1) by 4, and (2) by 3, 
242 + 140% = 708 
24 63y= 99 
Subtract, 203 y=609 
. 783. 
Substitute the value of y in (2), 
82—63 = 38, 
. 2 12. 


In this solution z is eliminated by subtraction. 


(1) 


(2) 


(3) 
(4) 


(1) 
(2) 


9) 
9) 


— 


2 
— UPS 


— 
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185. To eliminate by addition or subtraction, therefore, 


Multiply the equations by such numbers as will make the 
coefficients of one of the unknown numbers equal in the 
resulting equations. 

Add the resulting equations, or subtract one from the other, 
according as these equal coefficients have unlike or like signs. 

Nore. It is generally best to select the letter to be eliminated 
which requires the smallest multipliers to make its coefficients equal; 
and the smallest multiplier for each equation is found by dividing 
the L.C.M. of the coefficients of this letter by the given coefficient in 
that equation. Thus, in example (2), the L.C. M. of 6 and 8 (the co- 
efficients of z) is 24, and hence the smallest multipliers of the two 
equations are 4 and 3 respectively. 


Sometimes the solution is simplified by first adding the 
given equations, or by subtracting one from the other. 


(3) 2+49y= 51 (1) 
492+ y= 99 (2) 
Add (1) and (2), 50x + 50y = 150 (3) 
Divide (3) by 50, 1 15 3. (4) 
Subtract (4) from (1), 48 y = 48. 
“yal 
Subtract (4) from (2), 482 = 96. 
* t= 2, 
Exercise 58. 
Solve by addition or subtraction : 
1. 5 4. 2 
25 — y= 8 82—6y=15 
2. 33 5. νε) «iut: 
2z—4y— 4 32—2y=17 
3. ren 6. ΕΗ Ἢ 
z45y-928 2z—8y-26 


wfio cs pam grt rt 
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ya 5 11. z+ 2y-— B 
z—Ty= 8 3r— 8y=90 
8. um 12. 4z— 33 
22+3y= 43 δα-- 4y=17 
9. publ 18. Τα — πάθεν 
δα--2γ--16 x — 10% = 39 
10. 244+ y= 1 14. 35 -- „ 
7 f 59 = 21 21 ＋ 5% 13 
186. Elimination by Substitution. 
(1) Solve: δα -- eet | 
43 37 25 
δα 1 4 — 32. (1) 
42+3y = 25. (2) 
Transpose 4 y in (1), 5z=32— 4y. (3) | 
Divide by coefficient of z, $235 - Ay, (4) 


5 


Substitute the value of x in (2), 
| 
4 (2259) +3y= 25, | 


— +3y 25. 


—y=-—3. 


128 — 16 y + 15y = 125, Ϊ 
y-3. | 


Substitute the value of y in (2), | 
4z +9 — 25, e 
DE . * 4. | 
To eliminate by substitution, therefore, 
From one of the equations obtain the value of one of the 
unknown numbers in terms of the other. 


Substitute for this unknown number its value in the other 
equation, and reduce the resulting equation. 
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Exercise 59. 


Solve by substitution: 
2ᾳ-- 

3 — hs 

4 — 100 
3* — 
2 — 

3 * — x 
* -ἵ 

21 ＋ 7 =) 


2ᾳ--- 


s+ 
è ee 
1l8r— 5/0 21 


Ip 


Ίας-- 2y- 7 


187. Elimination by Comparison. 
Solve: 2x — 5y = 66 
34 + 2y = 28 
2z — 5y = 66. 
32+ 2y = 23. 
Transpose 5y in (1), and 2y in (2), 
22 = 66 + 5y, 
3a = 23 — 2y. 


Divide (3) by 2, z= Stin 


Divide (4) by 3, 2.23. 


Equate the values of z, mM. — 
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Reduce (7), 198 + 15y = 46 — 4y, 
19y = — 152. 
. y= 8. 
Substitute the value of y in (1), 
22 + 40 = 66. 
S. ᾱ-- 19. 


188. To eliminate by comparison, therefore, 


From each equation obtain the value of one of the unknown 
numbers in terms of the other. 


Form an equation from these equal values and reduce the 
equation. 


Exercise 60. 


Solve by comparison : 


1. s+ "x 9. 2z— 8y— 3 
8z— 2y=25 5a+ 2y= 126 
2. Tet 8y= n 10. 50z— 9y— a 
δα-- 4y= 7 7 7 = 8 
3. 9r+ 4y— oa 11. 27217 at 
4z-- 9y=89 91y4- 2z— 19 
4. Tz+ 2y— em 12. 102+ 32 
827— y= 8 8z--10y — 125 
5. 2z—88y— 25 18. 62 137 x 
3z-—4T7y — 46 5z—12y— 4 
6. 2z— y= 4 14. 2 yd 
52— 3y=14 10z+ 2y= 60 
7. 11ς-- Ty= a) 15. 8z— 5y— 5) 
9z— 5y=10 Tz y=265 
8 ne toes = 16. 122+ 22 
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189. Each equation must be simplified, if necessary, 
before the elimination. 


Solve: c DES 
H(2+1)+8y-)=9 
ijz-4(y1)-1 
167 9740-9. 
Multiply (1) by 4, and (2) by 12, 
34 2 — 2-4, 
45-49 -- 9 = 108. 
From (3), 3z—2y —6. 
From (4), Az + 9y 113. 
Multiply (5) by 4, and (6) by 3, 
12α-- 8y= 24 
12z + 27y = 339 
35y = 315 
. y=9 
Substitute value of y in (1), z-8. 


Exercise 61. 


E 
wore 


E 


H» NIR 


— σ““'"''... 


41 y-2 2 * — 8. 2 ＋ 2 T2128 
3 4 5 2z—y4-1 
+6 ν--ἰ 2z—y 3z—y Flag 
4 2 z—y+8 


13. 


14. 


z—2 10—z y-—10 


5 3 4 
2y+4_4ety+26 
8 8 


2 — E 3  z—2y-d19 
3 4 


8α--4 L3. 2y—42+21 
4 8 


LE 2z—9..5,—5 
8 [pu 


Syty 8-318 52 


— =4y—32 
194 52— 62 4220 
6 4 
zH8 ο 8y—z 
2 6 


2z-py 9r—7 Iz 42 4.88 
2 8 16 


z+2y+8  5y—4z—6 
13 3 


6z—5y+4_3824+2y+1 
8 19 
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yA etl 
pen 10 


42 . yt2_ 
6 7 5 81 


17. 0 0 


lü . 78 — ἕπτ 


18. — deo ] 
y—1,10z—3y—20. 3242243 | 
— + = 

3 20 30 
Nore. In solving the following problems proceed as in § 170. 


19. 95 4¢—5 +3_9y—4 
8 4z—92y 12 


858, 2—3y_62—1 | 
i Ἱ--α 8 


2y— zxr 
FTT 
z ὅσα, α-- 9} 
l4 
ΕΣ ΠΥ 
91. tzit bety Uae 


2z--8 6 
5z—12 4z—6y—18 10 — 53 
4 2z —8y 8 


22. T--8z 83(r—2y) 11:54. 
10 2(a — 4) 5 


B(2y +8) _6y+21_ Sy+bz 
4 4  2(2y-8) 


a TA —— —?U—4 — —— 
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190. Literal Simultaneous Equations. 


Solve: 5 
az + b'y = ο 
Nore. The letters a’, b^ are read a prime, b prime. In like man- 
ner, a^^, a’’” are read a second, a third, and αι, da, as, are read a sub 
one, a sub two, a sub three. It 1s sometimes convenient to represent 
different numbers that have a common property by the same letter 
marked by accents or suffixes. Here a and a” have a common 
property as coefficients of z. 
az by -ο (1) 
a/z εν — c. (2) 
To find the value of y, multiply (1) by a’, and (2) by a, 
aa/z + a/by = d 
aa/z + ab^y = ac’ 


a/by — ab/y = a/c — ae’ 


229. ac 
Y= bab 
To find the value of x, multiply (1) by δ’, and (2) by b, 
αὖ” + 557 = 570 
ab + bb^y = be^ 
al/z — a/bz = b/c — be’ 
2 De — be 
ab/— a'b 
Exercise 6 
Solve: 2 
1. α γε } 5. ανα 
A4— d z= dy 
2. mz ny = 6. 2 x 
mr =r Üz—a'y-—1 
3. rep ee $4 3 
a*z bly — c 4bz — Bay = fab 
4. z— dee 8. "im cee 
ez +- aby = ms 82—2y=a+b 
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bz 0 d 
N S—b' P—d ab 
| bx + cy —a4d-b 
10, £m... 14. 3 
3 br +ay=c 
b = 
ee 15. 3a + ac = B+ by) 
n. 22221 ar+2by=d 
& 5 
2s y.l ub Sot ud uf 
8 ' a+b a—b a+b 
ο E uL niu πα ως 
545 5-45 3 Σα; a—b 
e+y=2a ; 
é —.-1 
13. 25ἐν ὃν 5 we ο woe 
δα 8b 5 a 
z 4 —L-1 
z—y=a—b n—a n—b 


101, Fractional simultaneous equations, of which the de- 
nominators are simple expressions and contain the unknown 
numbers, may be solved as follows: 


(1) Solve: 243 
z y 
ο ad 
2 y 
We have 24 2 Ὁ) 
2 y 
sod Spion 9) 
To find the value of y. 
Multiply (1) by e, 5. zi -om 9) 


Pp 7 


i 
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| l N | Multiply (2) by a, E + .. απ. 
ΕΕ 
! | Subtract (4) from (3), soed Son — dà, 
i 
aa Multiply both sides by y, be — ad — (cm — an)y. 
l DEI EL. 
d | | em — an 
EE To find the value of z. 
| : d bd 
| Multiply (1) by d, I Sint os iii: 
| ef 
11i Multiply (2) by δ, LI, ΒΤ 
s 9 


Subtract (6) from (5, 24 e, dn bn 
z 
Multiply both sides by z, ad — bc = (dm — bn)z. 


. pa αἷ-- δα 
. & dx Pa 
5 2 
2 Sol 5 — — St 
(2) Solve 82 by 7 
7 12 
δι by 
W. {ανα ee 
e have Bh 1 
6z 109 
Multiply (1) by 15, the L. C. M. of 3 and 5, and (2) by 30, 
25 (8 — 108. 
z 
5 ile. 
Multiply (4) by 2, and add the result to (8), 
95 _ 285, 
z 
^ 25 


Substitute the value of z in (1), and we get 
11 
5 


(4) 


(5) 


(6) 


4) 


4 


τὴ 
Z 
o 
-- 
H 
p 
2 
ο 
| 
τα 
2 
o 
μὴ 
zZ 
E 
La] 
E 
2 
a 
— 
a 


——J É ÉÓ(— a 
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192. If three simultaneous equations are given, involv- 
ing three unknown numbers, one of the unknowns must be 
eliminated between ¢wo pairs of the equations; then a 
second unknown between the two resulting equations. 

Likewise, if four or more equations are given, involving 
four or more unknown numbers, one of the unknowns must 
be eliminated between three or more pairs of the equations; 
then a second between the pairs that can be formed of the 
resulting equations; and so on. 

Nore. The pairs chosen to eliminate from must be independent 


pairs, so that each of the given equations shall be used in the process 
of the eliminations. 


34 ＋5 72 12 (2) 
bz— y—82= 5 9) 
Eliminate z between the equations (1) and (3). 


Solve: Qa—8y+42= a} (1) 


Multiply (1) by 2, 4e—Gy+82= 8 (4) 
9i LESSE iei al 
Add, 92—'1y 213 (6) 


Eliminate 2 between the equations (1) and (2). 

Multiply (1) by 7, 142 — 21 + 282 = 28 

Multiply (2) by 4, 12 4 20y — 282 = 48 

Add, 202— y = 76 (6) 


We now have two equations (5) and (6) involving two unknowns, 
wand y. 


Multiply (6) by 7, 1822 — Ty = 532 (7) 
(5) is 92—Ty= 13 
Subtract (5) from (7), 1732 = 519 

s . 2 3. 


Substitute the value of z in (6), 78 — y = 76. 


“y=. 
Substitute the values of z and y in (1), 
6—6--4z—4. 


eos eL 


W 
ne b 
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Exercise 64, 


4z ＋ 37 22 = 25 
34 2/52 = 20 
10 - 5 32217 
5 27 — 2 1 


s= 
dt OR ee A ag 
= 


- lóz— y--82—42 


Te+2y+ 2=61 
8r+3y— α--94 


. 5z--2y — 82 160 


8z--9y 4-82 — 115 
21 — 37 52 45 


6 2 / 52 — 53 


5 4.8L 7283 
z+ y+ z= 5) 


62+ 2y—Tz= 5 
22— y+8z=45 


3 σερ 44 


t+ y= ες 9 
Tz—'1y — 112 — 78 


: 2a+Ty+ n 


10. 


11. 


12. 


13. 


15. 


16. 


18. 


5g + 2y — 202 = 20 
82—6y+ 72—51 


4z+8y— 9z= 53 


z+2y+10z= 44 
82+3y+ 72—384 
2z-- y+ 2=256 


10- y-4-4z4-56 


2r-F8y-- δι 
z— y+ 82— 18 
10% + 5z 22 = 48 


9z4- 8y— 4z—1 
10z— 6y4-122—6 
zr--12y-- 22=5 
82+ by+22=8 
12y+ 4z—6r=2 
9 ＋ 18 424 


| 
| 
3 
a 
J 
| 


5742 4221 
34 ＋9 / ＋ 2Ξ9 


82+2y+ a 


. οσ-- y+2z=8 | 


Qa— y+ 81:26} 
a+ y+10z=55 
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CHAPTER XII. 


PROBLEMS INVOLVING TWO OR MORE UNKNOWN 
NUMBERS. 


198, It is often necessary in the solution of problems to 
employ two or more letters to represent the numbers to be 
found. In all cases the conditions must be sufficient to 
give just as many equations as there are unknown numbers 
employed. 


194 If there are more equations than unknown numbers, 
some of them are superfluous or inconsistent ; if there are 
fewer equations than unknown numbers, the problem is 
indeterminate. 


(1) If A gives B $10, B will have three times as much 
money as A. If B gives A $10, A will have twice as much 
money as B. How much has each? 

Let æ = number of dollars A has, 
and y number of dollars B has. 

Then, after A gives B $10, 

* 10 = the number of dollars A has, 
y 10 = the number of dollars B has. 
. y 10 -- 3(z— 10). (Ὁ) 

If B gives A $10, 


t + 10 = the number of dollars A has, 
y — 10 = the number of dollars B has. 
. 2 4 10 =2(y— 10). (2) 


From the solution of equations (1) and (2), z = 22, and y = 26. 
Therefore A has $22, and B has $26. 
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(2) If the smaller of two numbers is divided by the 
greater, the quotient is 0.21, and the remainder 0.0057; 
but if the greater is divided by the smaller, the quotient 
is 4 and the remainder 0.742. Find the numbers. 


Let x= the greater number, 
and y = the smaller number. 
Then ΕΠΣ — 0.21, (1) 
and $—0742 , (2) 
y 
<. y — 0.21 z = 0.0057, (3) 
z— 4y = 0.742. (4) 
Multiply (3) by 4, — 4y — 0.842 = 0.0228 (5) 
(4) is —4y+ æ = 0.742 
By adding, 0.16 = 0.7648 
4 4.78. 
Substituting the value of z in (4), 
— 4y = — 4.038, 
. y = 1.0095. 
Exercise 65. 


1. If A gives B $100, A will then have half as much 
money as B; but if B gives A $100, B will have one-third 
as much as A, How much has each? 


2. If the greater of two numbers is divided by the 
smaller, the quotient is 4 and the remainder 0.37; but if 
the smaller is divided by the greater, the quotient is 0.28 
and the remainder 0.0149. Find the numbers. 


3. A certain number of persons paid a bill. If there 
had been 10 persons more, each would have paid $2 less; 
but if there had been 5 persons less, each would have paid 


$2.50 more. Find the number of persons and the amount 
of the bill. 


ie y 
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4. A train proceeded a certain distance at a uniform 
rate. If the speed had been 6 miles an hour more, the time 
'oceupied would have been 5 hours less; but if the speed had 
been 6 miles an hour less, the time occupied would have 
been 7j hours more. Find the distance. 


Hısr. If z — the number of hours the train travels, and y the 
number of miles per hour, then zy — the distance. 


5. A man bought 10 cows and 50 sheep for $750. He 
sold the cows at a profit of 10 per cent, and the sheep at a 
profit of 30 per cent, and received in all $875. Find the 
average cost of a cow and of a sheep. 


6. It is 40 miles from Dover to Portland. A sets out 
from Dover, and B from Portland, at 7 o'clock Α.Μ., to meet 
each other. A walks at the rate of 3} miles an hour, but 
stops 1 hour on the way; B walks at the rate of 9} miles an 
hour. At what time of day and how far from Portland will 
they meet? 


7. The sum of two numbers is 85, and their difference 
exceeds one-fifth of the smaller number by 2. Find the 
numbers, 


8. If the greater of two numbers is divided by the 
smaller, the quotient is 7 and the remainder 4; but if three 
times the greater number is divided by twice the smaller, 
the quotient is 11 and the remainder 4. Find the numbers. 


9. If 8 yards of velvet and 12 yards of silk cost $60, 
and 4 yards of velvet and 5 yards of silk cost $58, what is 
the price of a yard of velvet and of a yard of silk? 


10. If 5 bushels of wheat, 4 of rye, and 8 of oats are sold 
for $9; 3 bushels of wheat, 5 of rye, and 6 of oats for $8.75; 
and 2 bushels of wheat, 3 of rye, and 9 of oats for $7.25; 
what is the price per bushel of each kind of grain? 
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Nore I. A fraction the terms of which are unknown may be repre- 
sented by *. 
y 


Ex. A certain fraction becomes equal to } if 2 is added 
to its numerator, and equal to } if 8 is added to its denomi- 
nator. Find the fraction. 


Let : = the required fraction. 
Then 2+2 2 E 
y 
d e dd. 
T y+3 ł 


The solution of these equations gives 7 for z, and 18 for y. 
Therefore the required fraction is . 


11. A certain fraction becomes equal to 3 if 8 is added 
to its numerator and 1 to its denominator, and equal to 1 
if 3 is subtracted from its numerator and from its denomi- 
nator. Find the fraction. 


12. A certain fraction becomes equal to r if 1 is added 
to double its numerator, and equal to } if 3 is subtracted 
from its numerator and from its denominator. Find the 
fraction. 


13. Find two fractions with numerators 11 and 5 respec- 
tively, such that their sum is 1$, and if their denominators I 
are interchanged their sum is 23. ? 


14. There are two fractions with denominators 20 and 
16 respectively. The fraction formed by taking for a nu- 
merator the sum of the numerators, and for a denominator 
the sum of the denominators, of the given fractions, is equal 
to $; and the fraction formed by taking for a numerator 
the difference of the numerators, and for & denominator the 
difference of the denominators of the given fractions, is equal 
toj. Find the fractions. 
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Nore II. A number consisting of two digits which are unknown 
may be represented by 104 + y, in which z and y represent the digits 
of the number. Likewise, a number consisting of three digits which 
are unknown may be represented by 100 + 10y +z, in which z, y, 
and z represent the digits of the number. For example, the expres- 
sion 364 means 300 + 60 +4; or, 100 times 3 + 10 times 4 + 4. 


Ex. The sum of the two digits of a number is 10, and if 
18 is added to the number, the digits will be reversed. 
Find the number. 


Let æ = tens’ digit, 
and y = units’ digit. 
Then 10z + y =the number. 
Hence z+y=10, (1) 
and 10z +y +18 = 10% T. (2) 
From (2), θᾳ--θν ---- 18, 
or 2—y-—2. (3) 
Add (1) and (3), 2z- 8, 
and therefore 2-4 
Subtract (3) from (1), 2y = 12, 
and therefore y= 6. 


Therefore the number is 46. 


; 15. The sum of the two digits of a number is 9, and if 27 
18 subtracted from the number, the digits will be reversed. 
Find the number. 


16. The sum of the two digits of a number is 9, and if 
the number is divided by the sum of the digits, the quotient 
is 5. Find the number. 


YT. A certain number is expressed by two digits. The 
sum of the digits is 11. If the digits are reversed, the new 
number exceeds the given number by 27. Find the number. 


18. A certain number is expressed by three digits. The 
sum of the digits is 21. The sum of the first and last digits 
38 twice the middle digit. If the hundreds’ and tens’ digits 
are interchanged, the number is diminished by 90. Find 
the number. i 


H 
11 
41 


α΄ πρώ 
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19. A certain number is expressed by three digits, the 
units’ digit being zero. If the hundreds and tens' digits are 
interchanged, the number is diminished by 180. If the 
hundreds’ digit is halved, and the tens’ and units’ digits are 
interchanged, the number is diminished by 336. Find the 
number. 


20. A number is expressed by three digits. If the digits 
are reversed, the new number exceeds the given number by 
99. Ifthe number is divided by nine times the sum of its 
digits, the quotient is 3. The sum of the hundreds’ and 
units’ digits exceeds the tens’ digit by 1. Find the number. 


Nore III. If a boat moves at the rate of z miles an hour in still 
water, and if it is on a stream that runs at the rate of y miles an 


hour, then ,, y representa its rate down the stream, 


z — y represents its rate up the stream. 
21. A boatman rows 20 miles down a river and back in 
8 hours. He finds that he can row 5 miles down the river 
in the same time that he rows 8 miles up the river. Find 
the time he was rowing down and up respectively. 


22. A boat's crew which can pull down a river at the 
rate of 10 miles an hour finds that it takes twice as long to 
row a mile up the river as to row a mile down. Find the 
rate of their rowing in still water and the rate of the 
stream. 


23. A boatman rows down a stream, which runs at the 
rate of 2} miles an hour, for a certain distance in 1 hour 
and 30 minutes; it takes him 4 hours and 30 minutes to 
return. Find the distance he pulled down the stream and 
his rate of rowing in still water. 


Nore IV. It is to be remembered that if a certain work can be 
done in z units of time (days, hours, etc.), the part of the work done 
in one unit of time will be represented by Σ 
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Ex. A cistern has three pipes, A, B, and C. A and B 
will fill the cistern in 1 hour and 10 minutes, A and C in 
1 hour and 24 minutes, B and C in 2 hours and 20 minutes, 
How long will it take each pipe alone to fill it? 


lhour and 10 minutes = 70 minutes. 
1 hour and 24 minutes = 84 minutes, 
2 hours and 20 minutes = 140 minutes, 
Let z= number of minutes it takes A to fill it, 
y = number of minutes it takes B to fill it, 


and z= number of minutes it takes C to fill it. 
Then I T T uc the parts A, B, and C can fill in one minute 
te respectively, 
and : i2" the part A and B together can fill in one minute. 
Bat (τ the part A and B together can fill in one minute. 
441.2 
22 12 70 (1) 
In like manner, 141.1 
x E z 84 @) 
and far 
y * z 140 6) 
Add, and divide by o — 1,1,1 1 
, vide SSA 
T * s y y z 60 e 
Subtract (1) from (4), od 
z 420 
Subtract (2) from (4), i ub. 
y 210 
Subtract (3) from (4), R2. 
æ 105 
mes 3, y, 2 — 105, 210, 420, respectively, 
ence A can fll jt ; 9 ο 
hours and 6 it in 1 hour and 45 minutes, B in 8 


0 minutes, and C in 7 hours, 
A and 0 in dos. a piece of work together in 8 days, 


: nd C in 44 days. How 1 als 
s 1o do the wor? y ow sima 


M 
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25. A and B can do a piece of work in 2} days, A and 
0 in 3} days, B and C in 4 days. How long will it take 
each alone to do the work? 


26. A and B can do a piece of work in a days, A and C 
in δ days, B and C in e days. How long will it take each 
alone to do the work? 


Note V. If z represents the number of linear units in the length, 
and y in the width, of a rectangle, zy will represent the number of 
its units of surface; the surface unit having the same name as the 
linear unit of its side. 


27. If the length of a rectangular field were increased 
by 5 yards and its breadth increased by 10 yards, its area 
would be increased by 450 square yards; but if its length 
were increased by 5 yards and its breadth diminished by 
10 yards, its area would be diminished by 350 square yards. 
Find its dimensions. 

28. If the floor of a certain hall had been 2 feet longer 
and 4 feet wider, it would have contained 528 square feet 
more ; but if the length and width were each 2 feet less, it 
would contain 316 square feet less. Find its dimensions. 


29. If the length of a rectangle was 4 feet less and the 
width 8 feet more, the figure would be a square of the same 


area as the given rectangle. Find the dimensions of the 
rectangle, 


Nors VI. In considering the rate of increase or decrease in quan- 
tities, it is usual to take 100 as a common standard of reference, 80 
that the increase or decrease is calculated for every 100, and there- 
fore called per cent. 

It is to be observed that the representative of the number result- 
ing after an increase has taken place is 100 + increase per cent; and 
after a decrease, 100 — decrease per cent. 

Interest depends upon the time for which the money is lent, 34 
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well as upon the rate per cent charged; the rate per cent charged 
being the rate per cent on the principal for one year. Hence, 


Simple liberos. Principal x Rate per cent x Time 
100 


where Time means number of years or fraction of a year. 


Amount = Principal + Interest. 


In questions relating to stocks, 100 is taken as the representative 
of the stock, the price represents its market value, and the per cent 
represents the interest which the stock bears. Thus, if six per cent 
stocks are quoted at 108, the meaning is, that the price of $100 of 
the stock is $108, and that the interest derived from $100 of the 
stock will be 150 of $100, that is, $6 a year. The rate of interest on 
the money invested will be 193 of 6 per cent. 


30. A man has $10,000 invested. For a part of this 
sum he receives 5 per cent interest, and for the rest 6 per 
cent; the income from his 5 per cent investment is $60 


more than from his 6 per cent. How much has he in each 
Investment? 


31. A sum of money, at simple interest, amounted in 4 


Years to $29,000, and in 5 years to $30,000. Find the sum 
and the rate of interest, 


32. A sum of money, at simple interest, amounted in 10 


months to $2100, and in 18 months to $2180. Find the 
Sum and the rate of interest, 


=. A person has a certain capital invested at a certain 
i cent, Another person has $2000 more capital, 


Capital invested 
frst, and he de at one per cent better than the 


am ves an income of $150 greater. A third 


more capital, : er 3i 
two per cent better tha ‘pital, and his capital invested at 


of $280 greater, Fin 


n the first, and he receives an income 
d the capital of each and the rate at 


A ERAT ΠΝ T 
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34. A sum of money, at simple interest, amounted in m 
years to e dollars, and in n years to d dollars. Find the 
sum and the rate of interest. : 


35. A sum of money, at simple interest, amounted in m 
months to d dollars, and in n months to ὁ dollars. Find 
the sum and the rate of interest. 


36. A person has $18,375 to invest. He can buy 3 per 
cent bonds at 75, and 5 per cent bonds at 120. How much 
of his money must he invest in each kind of bonds in order 
to have the same income from each invéstment? 


Hust. Notice that the 3 per cent bonds at 75 pay 4 per cent on 
the money invested, and 5 per cent bonds at 120 pay 4} per cent. 


37. A man makes an investment at 4 per cent, and à 
second investment at 41 per cent. His income from the 
two investments is $715. If the first investment had been 
at 4} per cent and the second at 4 per cent, his income would 
have been $730. Find the amount of each investment. 


(1) In a mile race A gives B a start of 20 yards and 
beats him by 80 seconds. At the second trial A gives Ba 
start of 32 seconds and beats him by 935, yards. Find the 
number of yards each runs a second. 


Let z= number of yards A runs a second, 
and y = number of yards B runs a second. 
Since there are 1760 yards in a mile, 


1760 L number of seconds it takes A to run a mile. 


Since B has a start of 20 yards, he runs 1740 yards the first trial; 
and as he was 30 seconds longer than A, 


1760 


mt 30 — the number of seconds B was running. 


—$ 7 the number of seconds B was running. 
1740 1760 


SO—-—— +30. 


y * 
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In the second trial B runs 1760 — 9, = 1750 fr yards. 
„ ο) 
y T 
From the solution of equations (1) and (2), z = 51, and y = δῇς. 
Therefore A runs 51$ yards a second, and B runs 5; 
yards a second, 


(2) A train, after travelling an hour from A towards B, 
meets with an accident which detains it half an hour; after 
which it proceeds at four-fifths of its usual rate, and arrives 
an hour and a quarter late. If the accident had happened 
80 miles farther on, the train would have been only an hour 
late. Find the usual rate of the train. 

Since the train was detained 1 an hour and arrived 1} hours late, 
the running time was ἃ of an hour more than usual. 


Let y = number of miles from A to B, 
and 5a — number of miles the train travels per hour. 
Then / 5 number of miles the train has to go after the 
accident. 


Hence vM = number of hours required usually, 
* 


and * = number of hours actually required. 
z 


„ γ-δα loss in hours of running time. 
4a δα 


But § = loss in hours of running time. 


„ yo be γ-δα 3 (1) 
4 δα 4 


If the accident had happened 30 miles farther on, the remainder 
of the journey would have been y — (52 + 30), and the lose in running 
time would have been 3 an hour. 


262 +30) y-(5z330) 1 (2) 
55 4 TE δα 2 
From the solution of equations (1) and (2), ¢=6, and 52 30. 
Therefore the usual rate of the train is 30 miles an hour, 
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38. Two men, A and B, run a mile, and A wins by 2 
seconds. In the second trial B has a start of 18] yards, 
and wins by 1 second. Find the number of yards each 
runs a second, and the number of miles each would run in 
an hour. 


39. In a mile race A gives B a start of 8 seconds, and is 
beaten by 124 yards. In the second trial A gives B a start 
of 10 yards, and the race is a tie. Find the number of 
yards each runs a second. At this rate, how many miles 
could each run in an hour? 


40. In a mile race A gives B a start of 44 yards, and is 
beaten by 1 second. In a second trial A gives B a start of 
6 seconds, and beats him by 91 yards. Find the number 
of yards each runs a second. 


41. An express train, after travelling an hour from A 
towards B, meets with an accident which delays it 15 min- 
utes. It afterwards proceeds at two-thirds its usual rate, 
and arrives 24 minutes late. If the accident had happened 
5 miles farther on, the train would have been only 21 
minutes late. Find the usual rate of the train. 


42. A train, after running 2 hours from A towards B, 
meets with an accident which delays it 20 minutes. It 
afterwards proceeds at four-fifths its usual rate, and arrives 
1 hour and 40 minutes late. If the accident had happened 
40 miles nearer A, the train would have been 2 hours late. 
Find the usual rate of the train. 


43. A and B can do a piece of work in 2} days, A and 
0 in 3} days, B and C in 34 days. In what time can 
three together, and each one separately, do the work? 


44. A sum of money, at interest, amounts in 8 months 


to $1488, and in 15 months to $1530. Find the principal 
and the rate of interest, 
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45. A number is expressed by two digits, the units’ digit 
being the larger. If the number is divided by the sum of 
its digits, the quotient is 4. If the digits are reversed and 
the resulting number is divided by 2 more than the differ- 
ence of the digits, the quotient is 14. Find the number. 


46. A and B together can dig a well in 10 days. They 
work 4 days, and B finishes the work in 16 days. How 
long would it take each alone to dig the well? 


47. The denominator of the greater of two fractions is 
20, and this is the greater of the two denominators. The 
fraction formed by taking for a numerator the sum of the 
numerators of the two fractions, and for a denominator 
the sum of the denominators, is equal to . The fraction 
similarly formed with the difference of the numerators, 
and of the denominators, is equal to}. The sum of the 
numerators is twice the difference of the denominators. 
Find the fractions. 


48. A cistern can be filled in 5 hours by two pipes, A 
and B, together. Both are left open for 3 hours and 45 
minutes, and then A is shut, and B takes 3 hours and 45 
minutes longer to fill the cistern. How long would it take 
each pipe alone to fill the cistern? 


49. A man put at interest $20,000 in three sums, the 
first at 5 per cent, the second at 44 per cent, and the 
third at 4 per cent, receiving an income of $905 a year. 
The sum at 44 per cent is one-third as much as the other 
two sums together. Find the three sums. 


50. An income of $335 a year is obtained from two in- 
vestments, one in 44 per cent stock and the other in 5 per 
cent stock. If the 44 per cent stock should be sold at 
110, and the 5 per cent at 125, the sum realized from both 


stocks together would be $8300. How much of each stock 
is there ? 
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51. A boy bought some apples at 3 for 5 cents, and 
some at 4 for 5 cents, paying for the whole $1. He sold 
them at 2 cents apiece, and cleared 40 cents. How many 
of each kind did he buy ? 


52. Find the area of a rectangular floor, such that if 3 
feet were taken from the length and 3 feet added to the 
breadth, its area would be increased by 6 square feet, but 
if 5 feet were taken from the breadth and 3 feet added to 
the length, its area would be diminished by 90 square feet. 


53. A courier was sent from A to B, a distance of 147 
miles, After 7 hours, a second courier was sent from A, 
who overtook the first just as he was entering B. The time 
required by the first to travel 17 miles added to the time 
required by the second to travel 76 miles is 9 hours and 
40 minutes. How many miles did each travel per hour? 


54. A box contains a mixture of 6 quarts of oats and 9 
of corn, and another box contains a mixture of 6 quarts of 
oats and 2 of corn. How many quarts must be taken from 
each box in order to have a mixture of 7 quarts, half oats 
and half corn? 


55. A train travelling 30 miles an hour takes 21 minutes 
longer to go from A to B than a train which travels 86 
miles an hour. Find the distance from A to B. 


56. A man buys 570 oranges, some at 16 for 25 cents, 
and the rest at 18 for 25 cents. He sells them all at the 


rate of 15 for 25 cents, and gains 75 cents. Hew many of 
each kind does he buy ? 3 


57. A and B run a mile race, In the first heat B 
receives 12 seconds start, and is beaten by 44 yards. In 
the second heat B receives 165 yards start, and arrives at 


the winning post 10 seconds before A. Find the time in 
which each can run a mile. 
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INDETERMINATE PROBLEMS. 


195. If a single equation is given which contains two 
unknown numbers, and no other condition is imposed, the 
number of its solutions is unlimited; for, if any value be 
assigned to one of the unknowns, a corresponding value 
may be found for the other. Such an equation is said to 
be indeterminate, 


196, The values of the unknown numbers in an inde- 
terminate equation are dependent upon each other; so that, 
though they are unlimited in number, they are confined to 
a particular range. 

This range may be still further limited by requiring these 
values to satisfy some given condition; as, for instance, that 
they shall be positive integers. With such restrictions the 
equation may admit of a definite number of solutions. 


Ex. A number is expressed by two digits. If the num- 
ber is divided by the sum of its digits diminished by 4, the 
quotient is 6. Find the number. 


The single statement is 


10r +y 8 
1 4 
Whence 41 255 24, 
and 2—7 46 
y, 
3 
We see from 1 that the values of y which will be integral are 4, 8, 


12,16, or some other multiple of 4, and from the relation z— y—6 +4 


that tho least positive integral value of y which will give to z a posi- 
tive integral value, is 8. If we put 8 for y in (1), we find z=4. Hence 
the number required is 48. 
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Exercise 66. 


1. A number is expressed by two digits. If the number 
is divided by the last digit, the quotient is 15. Find the 
number. 


2. A number is expressed by three digits. The sum of 
the digits is 20. If 16 is subtracted from the number and 
the remainder divided by 2, the digits will be reversed. 
Find the number. 


Here αν T2 20, 
and We 10y  2— - 199,4 10 +2. 
Eliminate y and reduce, and we have 


4 72 78. 
3. A man spends $114 in buying calves at 85 apiece, 
and pigs at $3 apiece. How many did he buy of each? 


4. In how many ways can a man pay a debt of $87 
with five-dollar bills and two-dollar bills? 


5. Find the smallest number which when divided by 5 
or by 7 gives 4 for a remainder. 


Let n — the number, then η στα, anat y, 


6. A farmer sells 15 calves, 14 lambs, and 13 pigs for 
$200. Some days after, at the same price, he sells 7 calves, 
11 lambs, and 16 pigs, for which he receives $141. What 
was the price of each ? 


Discussion or PROBLEMS. 


197. The discussion of a problem consists in making 
Various suppositions as to the relative values of the given 


numbers, and explaining the results. We will illustrate by 
an example; 
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Two couriers were travelling along the same road, and in 
the same direction, from C towards D. A travels at the 
rate of m miles an hour, and B at the rate of n miles an 
hour. At 12 o'clock B was d miles in advance of A. When 
will the couriers be together? 

Suppose they will be together z hours after 12. Then A has trav- 
elled mz miles, and B has travelled nz miles, and as A has travelled 
d miles more than B 

mz = πα +d, 
or ma — πα d. 


* ND 


m-n 
DISCUSSION OF THE ΡΕΟΒΙΕΝΜ, 1. If m is greater than n, the value 
of z, namely, ac de is positive, and it is evident that A will over- 
m - n 


take B after 12 o'clock. 


2. If m is less than τι, then will be negative. In this case 
m-n 


B travels faster than A, and as he is d miles ahead of A at 12 o'clock, 

it is evident that A cannot overtake B after 12 o'clock, but that B 

passed A before 12 o'clock by d hours. The supposition, there- 
n m 

fore, that the couriers were together after 12 o'clock was incorrect, 

and the negative value of z points to an error in the supposition. 


, assumes the 


-n 
form A Now if the couriers were d miles apart at 12 o'clock, and if 


they had been travelling at the same rates, and continue to travel at 
the same rates, it is obvious that they never had 7 together, and 
that they never will be together, so that the symbol m d be regarded 
as the symbol of impossibility. 

4. If m equals n and d 1s 0, then 22 > becomes d Now if the 
couriers were together at 12 o'clock, and if they had been travelling 
at the same rates, and continue to travel at the same rates, it is 
obvious that they had been together all the time, and that a will 
continue to be together all the time, so that the symbol o * be 
regarded as the symbol of indetermination. 


3. If m equals n, then the value of z, that is, d 


| 
| 

ΠΗ 

IH 


ΠΩ 


y 
ολο d dang Ate 0 


196 SCHOOL ALGEBRA. 


Exercise 67. 


1. A train travelling b miles per hour is m hours in 
advance of a second train which travels a miles per bour. 
In how many hours will the second train overtake the first? 


Ans. Pus 
Discuss the result (1) when a>}; (2) when a=b; (3) when a<b. 


2. A man setting out on a journey drove at the rate of 
a miles an hour to the nearest railway station, distant b 
miles from his house. On arriving at the station he found 
that the train for his place of destination left c hours before. 
At what rate should he have driven in order to reach the 


station just in time for the train? ab 


Ans. τα 


Discuss the result (1) when c=0; (2) when 45 (3) when 
. In case (2), how many hours did the man have to drive 
from his house to the station? In case (3), what is the meaning of 
the negative value of c? 


3. A wine merchant has two kinds of wine which he sells, 

one at a dollars, and the other at 5 dollars per gallon. He 

_ Wishes to make a mixture of / gallons, which shall cost him 

on the average m dollars a gallon. How many gallons 
must he take of each? 


Ans, et the first; (a= L of the second. 
— a — 
Discuss the question (1) when a=b; (2) when a or ö =: (3) 


when a=b=m; (4) when αν b and «m; (5) when a>b and 
m. 


CHAPTER XIII. 
INEQUALITIES. 


198. An inequality consists of two unequal numbers 
connected by the sign of inequality. Thus, 127 4 and 
4< 12 are inequalities. 


198. Two inequalities are said to be of the same direction 
if the first members are both greater or both less than the 
second members; that is, if the signs of inequality point in 
the same direction. 


200. Two inequalities are said to be the reverse of each 
other if the signs point in opposite directions. 


201. If equal numbers are added to, or subtracted from, 
the members of an inequality, the inequality remains in 
the same direction. Thus, if a >, then a+c be, and 
&—c2b—c. Hence, 

A term can be transposed from one member of an in- 
equality to the other without altering the inequality, provided 
its sign is changed. 


. 902. If unequals are taken from equals, the result is an 
inequality which is the reverse of the given inequality. 
Thus, if z — y, and a> b, then z—a«cy-—b. 


208. If the signs of the terms of an inequality are 
changed, the inequality is reversed. Thus, if a > b, then 
—a<—b, (See $33) 
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204, Hence, if the members of an inequality are multi- 
plied or divided by the same positive number, the inequality 
remains in the same direction, by the same megative num- 
ber, the inequality is reversed. 


(i) Simplify 4z ὃν 2. : 


5 
ο. rg 
We have 4z—3 oe 
Multiply by 10, | 402—302 152 — 6. 
Transpose, 252 > 24. 
Divide by 25, zd. 


Therefore the value of x is greater than 34. 


(2) Find the limits of z, given 


2—422—98z, 
82—2<2+4+8. 
We have 2—42 2-3 (1) 
and 30 2 c4 3. (2) 
Transpose in (1), 4a> 6. 
$214 
Transpose in (2), 22 K. 5. 
«9x 2]. 


Therefore, the value of z lies between 14 and 21. 


(8) If a and b stand for unequal and positive numbers, 
then a? + δ᾽ > 9 αὖ. 
Since (a — ὃ)' is positive, whatever the values of a and b, 
(a — 5 » 0. 
4 — 2 ab +? » 0. 
-. a? 5 > Aab. 
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Exercise 68. 
1. Simplify (x 4- 1) <7 + 3 —5. 
8-- δα 
7 
3. Simplify z 4-25 > 72. 


2. Simplify HI > 


4. Simplify 8z — 2 «2-74. 


Find the limiting values of z, given 
5. 47 6 22,4, 
24 742 16 2. 
2 
6. S. -b — ab zs 


2 — ae Cb c. 


Find the integral value of z, given 
7. 10 ＋ ) 7-32 4 3(2 ＋8, 
T T MTT. 


8. Twice a certain integral number increased by 7 is 
not greater than 19; and three times the number dimin- 
ished by 5 is not less than 18. Find the number. 


If the letters stand for unequal and positive numbers, 
show that 
9. a +838 > 2b (a 4- D). 
10. a+ dl + ab’. 
11. œb 4 c 5» ab 4- ac be. 
12. ab + d'c + ab?+ Bre 4- ac + be > Gabe. 


18. 2,8 atb 2%. 
374 52 1% So 


CHAPTER XIV. 


INVOLUTION AND EVOLUTION. 


205. The operation of raising an expression to any re- 
quired power is called Involution. è 

Every case of involution is merely an example of multi- 
plication, in which the factors are equal. 


206, Index Law. If mis a positive integer, by definition 
a"—axaxa tom factors. 


Consequently, if and n are both positive integers, 
(a) = a^ x a" x a^ +» to m factors 
= (a ae to n factors)(a X a -- to n factors) 
Am taken m times 
dx a X a- to mn factors. 
a. 


This is the index law for involution. 
207. Also, (a) a™ = (a")". 


And (ab)"= ab x ab -.... to n factors 
7 (a X au to n factors)(b x B.. to n factors) 
= ab^, 


208. If the exponent of the required power is a composite 
number, the exponent may be resolved into prime factors, 
the power denoted by one of these factors found, amd the 
result raised to a power denoted by a second factor of the 
.  fXponent; and so on. Thus, the fourth power may be ob- 
tained by taking the second power of the second powst; 
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the sixth by taking the second power of the third power; 
and so on. 


209. From the Law of Signs in multiplication it is evi- 
dent that all even powers of a number are positive; all odd 
powers of a number have the same sign as the number itself. 

Hence, no even power of any number can be negative; 
and the even powers of two compound expressions which 
have the same terms with opposite signs are identical. 


Thus, (b — ay = = $— (a — 5)I* = (a— by. 


210. Binomials. By actual multiplication we obtain, 
(a + by = a*--2ab +b; 
(a 4- by 2 a+ n + 3ab?+ ὁ”; 
(a+b)'=at+ 4a°d + 6a*0* + 4ab* G. 

In these results it will be observed that: 


I. The number of terms is greater by one than the ex- 
ponent of the power to which the binomial is raised. 

IL In the first term, the exponent of a is the same as 
the exponent of the power to which the binomial is raised ; 
and it decreases by one in each succeeding term. 

III. } appears in the second term with 1 for an exponent, 
and its exponent increases by 1 in each succeeding term. 

IV. The coefficient of the first term is 1. 

V. The coefficient of the second term is the same as the 
exponent of the power to which the binomial is raised. 

VI. The coefficient of each succeeding term is found 
from the next preceding term by multiplying the coefficient 
of that term by the exponent of a, and dividing the product 
by a number greater by one than the exponent of δ. 


If b is negative, the terms in which the odd powers of b 
occur are negative. Thus, 


~ 
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(1) (a - b =a — 8 ab ＋ 8 αὖ” — δ". 
(2) (a - b) = a‘ — 40°) + θα”δ' — 4 αὖ" -- δ'. 
By the above rules any power of a binomial of the form 
a + b may be written at once. 
Nore. The double sign + is read plus or minus; and a +b means 
a+b or a— b. 
211. The same method may be employed when the terms 
of a binomial have coefficients or exponents. 
Since (a - b= = 80°) 4-3aP — b, 
putting 52* for a, and 25? for b, we have 
G — 25), 
= (62) — 862) (2^) + 362. G. 
= 1252* — 150 + 60 ry 8%. 
Since (a — 5) a*— 49 4-629 — 4 αὖ" + U^, 
putting 2* for a, and 4y for b, we have 
( — ἐν)' 
- A 
- 2 tiry f. 


212. In like manner, a polynomial of three or more terms 
may be raised to any power by enclosing its terms in paren- 
theses, so as to give the expression the form of a binomial. 
Thus, 

(4) (a- 5 o — [a -- (5 -- ο}, 
=a -- 8a (b Gee 
— a! 4- d + 8ab?+ babe 
＋ S3 4-852 1-4 
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(8) (α-- 29’ +8244), 
— [(? — 22*) + (82+4)P, 
= (2? — 22°)? --2(2— 22%) (32+ 4) + (82 ＋ 4%, 
=a — 4254424 62'—42°—162°4 92*4-242 4-16, 
- 4 4 102* 4% 7 24416. 


Exercise 69. 


Raise to the required power: 


: (αυ, 11. (α--2)'. 
- (αὖ). 12. (2 ＋ 3), 
` 275 τ 13. (22 . 1) 
sabe. 14. (2m* — 1). 
ο 15. (2z4-3yy. 
(- θα ο. 16. (22 — y. 

2 * 17. (ry — 2). 
| (7 2). 18. (1— z 4- zy. 
n 19. (1 22 ＋ 82 
: ( . 20. (1—a-- . 
. +2. 21. (8—4z 52) 


EvoLUTION. 


213. The nth root of a number is one of the n equal 
factors of that number. 

The operation of finding any required root of an expres- 
sion is called Evolution. 
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Every case of evolution is merely an example of factor- 
ing, in which the required factors are all equal. Thus, the 
square, cube, fourth, ..... roots of an expression are found 
by taking one of its two, three, four ..... equal factors. 

The symbol which denotes that a square root is to be 
extracted is Y; and for other roots the same symbol is 
used, but with a figure written above to indicate the root; 
thus, /, /, etc., signifies the third root, fourth root, ete. 


214, Index Law. If m and n are positive integers, we 
have, (§ 206), 


(a** =a". 
Consequently, Var =a". 
Thus, the cube root of d' is αἲ; the fourth root of 81a" 
is 3a“; and so on. 
This is the index law for evolution. 


215. Also, since (ab)“ = d, 


conversely, Vari" = ab = Va x VE, 
and Vab = Va x Vo. 


Hence, to find the root of a simple expression : 
Divide the exponent of each factor by the index of the root, 
and take the product of the resulting factors. 


216. From the Law of Signs it is evident that 

I. Any even root of a positive number will have the 
double sign, +. 

II. There can be no even root of a negative number. 

For M is neither +æ nor —2; since the square of 
Ter-, and the square of — z = 4- z*. 

The indicated even root of a negative number is called 
an imaginary number. 


III. Any odd root of a number will have the same sig? 
as the number, 
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Thus, 1627 _ E tz. SES 27 m = — 8mm! ; 
ly y 
ED 2K. 


δια. Za 


217. If the root of a number expressed in figures is not 
readily detected, it may be found by resolving the number 
into its prime factors. Thus, to find the square root of 
3,415,104: 

2°| 3415104 


11 
8,415,104 = 2° x 3? x 7 x IP. 


. VS. 415,104 = 25x 8 X7 x 11 — 1848. 


Exercise 70. 


Simplify : 
9. V- 216a". 
Nets. 10. 7292. 
. VIBA, n. VN 
Vas. 12. V—1728d. 
. V-I. 13. = 843a". 
6. Mat. 14. Vla”. 
7. ν δα, 15. V5IZ a 2s. 
16. 
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SQUARE Roots or COMPOUND EXPRESSIONS. 


218. Since the square of a+ is a+ 2ab 4- δ", the 
square root of a*--2ab ＋ ὁ is a+b. 

It is required to find a method of extracting the root 
a+b when a?+ 2ab + 2? is given: 

Ex. The first term, a, of the root is obviously the square root of 


the first term, a?, in the expression. 
a? + 2ab + b? |a +b If the a? is subtracted from the given 


a? expression, the remainder is 2ab +b. 
2a+b| 2αὖ -- b Therefore the second term, b, of the root 
2ab +b? is obtained when the first term of this 


remainder is divided by 2a, that is, by 
double the part of the root already found. Also, since 
2ab + 5 — (2a + b)b, 


the divisor is completed by adding to the trial-divisor the new term of 
the root. 


(i) Find the square root of 252° — 202*y + 4% 
25% Way + 4 ty? [b 21 
252? 


3 20 + 4% 
— 20 zy + 424 


The expression is arranged according to the ascending powers of 7. 
à The square root of the first term is δα, and 52 is placed at tbe 
right of the given expression, for the first term of the root. Ξ 
The second term of the root, — 24½ is obtained by dividing 
-20z'y by 10z, and this new term of the root is also annexed to the 
divisor, 102, to complete the divisor. z 


| 


| | 


219. The same method will apply to longer expressions, 
the process, by doubling the part of the root already found, 
, the root to the trial-divisor. 


* R " "t 
— , 


if care be taken to obtain the trial. divisor at each stage of 


M, 


and to obtain the complete divisor by annexing the new term a 


Du 
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Ex. Find the square root of 
14-102? 25 4- 162* — 242° — 202? — 4. 


1625 — 2425 + 25 — 2023 + 1022 —4z ＋ 1432 22— 1 
162* 


— 2405 + 25 
— 24 ＋ 9 


82° — 62? + 22|162* — 2023 + 102? 
16a*— 1223+ 42? 


8 6 ＋ 4α--1|-- 825+ 6279-4241 
— 823+ θαῖ--4α 1 


The expression is arranged according to the descending powers of z. 
It will be noticed that each successive trial-divisor may be obtained 
by taking the preceding complete divisor with its last term doubled. 
Exercise 71. 
Find the square root of 
.* — 8 --1822 — 8r 4- 1. 
. 9at— 6a? 134 — 4a 4- 4. 
4% 12 4-29 2*y! — 30zy" + 25 y*. 
1+ 42+ 1011 ＋ 12 4- 92*. 
. 16 96 4- 21627 — 2162? ＋ 812*. 
a^ — 22 + 952* + 286 x + 169. 
. 4 — 112! + 25 — 122? + 802. 
. 92*--49 — 122? — Br + 462". 
. 492* + 1262? + 121 — 73 — 1982. 
. 162*—30z — 81 αἳ + 242? + 25. 


1 
2 
3 
4. 
5 
6. 
7 
8 
9 


— 
e 


m 
— 
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1 
12. 4 42 het iy 
4p 


a 


4a? 
13. ptet 
14. d-39 129 2. LL 


15. af 8 4 84 


ag o M 


y y 16 4z 42 


a 8a 9 


18. 162*+ 18277 -82* -- $^ + $y +1. 
19. 97 82*, 482 Τα 


49 
E 3^4 at4 
20. 4d 4-9 —9 314 4a. 
a a 


Find to three terms the square root of 


21. αἱ ＋ 5. 24. 14-a. 27. 4 158. 
22. * ＋ 3 25. 1 — 2a. 28. 4-- δα. 
23. 1--2a. 26. 4α] - 90. 29. 4αἳ -- 1. 


220, Arithmetical Square Roots, In the general method 
of extracting the square root of a number expressed by 
figures, the first step is to mark off the figures in groups. 

Since 1— I*, 100 — 10*, 10,000 — 1005, and so on, it is 
evident that the square root of any number between 1 and 
100 lies between 1 and 10; the square root of any number 
between 100 and 10,000 lies between 10 and 100. In 
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other words, the square root of any number expressed by 
one or two figures is a number of one figure; the square root 
of any number expressed by three or four figures is a num- 
ber of two figures; and so on. 

If, therefore, an integral square number is divided into 
groups of two figures each, from the right to the left, the 
number of figures in the root will be equal to the number 
of groups of figures. The last group to the left may have 
only one figure. 


Ex. Find the square root of 3249. 


32 49 (57 In this case, a ın the typical form a? + 2ab + b? 
25 represents 5 iens, that is, 50, and b represents 7. 

107) 749 The 25 subtracted is really 2500, that is, a*, and the 
749 complete divisor 2a +b is 2 x 50 + 7 = 107. 


221. The same method will apply to numbers of more 
than two groups of figures by considering @ in the typical 
form to represent at each step the part of the root already 
found. 

It must be observed that a represents so many tens with 
respect to the next figure of the root. 


Ex. Find the square root of 5,822,249. 
5 32 22 49 (2307 
4 


222. If the square root of a number has decimal places, 
the number itself will have twice as many. Thus, if 0.21 is 
the square root of some number, this number will be (0.21)" 
= 0.21 x 0.21 = 0.0441 ; and if 0.111 be the root, the num- 
ber will be (0.111)? = 0.111 x 0.111 = 0.012321. 
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Therefore, the number of decimal places in every square 
decimal will be even, and the number of decimal places in 
the root will be Aa/f as many as in the given number itself. 

Hence, if a given number contains a decimal, we divide 
it into groups of two figures each, by beginning at the 
decimal point and marking toward the left for the integral 
number, and toward the right for the decimal. We must 
be careful to have the last group on the right of the deci- 
mal point contain wo figures, annexing a cipher when 
necessary. 


Ex. Find the square roots of 41.2164 and 965.9664. 


41.21 64 (6.42 9 65.96 64 (31.08 
36 8 
124)521 61) 65 
496 61 
1282)2564 6208) 49664 
2564 49664 


223. If a number contains an odd number of decimal 
places, or if any number gives a remainder when as many 
figures in the root have been obtained as the given number 
has groups, then its exact square root cannot be found. We 
may, however, approximate to its exact root as near as We 
please by annexing ciphers and continuing the operation. 

The square root of a common fraction whose denominator 
is not a perfect square can be found approximately by 
reducing the fraction to a decimal and then extracting the 
root; or by reducing the fraction to an equivalent fraction 
whose denominator is a perfect square, and extracting the 
Square root of both terms of the fraction. Thus, 


5 
«ς- 6:825 = 0.70087; 
or «-- 10. V10 _ V10 _ 3.16227 _ 0.79057. 
2 


= — 


16; i6 .4 
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Ex. Find the square roots of 3 and 357.357. 


3.(1.732.... 3 57.35 70 (18.903..... 
1 1 
27) 200 28) 257 
189 224 
343) 1100 369) 3335 
1029 3321 
3462) 7100 37803) 147000 
6924 113409 


Exercise 72. 


Find the square root of 


1. 289. 6. 150.0625. 11. 640.343025. 
ῇ 2. 1225. 7. 118.1569. 12. 100.240144. 
i 8. 12544. 8. 172.3969. 13. 316.021729. 
4. 253009. 9. 5200.140544. 14. 454.585041. 
5. 529984. 10. 1308.282201. 15. 5127.276025 
Find to four decimal places the square root of 
16. 10. 19. 0.5. 22. 0.607. 25. % 38. $. 
17. 8, 20. 0.7. 23. 0521. 26. J. 29. i 
: 18. 5. 21. 0.9. 24. 0687. 27. f. 30. jy 


224. Oube Roots of Compound Expressions. Since the cube 
of a+b is a! -- Sab + 3ab?+ δ", the cube root of 


a? -3a!b + 8 αὖ -- δ᾽ is a+b. 


It is required to devise a method for extracting the cube 
root a+b when q 8 αὖ ＋ 3ab’+ δ᾽ is given: 
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(1) Find the cube root of a? 4- 8 αὖ -}- 8 αὖ! -- δ". 
0 4 30% -8αὐ} δα ες SM 


3a? aè 
+3ab +b ἃ αὖ) + 3ab? + D* 
3a? + 3ab +b | 8 αὖ) + Zab + DP 
The first term a of the root is obviously the cube root of the first 
term αἳ of the given expression. 
If α) is subtracted, the remainder is 3 u*b + 3aP* + b3; therefore, 
the second term b of the root is obtained by dividing the first term 
of this remainder by three times the square of a. 


Also, since 3 45 + 3ab? + b= (3a? + 3ab + b)b, the complete 
divisor is obtained by adding 3ab + 2? to the trial-divisor 3a’. 


(2) Find the cube root of 82? + 36 + 54zy' - 21γ'. 
823 + 36 aty + 54% + 273? |22  9y 
122 82 
(62+3y)3y= 182y+9y*| 36a%y 54 ＋ 27 y* 
122*--18zy -9y*| 36z!y + 54 24 27 
The cube root of the first term is 22, and this is therefore the first 
term of the root. 823, the cube of 22, is subtracted. 
The second term of the root, 3y, is obtained by dividing 362*y by 
3(22)?= 122%, which corresponds to 3 d in the typical form, and 
the divisor is completed by annexing to 19 αἳ the expression 


(3(22) + 3y}3y — 182 +9y?, 
which corresponds to 3 αὖ + δ} in the typical form. 


225. The same method may be applied to longer expres- 
sions by considering a in the typical form 8 αἲ + 8αὖ +6 
to represent at each stage of the process the part of the root 
already found. Thus, if the part of the root already found 
is x+y, then 3a? of the typical form will be represented 
by 3(z +y); and if the third term of the root is +2, the 
3ab + δ᾽ will be represented by 3(z4-y)z4- z. So that 
the complete divisor, δα] -- 8 αὖ + δ», will be represented by 
8 US. 


prm 


S 


m 


"cum 
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Find the cube root of 2 32 4-522 — 8z — 1. 


|2-2-1 
a$—325--52—32z—1 
8α΄ af 


(Sa%—2)(-2)—= = s|-32452 
3 — 328+ 35 ET — K. 


32 1 6 32 1 

3 (2 — 2)? =32t— 625 + 32? 
63 2 — 1 (0 —32 +32 +1 
＋ 3 +1|—32t+62—32-1 


The root is placed above the given expression for convenience of 
arrangement. 

The first term-of the root, 2*, is obtained by taking the cube root 
of the first term of the given expression; and the first trial-divisor, 
32*, is obtained by taking three times the square of this term. 

The first complete divisor is found by annexing to the trial-divisor 
G -(), which expression corresponds to (3 +5)d in the 
typical form. 

The part of the root already found (a) is now represented by z*— 2; 
therefore 3a? is represented by 3(2?—2)*=3a*—62° +32, the second 
trial-divisor; and (3a 4 b) b by (322-3 — 1) (-- 1); therefore, in the 
second complete divisor, 3a? + (3a + b) b is represented by 

(Bat 6a + 32%) + (322 —32—1) X (71) 2 344 — 62 3r L 


Exercise 73. 
Find the cube root of 
1. d*--8a'z ＋ 3 4- 2". 
2. 8412246224 2. 
3. * — Bar -+ 5a'z* — 8 αὖα — a’. 
4. 1— 62 ＋ 212 — 442? 4-632 — 5425+ 2724. 
5. 1 3 ＋ 6 7 62 32 ＋C 2*. 
2 ＋1— 62 6 ＋ 15 + 15 202. 
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7. 642*—1442?-- 8 — 362+ 10222 — 17127 204 
8. 27a! — 27a — 18a*-- 17a -- 6a! —3a — 1. 

9. 82*— 362°+ 662z* — 632? -- 832! — θα 4- 1. 

10. 27 + 108 ＋ 902? 80 — 60 zt -+ 482*— δα". 


ab P 
11 a? ab -H 3 ae 27 
ja, δν 5 Bat ϱ 


115 y" y" y" UA 


226, Arithmetical Oube Roots. In extracting the cube root 
of a number expressed by figures, the first step is to 
separate it into groups. 

Since 1 — 1*, 1000 -- 103, 1,000,000 = 1003, and so on, it 
follows that the cube root of any number between 1 and 
1000, that is, of any number which has one, two, or three 
figures, is a number of one figure; and that the cube root 
of any number between 1000 and 1,000,000, that is, of any 
number which has four, five, or six figures, is a number of 
two figures; and so on. 

If, therefore, an integral cube number be divided into 
groups of three figures each, from right to left, the number 
of figures in the root will be equal to the number of groups. 
The last group to the left may consist of one, two, or three 
figures, 


227. If the cube root of a number have decimal places, 
the number itself will have three times as many. Thus, if 
0.11 be the cube root of a number, the number is 0.11 x 0.11 
X 0.11 = 0.001331. Hence, if a given number contains ἃ 
decimal, we divide the figures of the number into groups 
of three figures each, by beginning at the decimal point 

and marking toward the left for the integral number, and 
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toward the right for the decimal. We must be careful to 
have the last group on the right of the decimal point con- 
tain three figures, annexing ciphers when necessary. 


228. Notice that if a denotes the first term, and 5 the 
second term of the root, the first complete divisor is 
9 αἳ --8ab -- ὁ", 
and the second trial-divisor is 3 (a + 6)’, that is, 
8a! + 6ab + 3P*, 


which may be obtained by adding to the preceding complete 
divisor its second term and twice its third term. 


Ex. Extract the cube root of 5 to five places of decimals. 
5,000 (1.70997 


3 x 10? = 300 4000 
3(10 x 7) - 210 


T= 49 
πὸ | 3913 
259 


3 x 1700? = 8670000 
3(1700x9)- 45900 
gi - 81 
8715981 } 78443829 
45981 85561710 


3 x 1709? = 8762043 78858387 


_ After the first two figures of the root are found, the next trial- 
divisor is obtained by bringing down the sum of the 210 and 49 
obtained in completing the preceding divisor; then adding the three 
lines connected by the brace, and annexing two ciphers to the result. 
. The last two figures of the root are found by division. The rule 
in such cases is, that two less than the number of figures already 
obtained may be found without error by division, the divisor being 
three times the square of the part of the root already found. 


—— Te 
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Exercise 74. 
Find the cube root of 
1. 4918. 3. 1404928. 5. 385828.352. 
2. 42875. 4. 127263527. 6. 1838.265625. 


Find to four decimal places the cube root of 
7. 87. 9. 3.02. 11. 0.05. 13. 1. 15. a 
8. 10. 10. 205. 12. 0.677. 14.4 16. dy 
229. Since the fourth power is the square of the square, 
and the sixth power the square of the cube, the fourth root 
is the square root of the square root, and the sixth root 18 


the cube root of the square root. In like manner, the 
eighth, ninth, twelfth, . roots may be found. 


Exercise 75. 
Find the fourth root of 


1. 812*4- 1082? -- 54 122 ＋ 1. 

2. 162^ — 320% + 24% — Baz + αἱ. 

3. 13-45 4 2-42! 10 L 16 4-102? 4- 192* 4-162". 
Find the sixth root of 

4. IT 6d-- ἀν} 6d* 4- 15d* J 20d? 15 d“ 

δ. 729 —14582--12152? — 5402? --1352* — 18254- 2". 

6. 118135 — 540% + 1215 — 14582 ＋ 729 ^. 


ET 


— e 


Á 


—— 
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CHAPTER XV. 
THEORY OF EXPONENTS. 


290. If n is a positive integer, we have defined α" to 
mean the product obtained by taking a as a factor n times. 
Thus a' stands for ax ax a; b stands for bx bx bx b. 


231. From this definition we have obtained the following 
laws for positive and integral exponents : 
I. a™x = . 


IL (ay = 


III. 2 it nn 
a 
IV. Van = a", 


V. (ab). — αν. 


282. Since by the definition of a” the exponent n denotes 
simply repetitions of a as a factor, such expressions as a! and 
a have no meaning whatever. It is found convenient, 
however, to extend the meaning of a" so as to include 
fractional and negative values of n. 


283, If we do not define the meaning of a" when n is 
a fraction or negative, but require that the meaning of a^ 
must in all cases be such that the fundamental index law 
shall always hold true, namely, 

a” x a@ = am, 
we shall find that this condition alone will be sufficient to 
define the meaning of a^ for all cases. 
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234. To find the Meaning of a Fractional Exponent. 


Assuming the index law to hold true for fractional expo- 
nents, we have 


at x αἲ — ae — ad — α, 
a! x at x .= αἲ titt = a, 
ai x το ο ος ο μερες οὐ. 


1.1 
: 2 Lp. ton terms = 
αν X αλ ..... to n factors = an^» 3 dn =, 


m m τος — 
as X a* = to n factors —a» *» ο — ga m at. 


That is, ab is one of the two equal factors of a, 
a! is one of the three equal factors of a, 
a* is one of the four equal factors of a’, 


1 
añ is one of the n equal factors of a, 


a is one of the n equal factors of a“. 
Hence ai— να; at= Va; 
a= να); was a". (5218) 


The meaning, therefore, of a, where m and n are posi- 
tive integers, is, the nth root of the mth power of a, or the 
mth power of the nth root of a. 

Hence the numerator of a fractional exponent indicates 
a power, and the denominator a root; and the result is the 
same when we first extract the root and raise this root to 
the required power, as when we first find the power and 
extract the required root of this power. 


1! 
μὴ 
111 
jt 
i 
21. 
| 
40 
* 
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235. To find the Meaning of a’. 
By the index law, 
a? x at= d" =a". 


A a? 


= qa" + a". 


. a? — l, whatever the value of a is. 


230. To find the Meaning of a Negative Exponent. 


If n stands for a positive integer, or a positive fraction, 
we have by the index law, 
α x a*=a"* =a". 
But o? 1. 
"a"xa*—l 


That is, a” and a~ are reciprocals of each other (§ 167), 
so that a” = i and αἱ ae 
a" -A 

237. Hence, we can change any factor from the numerator 

of a fraction to the denominator, or from the denominator 


to the numerator, provided we change the sign of its exponent. 


p ; 33 1 
Thus es may be written abe d, or 558 


288. We have now assigned definite meanings to frac- 
tional and negative exponents, meanings obtained by 
subjecting them to the fundamental index law of positive 
integral exponents; and we will now show that Law IL, 
namely, (a“). = d, which has been established for positive 
integral exponents, holds true for fractional and negative 
exponents, 


(1) If n is a positive integer, whatever the value of m, 


We have (a™) = a" Χα” x a* D to n factors, 
= απ mm ee ton terms 


=a, 


mo—— — BR 
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(2) If n is a positive fraction P, where p and q are posi- 
tive integers, we have q 


(any = (amy = V "p 
- dum Ὁ 
DT 2 234 
=a™* z 
- αν 


(3) If n is a negative integer, and equal to — p, we have 


ρα ἑ 236 
8 5 (1) 
=a aP 4 236 
= απ) 
z 0" 


(4) If n is negative and equal to the fraction dà ἃ where 
p and g are positive integers, we have s 


πο = un 
(ας 
gt TUS 2234 


1 


— 38 a) 


. 4 236 
Hence, (a*)* = a*^, for all values of m and n. 
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239. In like manner it may be shown that all the index 
laws of positive integral exponents apply also to fractional, 
and negative, exponents. We will now give some examples. 


(2) let — (e — 2 — +8. 
(3) al x ad = αἳ -ᾱ =a = Va, 

(ὁ) al xaxa t= atti t=. 
(5) (a ἔγ'-- a9 242 = l 


a^? 
(6) ———ga-C€9— a =a’. 


ὦ) Vb r d= athe di. 


(8) (4 #1 ___-_=__=¢ 


Δα 3) 44, ft δα 


164 W /I 2709 274i 
(9) ( 3 πα τε) μαι a ν 
815 16 a~ 8a 8 


lod Pu 


10) (335-5 3 = ἂν E. 
09 Guy Giant diro s v8 


Exercise 76. 


Express with fractional exponents : 


1. V 3. . 5. Va. Vat V2 +V 166. 
2. Vd. 4. YIB. 6. Va. 8. Va Vd. 


2 


, 


—————— — 


— ̃ — — — 
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Express with root-signs : 
9. al. 11 adl 13. / l. ιδ. αἷ- tel. 


10. cf. — 12. atlbl. 14. 32% l. 16. ab tated, 


Express with positive exponents: 


-1 
17. a. 19. 8r?y^ 21. 4 %. 23. E 
18. 4 1. 20. 4% 22. 34 . 
Write without denominators: 
-2,4 
24. B. 26. be. 26. 
* a bcd ab! 
az 55 a "σι 
25. papey 27. abc 29. abe 
Find the value of 
30. 8. 32. 27. 34. 361. 36. (— 21)! x 254. 


31. 16-4, 33. (8) f. ss. (-27)). 37. 81-1 x 16. 
Simplify : 

38. 85x 4 l. 40. (-I (0d. 42. (a 39). 

39. (A! x16 1. 41. 4 l x il. 43. (a 8). 
If a—4, 5 2, c —], find the value of 

44. albi, 46. 4 1% 46. 3 (a5) l. δο. (ao). 

45. ab^. απ. 4 le d. 49. 2 (45) J. δι. (abc . 


THEORY OF EXPONENTS. 


240. Oompound expressions are multiplied and divided as 
follows : 


(1) Multiply 23 atyt+yt by 2t—atyt . 


αἲ + αἰγὶ + yt 
at — alb + γὲ 


1 4% % 
κανα ay 
pal e 


z Φαξ γὶ +y 
(2) Divide V + Ψα--19 by Vz—3. 


ad + at --12|αἳ — 3 
ας — 3a αὲ 44 


4 423 — 12 
4- 42 — 12 


Exercise 77. 


Multiply : 
1. 41 ＋ 24 by a? — à. 3. at 51 by a — δὲ, 


2. αἲ δὲ by at + δὲ, 4. 21 2 by 21 — 22. 


XS. wh ety ly? by 2 2 % 


X €. zi 2% | yf by aby. 
d pau by l=. 
01467363 by 1-57 457. 
e yl by . 
s- 1 240 — 30“ by αὐ-ᾱ- 4a l 64 ἴδ]. 


— ' — € 


~- 
— m 
— 


DTI x 
ea 


j 
{ 
| 
li 
ή 
i 
i 
it [ 
$ 
1] 
1 
d 
E 
| 
IE | 


X19. 


20. 


21. 
22. 
25. 


26. 
27. 


28. 


Eo NES TES 763 n LEA EE 3 
> " e 3 eT 


— M —Ó— 
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Divide: 


. a—b by at — δὲ, 13. a —b by at — δὲ, 

. a+b by at + δὲ, 14. a+b by at + δὲ. 

. 2 6 1% — 162*y by 2 ＋ 22 ! - Az γ᾽". 
5 ety+z2—82tyt εὖ by 21 - γὶ + Al. 

. z—823 843 —1 by αἷ-.1. 

. ttatyb+y by at — PES 

at — 421 14-627! by at —9, 

9z—12233 — 2.4573 να by 3533 —2—471. 
Find the square root of 

217 22 4.1. 23. a3 — 421.4. 
4at—4atot+ δὲ. 24. 4 4 4-1. 
9a —12al 4-10 — 44 1 a-. 

4921 — 282 ＋ 1821 453 1, 

m 4- 2m —1—2m + m^, 

1+4y - 2y 1 4/25 224,714. 16%. 
Expand: 

„h. 81. (2ab—a-ly ss. (V= 4 V2). 


30. (Vz— 32). 32. (25. . ah), 34. QV) 


CHAPTER XVI. 


RADICAL EXPRESSIONS. 


241, A radical expression is an expression affected with 
the radical sign; as, να, V9, να), Va +b, V32. 


249, An indicated root that cannot be exactly obtained 
is called a surd. An indicated root that can be exactly 
obtained is said to have the form of a surd. 

The required root shows the order of a surd; and surds 
are named quadratic, cubic, biquadratic . . . according 
as the second, third, fourth . . . roots are required. 

The product of a rational factor and a surd factor is 
called a mixed surd; as, 3V2, „Va. The rational factor 
of a mixed surd is called the coefficient of the radical. 

When there is no rational factor outside of the radical 
sign, that is, when the coefficient is 1, the surd is said to be 
entire; as, V2, Va. 


243, A surd is in its simplest form when the expression 
under the radical sign is integral and as small as possible. 

Surds which, when reduced to the simplest form, have 
_ the same surd factor, are said to be similar. 


S Nore. In operations with surds, arithmetical numbers contained 
in the surds should be expressed in their prime factors. 


REDUCTION oF RADICALS. 


244, To reduce a radical is to change its form without 
changing its value. 


226 SCHOOL ALGEBRA. 


Case I. 


245, When the radical is a perfect power and has for an 
exponent a factor of the index of the root. 


(1) Vai - ad --- al va; 

(2) VSG = A/(6aby = (6ab)t = (6 ab)? = νδαδ; 

(3) VWD D = X (batbo*? = (5a'bc*) = (babet) 
Ve.. 

We have, therefore, the following rule: 

Divide the exponent of the power by the index of the root. 


Exercise 78. 
Simplify : 
1. V3. e. Va. 31. fe. 
2. VIS. 7. Veb. -— 
Eia | 162* 
3. Vf. 8. Vat, 13. να Sy 
4. 49. 9. VN 5 
13. J 
5. V64. βαν) 


246. When the radical is the product of two factors, one of 
which is a perfect power of the same degree as the radical. 


Since Va" = Va" x Vb — a Vb (§ 215), we have 
(1) Va% = Vax νδ--ανδ; 
(2) VI08— V9Tx 4 = Vi x VÀ —8VÀ; 
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(8) 4A = 4ν86α δ x 2b = Αν 360b x V2b 
= 4 x 6abv2b = 24ab VN; 

(4) 2V54a'b = 24/27 a x 2ab = 2 V2 a? Va 
— 2x 8aV2ab = 6a V2ab. 


We have, therefore, the following rule: 


Resolve the radical into two factors, one of which is the 
greatest perfect power of the same degree as the radical. 

Remove this factor from under the radical sign, extract 
the required root, and multiply the coefficient by the root 
obtained. ; 


Exercise 79. 


— 
SN ERE 
$ 2 

E 


. 7 VIII. 
. ὃν min. 
. 3 


MZ. 
VV. 
V500. 
32. 


"τιον εως αν οὐ ο 
TE 
S| sl sl 


* Ὅς Ν θα 


* 
— - — mi IM — — τς — — 
- ELIT : E = j 
— QUAD PA LO PUDE a a qm em — / 
7 
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Case III. 


. When the radical expression is a fraction, the denomi- 
m j^ which is not a perfect power of the same degree as the 


radical. 
0 
EE fox L- ivi. 
s Nea Τα alo πα. 
n Qa λος NERS ἐν; 
EAREN [5x8 x4_ Jox 
18 JT 27x8 XXS 


=; V= 4 V60. 


We have, therefore, the following rule: 


Multiply both terms of the fraction by such a number as 
will make the denominator a perfect power of the same 
degree às the radical; and then proceed as in Case II. 


Simplify: 

. ψῇ 10. 2V$- 
N. n. 3Vé- 
VAR. 13. d. Pe 


Ἡ 
Hii 
. HI 
| 
C 


Pus 
L4 


RADICAL EXPRESSIONS. 


Case IV. 


248. To reduce a mixed surd to an entire surd. 

Since a Vb = Va^ x Vb = Va'b, we have 

(1) 8νδ-- V3'x5—vV9x5-vA45; 

(2) abVbe = ν(αδ) x be = Val x be = να; 
(3) 2aVay = V(2z) x zy = N x zy =V8ry; 
(4) 3% V2 — V(8y) x à = VSI 

We have, therefore, the following rule: 


Raise the coefficient to a. power of the same degree as the 
radical, multiply this power by the given surd factor, and 
indicate the required root of the product. 


Exercise 81. 


Express as entire surds: 

. 5V5. 5. 2X8. 9. — 2 Vy. 

.9VI.. 6.8V2. ιο. — 8V¥. 
3/8. 1. 2/2. αι. m YO. 
:2V4. s. 2V4. 12. — 2Vz. 


Case V. 
249. To reduce radicals to a common index. 
(1) Reduce V and V3 to a common index. 


-A -A = V=. 


3 VF = VS. 
Hence, 


— 
— 


~ a — — 

x — - — — RES ENN a eo j 

- — ] . EE 
— = 
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Write the radicals with fractional exponents, and change 
these fractional exponents to equivalent exponents having the 
least common denominator. Raise each radical to the power 
denoted by the numerator, and indicate the root denoted by 
the common denominator. 


Exercise 82. 

Reduce to surds of the same order : 
1. V3 and V5. 7. V2, V8, and V5. 
2. VIA and V6. 8. Va, Vb, and Ve. 
8. VŽ and V4. 9. Va, Ve, and Va. 
4. να and VP. 10. V, Vabe, and 2s. 
5. W and VTS. 11. Ve—y and V y. 
6. 94, οἱ and 21. 12. Va+b and Va — 5. 


Norr. Surds of different orders may be reduced to surds of the 
same order and then compared in respect to magnitude. 


Arrange in order of magnitude : 
13. V15 and V6. i5. Ψ80, V9, and VS. 
14. V4 and V3. 16. V3, V5, and V7. 


ADDITION AND SuBTRACTION oF RADICALS. 


250. In the addition of surds, each surd must be reduced 
to its simplest form; and, if the resulting surds are similar, 

Find the algebraic sum of the coefficients, and to this sum 
annex the common surd factor. 

If the resulting surds are not similar, 

Connect them with their proper signs. 


RADICAL EXPRESSIONS. 


(1) Simplify V27 + VIS + 147. 
V27 = (3? x 38 = 3 x 3h = 3V3; 
VIS = (21 x 3 = 22 x Bb = 4 x Bh - 4v; 
VIAT = (7 x 35 =7 x 34 = TV3. 
„„ ΜΟῚ + V48 + VIET = (3 + 4 + 7) V3 = 14V3. Ans. 


(2) Simplify 27320 — 8ψ/40. 
2/320 = 2($ x 5h = 2x 22 x SE = BS; 
3V40 = 3 (2 x 5) = 3 x 2x 5} = 6 V5. 
.. 2V320 — 3/40 = (8 — 6) V5 = 2V5. Ans. 


(3) Simplify 2 3V + VÉ- 


2Vi -2V3$ = 2V15x į =4V15; 
3Vi-3Vi -3V15x j iH 


T 4x15 4 
V&-4 = =x LL avi. 


^ 2V} -3V 4 V - (4-14 ἠ)νΊδ- ἐνΊδ. Ans. 


2 Exercise 83. 
Simplify: 
1. 4 VIII ＋3VII - VIII. 
2. 29/3 — 5V3 + 9v. 
. 5V4-- 232 — VIO. τ. VET + V 48 4- VÝ. 
. 8V2--4J/2— 4/63. s. 4VI4T+3VT5+ V192. 
- 3 6--21/5--31V40. 9. Va4-3va--$Va. 
. 88 — 54/48 - ὑσ45. 10. Va 4- 9 Và —3V21a. 
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11. Μα} bva-—3va. 

12. V25b + 9/95 — 8-45. 

13. 2/175 — 8:68 + 5-28. 

14. V2+ 832 T 1 128 — 6/18. 

15. V75 + V 48 — V147 + ν800. 

. 90/245 — V5 + V125 — 23/180. 

11. 220 + 1 v 12 — 227 + 5 V35 — 912. 
18. TVS AVIS V/9 — 2-80 + V20—4 Ni 
19. V54 4- Vi — V250 — 4V4. 

20. 2V$+ νδῦ-- V15+ V$-- V s. 

91. V= 8ο + V125c. 

22. Vab — VP + V328. 

23. ναι + V b*z Adi. 

24. VIA VV VAI. 

25. Vd — MV e DV. 

26. STL — Ψ1θα -+ V256. 

27. V2Tmi 25 . V216m. 

28. νθα-- v/50a* --8νΊδα. 

29. 6a v63aP — 8-V112a'b + 2ab-v/343ab. 
30. 3:125 mr + n V/20 = -V500 min’. 
31. V32a% + 6/725 + 8-128 α’δ᾽. 

32. 2 Vafb — 8a 635 + 5a Vab + 2a V 196b. 


— 
a 


ΗΠ 
147 

aE | 
| 
+i 
23i 
8:1 
111 
151 


RADICAL EXPRESSIONS. 


MULTIPLICATION OF RADICALS. 


251. Since Va x Vb = Vab, we have 
(1) BV8 x 5V2=38x5xV8xV2=15V16=60; 
(2) 8V2 x 4V8 —3 V8 x 4V9 = 12-V72. 


We have, therefore, the following rule: 


Express the radicals with a common index. Find the 
product of the coefficients for the required coefficient, and the 
product of the surd factors for the required surd factor. 

Reduce the result to its simplest form. 


Exercise 84. 

. VX M. τ. MX VS. VAX V9. 
- V5 x Vd. 8. V27x V9. . 2V8x V2. 
. V9 x VIB. 9. V2x VIŽ. . V8x V—4. 
. Vx VƏ. 10. V3x V6. . Vix V—49. 
. V2xV32. 11. V3x VIS. VIX V—45. 
V X VS. 12. VEx V8. . $V18 x 4V3. 
10. (VIB + 2V/12— 88) x V2. 

20. (V32 — 4/804 + 8 V4) x V2. 

21. (43/27 — 1/2187 + 1/482) x V3. 
N M. 28. M* NV. 80. VEX VA. 
- VI6 x 50. 27. V * Vi. 31. V * V2. 
VAI Ψ16. 28. V8Ix V3. 32. Vy x Vy. 
M* ντο 20. Vix Vj. 535. VT x v5. 
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252. Compound radicals are multiplied as follows: 
Ex. Multiply 9ν8--8να by 3V3 — 4v. 
2V3 + 3vz 
3V3 —4vz 
18 4-9 v3z 
—8vV3z—12z 
18+ v3z—12z 


Exercise 85. 


Multiply : 

1. V5-L VÀ by WE VES. 8+ 8-V2 by 2— V2. 
2. V9 — VITby V9+ VIT. 5. 5--2v8 by 3— 5V3. 
3. 84-25 by 2— V5. 6. 3— V6 by 6 — 8V6. 
7. 2/6 — 3V5 by V3 + 2-2. 

8. 7 — V3 by V2+ V5. 

9. V9 — 2V4 by 4% + 3. 
10. 20 — 3V5 + 5V3 by V8+-V3 — V5. 
11. 8V5 —2V3 + 4V7 by 3 4νδ- ὄνδ. . 
12. 4V8 + 312 — 1/32 by 8/82 — 4/50 — 2V2. 
13. V6 — V8 + V16 by A36 + 9 J. 
14. 2v1—8vE +3V§ by NH- VIZ — v6. 
15. 2v$ — 4V$ — TV§ by 8E — 5/30 — 2 VA. 
16. 2V12 + 8/8 ＋ 6 by 213 4- 38 4-63. 


RADICAL EXPRESSIONS. 


DIVISION OF RADICALS. 


253. Since Vab =Ma x Vb = Vb, we have 
Va Va 
4) $Y8.- o4 =4; 
2V2 
2/2 2V2 ave 

We have, therefore, the following rule: 

Express the radicals with a common index. Find the 
quotient of the coefficients for the required coefficient, and the 
quotient of the surd factors for the required surd factor. 

Reduce the result to its simplest form. 


(2) 


Exercise 86. 


Divide: 
1. V243 by V3.. 4. VE by V. 7. VH by V 
2. VSI by V3. 5. M by M. 8. νἩ by Vi. 
8. νδα) by να. 6. VII by VI. 9. VII by VI. 
10. 3V6 + 452 by 3V3. 
11. 42./5 — 30 / by 2-15. 
12. 8415+ 168-V6 by 321. 
13. 30% — 863/10 + 302/90 by 34/20. 
14. 5018 + 18/20 — 485 by 2990. 
15. V54 by 36. 17. VIZ by V6. 19. vi by Vf. 
16. V49 by M. 18. V by V6j. 20. V by να. 
21. V0.064 by VIO. 22. V by z+. 


Sn a ος πρ πο € a 
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964, The quotient of one surd by another may be found 
by rationalizing the divisor; that is, by multiplying the 
dividend and divisor by a factor which will free the divisor 
of surds. 


256. This method is of great utility when we wish to 
find the approximate numerical value of the quotient of 
two simple surds, and is the method required when the 
divisor is a compound surd. 

(1) Divide 3V8 by V6. 

3v8 6v2, 6v2x v6 _ θν1Σ 


C 


(2) Divide 3 — 4-2 by 2V5 4- 82. 
8V5—4v3 (8V5—4v3)2V5—3vV2) 04—17V10 
2V5+3V2 (2V54+3-V2)(2V5-3V2) 20-18 


,,D4 — 1rv10 2E 27810. 


5 
3 i ES ---. 
(8) Given VZ = 1.41421, find the value of Va 


5 5 5V2 7.07105 
αν . 8 88888. 
v2 v2xvà3 2 2 


Divide: Exercise 87. 


1. να Vb by να. τ. 84. 5V7 by 8—5-V7. 
2. VIÐ by 5/65. 8. 218 by 4V8—8V2. 
. 8 by 114-87. 9. 7514 by 8 V2 9νΤ. 
. 8V2—1 by 8V2--l. 10. v5— V8 by νδ--νδ. 
- 11 by 8V7--2V8. 11. νβ V by V VÀ. 
6. 1 by V2+ V3. 12. 7—8-V10 by 54+ 4A. 


σι » o 


RADICAL EXPRESSIONS. 
Given V2=1.41421, V 1.73205, V5 = 2.23607; 
find to four places of decimals the value of 
10, 16. — 19. 1 8 22. 2 
500 3v2 5 ＋ 4 
1 iid 3+ V5 
pE EE 0 5 
V243 25 V5 —2 
1 3/2—1 


13. 


1 21. abs $ 
2V3 4 νο 4-1 


INVOLUTION AND EVOLUTION OF RADICALS: 


256. Any power or any root of a radical is easily found 
by using fractional exponents. 
(1) Find the square of 2a. 
(2Va) = (2ab)? - Zat = 4 αἳ = 4 Vaf. 
(2) Find the cube of 2d. 
(ἕνα) = (2al = Bal = 8a? = 8a Va. 
(3) Find the square root of 4z Vab. 
N- (4 rabii - sb chalet — 4 la- 2 U 


(4) Find the cube root of 44 . 
GN D- (4 rabh)t ὁ} lab = 48 rab = V16 PRS. 


Exercise 88. 


Perform the operations indicated: 
1. (Vd y. 8. (Va*)5. s. WS. 
2. V. «qe € VG OF. 
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ar T 
7. (V9dby. ιο. NET 13. VV (8a — 2B). 
— 4[ — e 
8. (Ve —y. 11. 729. 14. γψϑ2α5. 
9. (Vr). 12. VV 195. 15. V198/248a*. 


PROPERTIES OF QUADRATIC SURDS. 


267. The product or quotient of two dissimilar quadratie 
surds will be a quadratic surd. Thus, 


Vab x Vabe = abVe; 
Vabe Vab = νο. 


For every quadratic surd, when simplified, will have 
under the radical sign one or more factors raised only to 
the first power; and two surds which are dissimilar cannot 
have all these factors alike. 

Hence, their product or quotient will have αἱ least one 
factor raised only to the first power, and will therefore be 
a surd. 


268. The sum or difference of two dissimilar quadratic 
surds cannot be a rational number, nor can it be expressed 
as a single surd. 

For if Va MB could equal a rational number e, we 
should have, by squaring, 


a+2Vab+b=e; 
that is, + 2vab = = d-. 
Now, as the right side of this equation is rational, the 
left side would be rational; but, by § 257, Vab cannot be 
rational. Therefore, a+ V/b cannot be rational. 


In like manner, it may be shown that Va + W cannot 
be expressed as a single surd "Vc. 
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259. A quadratic surd cannot equal the sum of a rational 
number and a surd. 


For if Va could equal e+ Vb, we should have, by 
squaring, 
a — e -- 2cvb-4- b, 
and, by transposing, 
Φονζ--α-- ὃ =. 
That is, a surd equal to a rational number, which is 
impossible. 


200. 7 a+ Vb — ＋＋ Vy, then a will equal z, and b 
will equal y. 

For, by transposing, Vb — Vy —z —a; and if ὦ were 
not equal to y, the difference of two unequal surds would 
be rational, which by $ 258 is impossible. 


s. b — y, and a =. 


In like manner, if a — V6 — z — Vy, a will equal z, 
and ὁ will equal y. 


261. To extract the square root of a binomial surd. 
Ex. Extract the square root of a + vb. 


Suppose Μα Vi = Vz + Vy. 
By squaring, a4 WT T2. 
Jo ατα ＋ and Vb = 2 vay. 

` Therefore, a- Vb - z—2vVazy +y, 
and Va- vb V- Vy. 

Multiplying (1) by (4), 

vai —b-u— y. 
But 


— .. ˙ S 
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Adding, and dividing by 2, 2 = 2.1 να — 9, 5 —5 
Subtracting, and dividing by 2, 


yeso — » 


2 
^ Var Vi- NEVEI , a= vat 


From these two values of z and y, it is evident that this 
method is practicable only when a?— ὁ is a perfect square. 


(1) Extract the square root of 7+4V3. 


ος Ug a ap MG κ APD Fn I owe dis 


ου ο ο νο he at imme . — 


Let Va + Vy =V7+4V3. 

Then Vz — Vy = V7—4Vv3. 

Multiplying, ᾱ--ψ-- V49 — 48. 
. 4 7 1. 

But 4 15 7. 


„. 4 4, and = 3. 
„ ντ vVy-24 V3. 
MT V3 = 24 N. 
A root may often be obtained by inspection, For this purpose, 


write the given expression in the form a + 2, and determine what 
two numbers have their sum equal to a, and their product equal to b. 


(2) Find by inspection the square root of 75 — 1221. 


It is necessary that the coefficient of the surd be 2; therefore, 
75 — 12V21 must be put in the form 


T 
i 
| 
ἅ 
y 


ο οὓς d 


75 — 2/758. 
The two numbers whose sum is 75 and whose product is 756 are. 
63 and 12. € 
ii Then 75 — 2/766 = 63 + 12— 263 x 12, 
Ἡ = (V63 ~ ντθ). 
$ That is, v63 — V12 = square root of 75 — 12 cr 
1 | or, 3V7 — 2V3 = square root of 75 —12V21. 
ή 


exe 
A 


δ X PA 
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Exercise 89. 

Find the square root of 

. 1—4v8. 16 ＋ ὄντ. . 944 42. 
. 11+ N. . 754-12 21. . 11—2V30. 
«712-210. . 19+ 8V3. . 47 —4v38. 
. 184+8V5. . 8V6 + 90. . 99-622. 
. 84-215. . 98— 1699. 83 4. 125. 
. 15— 4 VIII. . 514+86V2. 18. 55 — 12 l. 


EQUATIONS CONTAINING RADICALS. 


262. An equation containing a single radical may be 
solved by arranging the terms so as to have the radical 
alone on one side, and then raising both sides to a power 
corresponding to the order of the radical. 


Ex. Vz2?—9+2=9. 
vV2?—-9=9-—2. 
By squaring, z—9-281—18z-42* 
18z — 90. 
S 4 25. 


263. If two radicals are involved, two steps may be 
necessary. 


Ex. Vz-r154-Vz 15. 


Vi x d5- Vz=15. 
Squaring and simplifying, we have 
Val Ίδα 105 — 2. 
Squaring, we have 24152 11025 — 210 4 2*. 
2252 = 11025. 
„ 249. 


i 
H 
F 
' 
3 
1] 
ὶ 
I 
1 
14 
] 


RT 


— 
— 
eem 


249 SCHOOL ALGEBRA. 


Exercise 90. 
Solve: 


1. 9Vr4-5 = V. 8. V8z+7=8. 
2. 8V42—8=vVl82—8. 9. 144+ V4z — 40 — 10. 
3. Vz4-9—5vz—8. 10. Vioy-4— NMI. 


4. 4— 9 Vz — 8. 11. 2Ve—2=V32(2— 2). 
5. 5— V8y —4. 12. VT = Ve. 
6. 74 2/8 5. 13. V32 rz = 16 MN. 
7. νου 3 — —8. 14. V2—Va—5= vb. 


15. Vz4-20— Vz—1—8-0. 
16. Vz+15—7=7—Vz—18. 
17. = VN. 

18. V2e—T=vz+1-2. 


19. Vz—8 NAI. 21 1+(Q—=2)! 1—z)t_» 


VTS vz—2 '1-0- 2) 
10x h-i 36 3 
ec ο σης E BA: μα. 
99. Nat Vz 4-Na— Vz — ve. 


24. Vac—1=4+44Var—}. 
25. 8Vz — 8a = Vz — Va + 2a. 


0. V) 2a V 
E τέ 9 -r2z 


if 
11] 
il 
il 

tl 


se 


CHAPTER XVII. 
IMAGINARY EXPRESSIONS. 


264, An imaginary expression is any expression which 
involves the indicated even root of a negative number. 

It will be shown hereafter that any indicated even root 
of a negative number may be made to assume a form which» 
involves only an indicated square root of a negative num 
ber. In considering imaginary expressions, we accordingl$. 
need consider only expressions which involve the indicated 
square roots of negative numbers. 

Imaginary expressions are also called imaginary numbers 
and complex numbers. In distinction from imaginary num- 
bers, all other numbers are called real numbers. 


265, Imaginary Square Roots. If a and b are both posi- 

tive, we have 
I. Vab = Vax vb. II. (Va) =a. 

If one of the two numbers a and b is positive and the 
other negative, Law I. is assumed still to apply ; we have, 
accordingly : 

vV—4-V4(-1)- Vix V—1=2v-1; 

ν-δ- VC DN V-1-5iV-1; 

ν-α-- Va(-i)e Vax V-1ealvV-1; - 
and so on. 

It appears, then, that every imaginary square root can 


be made to assume the form aV—1, where a is a real 
number. 
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266. The symbol M 1 is called the imaginary unit, and 


may be defined as an expression the square of which is — 1. 
Hence, v—ixv—i1-(v-ly--1; 
V—ax V—b= Vax VIX MX VI 


= Vax Vb x (I) 
= Vab x (—1) 
=— Vab. 


267. It will-be useful to form the successive powers of 
the imaginary unit. 


V. ] 
T. ee oS o 
ir- i -cnv-i--v-h 
Heir M = CD (-)=+1; 
- V=1 GDI N 
and so on. We have, therefore, 


(Mh ν--τ; 


: 
I e --ν--τ; 
( iy 1 


208. Every imaginary expression may be made to assume 
the form a EUV I, where a and ὦ are real numbers, 
may be integers, fractions, or surds. 

If 5.— 0, the expression consists of only the real part a, 
&nd is therefore real. 

If a 0, the expression consists of only the imaginary 
part bV— 1, and is called a pure imaginary. 
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269. The form a VI is the typical form of imaginary 
expressions. 


Reduce to the typical form 6 4- v — 8. 
This may be written G V8 x V-1, or 64-22 x V-I; 
here a= 6, and b — 22. 


210. Two expressions of the form a+b v —1, a—bV—1, 
are called conjugate imaginaries. fees 
To find the sum and product of two conjugate imagi- 


naries, 
a+bv—1 
ᾱ-- bv—I1 


The sum is 2a 


a +b ν-1 
a —b v—1 


α + abV—1 
—abV—1+8 
The product is a IU 


From the above it appears that the sum and product of 
two conjugate imaginaries are both real. 


271. An imaginary expression cannot be equal to a real 
number, 


For, if possible, let 
a4-bvV—1-2c. 
Then transposing a, bV= 1 — e— a, 
and squaring, (e- ay. 
Since δ᾽ and (e—a) are both positive, we have a nega- 
tive number equal to a positive number, which is impossible, 


pL * 


—— — — 
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272. If two imaginary expressions are equal, the real parts 
are equal and the imaginary parts are equal. 


For, let a+bV—1=c+dv-1. 
Then (6—d)V—1=c—a; 
squaring, — (b — dy = (c — ay, 


which is impossible unless ὦ — d and a c. 


278. If x and y are real and «+yV—1=0, then z—0 
and y=0. 
For, yV—1=—z2, 
=, 
2 4 y — 0, 
which is true only when z — O and y — O. 


274. Operations with Imaginaries. 
(1) Add 5+7V—1 and 8--θν-- 1. 
The sum is 54847 v-1-9v-1, 
or I. 
(2) Multiply 3 ＋ 2 1 by 5 —4v.— 1. 
(3 + 2v—1)(5 - 4V— 1) 
= 15 —12V—1+ 10V-1-— 8(- 1) 
-223—2V—1. 
(8) Divide 14 + 5/— 1 by 2—8V—1. 
l4 BVI (1445v-1)(2 4 3V—1) 
2-3v-1 (2-3V-1)243v-1) 


18 452V-1 
4—(-9) 


= 18+52V—-1 
13 


-]-άν--]. 
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Exercise 91. 
Reduce to the form BI: 
. N—9. ο. V—62b. 17. Vr. 
. ν-- 16. 10. ν-- 86. 18. V=}. 
. 11. V—64. 19. V- ab. 
. ν-- 144. 12. = 729. 20. V 92^. 
. V—169. 13. V—289. 21. V—(2z— 8y)*. 
-Ν-α 14. 1021. 22. Ν-(α--2ν)'. 
SUM es BL 15. VZP. 23. v —(z 1 y). 
. V—256. 16. ν--δ. 24. V— (2 — y). 


Add: 
25. wv — 95 -4+ v — 49 — II. 


26. V—64-4- VI v—36. 

27. V—a + Via V= 16a. 

28. V—ai+ vV—8la VN 

29. a—b5 v —1--a-F 56v —1. 

30. 24+8V—1—24+38v-—1. 

31. a DNIe - dV — 1. 

32. 381 (2a — 5) V-I. 

Multiply : 

33. V—8 by ν--δ. 36. να) by V—z. 
34. — 5 by V—8. 37. VZP by V— 9. 
35. V—16 by V—9. 38. V—8 by ν-- 16. 
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39. V—25 by = 64. 41. 8V—8 by 2V—2 


40.: V=(a +b) by V.—(a—5). 42. —5V—2 by 2V- 8 
43. V—24-~V—8 by V—4— V— 5. 
44. z-Ltv-3 by — vt 
45. αν —a-4-bv —5 by av —a—bv — 2. 
46. 2V—248V—8 by 8V—4—2V-5. 
47. V8--2v—8 by v3—2vV—8. 
48. m 8v —b by n--4v— c. 


Perform the divisions indicated : 


49. = i. 61. Ξε 
r © sem NEN s 
* 56. - — 62. νι 
51. Vi 57. r — eg. me = 
bia vui τος. a—zVvV— 
δα. . ss. Y—8 64. BENV 
v—8l 2 W ν--8 
ν-α ν/-- 102 2a--8bv—1 
3 T Wie 94-859 0 
54. V-ar eo. 8V— 2 ja—45v—l 


= eme 66. 43 


CHAPTER XVIII. 
QUADRATIC EQUATIONS. 


276. We have already considered equations of the first 
degree in one or more unknowns. We pass now to the 
treatment of equations eontaining one or more unknowns 
to a degree not exceeding the second. An equation which 
contains the square of the unknown, but no higher power, 
is called a quadratic equation. 


276. A quadratic equation which involves but one un- 
known number can contain only: 

(1) Terms involving the square of the unknown number. 

(2) Terms involving the firs& power of the unknown 
number. 

(8) Terms which do not involve the unknown number. 

Collecting similar terms, every quadratic equation can be 
made to assume the form 

ar ＋ bz -- c — 0, 

where a, b, and ¢ are known numbers, and z the unknown 
number, 

If a, b, ο are numbers expressed by figures, the equation 


is a numerical quadratic, If a, b, c are numbers represented 
wholly or in part by letters, the equation is a literal quadratic. 


277. In the equation ar b e =, a, b, and e are 
called the ovefficients of the equation. The third term c is 
called the eonstant term. 


= s — 
—— ——À— 


— — — 


— 
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If the first power of z is wanting, the equation is a pure 
quadratic; in this case ὁ = 0, 

If the first power of z is present, the equation is an 
affeoted or complete quadratio. 


PuRE QUADRATIC EQUATIONS. 


278, Examples, 

(1) Solve the equation 52*— 48 = 22°. 
We have 5 2? — 48 = 22°, 

Collect the terms, 32! = 48, 

Divide by 3, x? = 16. 
Extract the square root, α-- 64. 


It will be observed that there are two roots, and that these are 
numerically equal, but of opposite signs. There can be only two 
roots, since any number has only two square roots. 

It may seem as though we ought to write the sign + before the z 
as well as before the 4. If we do this, we have +2=+4, -α--- 
+ua=—4 - 44. 

From the first and second equations, z — 4; from the third and 
fourth, z— —4; these values of z are both given by the equation 
* * 4. Hence it is unnecessary to write the + sign on both sides of 
the reduced equation. 


(2) Solve the equation 32? — 15 — 0. 


We have 321 = 15, 
or a? = 5. 
Extract the square root, z= M. 


The roots cannot be found exactly, since the square root of 5 can- 
not be found exactly; it can, however, be determined approximately 
to any required degree of accuracy; for example, the roots lie between 
2.23606 and 2.23607 ; and between — 2.23606 and — 2.23607. 


(3) Solve the equation 3z*-4- 15 —0. 
We have : 322 — — 15, 
Extract the square root, zz. . 
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There is no square root of a negative number, since the square of 
any number, positive or negative, is necessarily positive. 

The square root of —5 differs from the square root of +5 in that 
the latter can be found as accurately as we please, while the former 
d cannot be found at all. 


279. A root which can be found exactly is called an exact 
or rational root. Such roots are either whole numbers or 


fractions. | 
À root which is indicated but can be found only approx- 
imately is called a surd. Such roots involve the roots of E 


imperfect powers. 

Rational and surd roots are together called real roots. 

À root which is indicated but cannot be found, either | 
exactly or approximately, is called an imaginary root. Such i 
roots involve the even roots of negative numbers. 1 


Exercise 92. 


Solve: 
t 92! — 2 — 27+ 6. 9 8—2 2 5 | 
2. 52*-- 10 — 62? 4- 1. 11 6 


3. 74 — 50 4 4 25. 10. 52-48 LIE 
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15. 322-112 — 10z 4-8 4- 2 4- 2. 

16. (z--4)(z-4- 5) —83(z-F1)(z4-2) — 4. 

17. 8(z— 2)(z 4-3) — (1 4-1) (z 2) 4- αἳ 4- 5. 

18. (22 4 1) (32 2) + (1-2) (8 + 43) —82* — 15. 


@+9 22 —5 ϑα 1-10 
. 
17 ο ιν 5 


22 4 8 


7 9 2 3 


18 11α5--8 9 


22. Zl 2+1_5 26. 1 
z--l z—1 2 xn T€ 
23. az? -- b — c. 27. ete £d 


24. dr 5 — ba? +a. 
38. 25 4 52+2b__1 


25. z'-2bz--c—b(2x--1). z—b 3 
29. 20 + a) (z Y) - (z — a) (z — 5)] =a - 4P- 
30. 21(z— a) (z +b) + (z -- a) (z — £)] = 9a + 2ab U^ 


AFFECTED QUADRATIC EQUATIONS. 


280. Since ( + b! — αἲ + 2bz -- ὁ", it is evident that 
the expression α’ + 26z lacks only the third term, p, of 
being a perfect square. 

This third term is the square of half the coefficient of 2. 

Every affected quadratic may be made to assume the form 
αἳ +. 2bz — c, by dividing the equation through by the c 
efficient of 27, 
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To solve such an equation: 


The first step is to add to both members the square of 
half the coefficient of x. This is called completing the square. 

The second step is to extract the square root of each mem- 
ber of the resulting equation. 

The third step is to reduce the two resulting simple 
equations. 


(1) Solve the equation 2? — 8z = 20. 


We have ** —82 = 20. 

Complete the square, 2? — 82 + 16 = 36. 

Extract the square root, α-- 4-46. 

Reduce, z=4+6= 10, 
1—-4—6-—2. 


The roots are 10 and — 2. 


Verify by putting these numbers for z in the given equation 
qe 10, Ee 2, 
10 — 8(10) = 20, (-2*—8(-2) = 20, 
100— 80 — 20. 4 4- 16 = 20. 


2) Sol A: z+1_ 4z—3 

(2) Solve the equation 5 

Free from fractions, (α + 1)(z + 9) = (z — 1) (4z — 3). 
Simplify, 323—172 — 6. 


We can reduce the equation to the form αἲ -- 2bz by dividing by 3 
Divide by 3, 2 — 1 = 2, 


Half the coefficient of z is of — N -- --ᾱᾷ, and the square of N 
is 482. Add the square of — 17 to both sides, and we have 


17s 17V 289 
-== --)-2--- 
s 3 «(1 *'36 


r+ ice 
Extract the root, s.m 


17 19 
Reduce, "73 6 
z Hm 36 6, 
6 6 
or PES NEL mE SESS 


The roots are 6 and -i 


Verify by putting these numbers for z in the original equation : 


* 6. MES. 
6411 21-3 3 
6—1 649 E WU 

5 15 CI: CIE 

; 3 
3,15 
Mode 


Exercise 93. 


Solve: 
χι, 4 ＋ 288. 
2. 2—62= 7. 


δ. 2 ＋ 52 14. 9. 22+ $2 — 40. 
6. 3 28. 10.82 4 4. 
9. * — 4 12. 7. 2 L 15. 11. 6 ＋ 1 
4. 44 - 5. 8. 52 32 2. 12. 6 2 
19. 1222 112 2 0. 
14. 1527—22—1=0. 


15. Ενα. — (516—928, 
16. Qs δε (3-06 —D.., 


QUADRATIC EQUATIONS, 


, $845, 22—5..5 22. 
* ＋ 4 z—2 


α--ο — 


AxorHER METHOD oF COMPLETING THE SQUARE. 


281. When the coefficient of 2* is not unity, we may 
proceed as in the preceding section, or we may complete 
the square by another method. 

Since (az + b)! = atz* + 2abz + δ", it is evident that the 
expression a*2* + 9 abz lacks only the third term, δ", of being 
8 complete square. 

It will be seen that this third term is the square of the 
quotient obtained from dividing the second term by twice the 
square root of the first term. 


282. Every affected quadratic may be made to assume 
the form of d + 2abz = c. 


To solve such an equation : 

The first step is to complete the square; that is, to add to 
each side the square of the quotient obtained from dividing 
the second term by twice the square root of the first ter. 

The second step is to extract the square root of each side 
of the resulting equation. i 

The third and last step is to reduce the two resulting 
simple equations. 


— — A 


t] 
m 
] 
t 
1 
ή 
1 | 
Hl 


256 SCHOOL ALGEBRA. 


283. Examples. 
(1) Solve the equation 1629+52—8=72—2+45. 


We have 162 + 5r—3= 723—245. 
Simplify, 92? + 6 = 48. 


The square root of 922 is 32, and twice 32 is 6. The second 
term divided by 6a is 1. Square 1 and add it to both sides. 


92 ＋ 62+1= 49. 
Extract the square root, 32+1= +7. 
Reduce, 8e=—1+7or—1—7, 
* = 2 or — 24. 


Verify by substituting 2 for z in the equation: 
1622+ 52—3=7229— zr +45, 
16 (2)? + 5(2)— 3 = 7 (2 — (2) +45, 
64+ 10—3= 28 — 2+ 45, 
71 71. 


Verify by substituting — 23 for æ in the equation: 
16 ＋ 52—3=72—2+ 45, 


wy 9(-§)-8=1(-3)-(-) + 
m Og = ELS eas, 
1024 — 120 — 27 = 448 + 24 + 405, 
877 = 877. 


(2) Solve the equation 8 2?—42=82. 


Since the exact root of 3, the coefficient of 2%, cannot be found, it. 
is necessary to multiply or divide each term of the equation by 3 to 
make the coefficient of 2 a square number. 

Multiply by 3, 922—122= 96. 

Complete the square, 

9 — 122+ 4 100. 
Extract the square root, 32 — 2 — + 10, 
Reduce, 32 2- 10 or 2— 10; 
. r= 4 or — 23. 


Or, divide by 3, 


Complete the square, 2? — iz + 


Extract the square root, 


Verify by substituting 4 for z in the original equation: 
48 — 16 = 32, 
32 — 32. 
Verify by substituting — 23 for z in the original equation : 
24 — (= 108) = 32, 
32 = 32. 


(3) Solve the equation — 32* + 5z — — 2. 


Since the even root of a negative number is impossible, it is neces- 
sary to change the sign of each term. The resulting equation 1s 


323 5 2. 
Multiply by 3, 92? 15 — 6. 
Complete the square, 


Extract the square root, 3z—- = 


Reduce, 


Or, divide by 3, 
Complete the square, 
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284, If the equation 32! 5 = 2 be multiplied by four 
times the coefficient of x*, fractions will be avoided. 
We have 36 2? — 604 = 24, 
Complete the square, 
36 * — 604 + 25 = 49. 

Extract the square root, 62 — 5 =+ 7. 

62-527. 

62 —12or —2. 


. 3 * 
*. @=2or 3 


It will be observed that the number added to complete the Ee 
by this last method is the square of the coefficient of x in the origin 
equation 3g? — 5z = 2. 

Nore. If the coefficient of x is an even number, we may multiply 


by the coefficient of 2*, and add to each member the square of Aalf the 
coefficient of z in the given equation, 


(1) Solve the equation 42? — 232 = — 80. 

Multiply by four times the coefficient of 2%, and add to each side 
the square of the coefficient of z, 

642? — () + (23)? = 529 — 480 = 49. 
Extract the square root, 8z — 23 = + 7. 
Reduce, 8222327; 
82 = 90 or 16. 
. 4 = 3} or 2. 

Nore. If a trinomial is a perfect square, its root is found by taking 
the roots of the first and third terms and connecting them by the sg” 
of the middle term. It is not necessary, therefore, in completing the 


square, to write the middle term, but its place may be indicated 35 
in this example, 


QUADRATIC EQUATIONS. 


(2) Solve the equation 72 30 — — 7, 


Since 72 = 2° x 53, if the equation is multiplied by 2, the coeffi- 
cient of x? in the resulting equation, 1442? — 602 = — 14, will be a 
square number, and the term required to complete the square will be 


( aj- G)- = Hence, if the original equation is multiplied by 


4 x 2, the coefficient of 2 in the result will be a square number, and 
fractions will be avoided in the work. We shall then have 


76 2? — 2402 = — 56. 
2.576213 — () + 25 = — 31. 
Extract the root, 24 5 = v —31. 
z= 6 V—8l). 


Solve: Exercise 94. 
3 2 —8. 
5% — 62 — 27, 
224825. 18. 
2 5 7. 
3 7 — 6. 
5 —"1z — 24. 
82 ＋ 32 26. 
Tæ + 5a — 150. 
62*--5z — 14. 
72! —2z — 3. 
- 82°+72=51. 
- Tæ —90z — 75. 
11210 — 24. 


14. 84 +22 25 


X 
UR — 
Ξ x = y 


. | 

T η 
T 
i 
i 

5 | | 
HE 
ΠΠ 


27. 


28. 


29. 
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23. (r4-2)(2x-4-1)-F(z — 1) (82+ 2) = 57. 
34. 352 ＋E 5) — (x + 3) (3* — 121. 
25. κ. ο. maa fi 


26. $(52 8 — 6) — 4(7 —3) =22+1. 
ζ΄ Ῥ ph SBEN. 2 


τες. x z—1 z—92 2-4 
5 ee 24.2248 
RS. κατα Eu. A 31. 5 -—D 
z—1 22 ＋ 1 3 2-1 d 
7 4 22—3 5—3z 1 
—b5. 32, 242—929 ο]. 
"UU LED auis UE E 


33. 11—3z,2 (1—42).. 
1--2 1—2z 


z--1 9 
* 1 * 5(z—2) 


2z-7,8z—2 
- 2z— Seok 4l z--1 = 


22+3 4-2 Ἶ--δα 
2(2z — 1) 2(z41) 4—8x 


38 82+2, Ἱ-α  "z—1 


s = 5. 
2z—1 2z-41 re —1 


z—5 8 
Ems +5 


x ΞΕ 4r--l 45 
επι. 49 — pet 


PO 


QUADRATIC. EQUATIONS. 


LITERAL QUADRATICS. 
285. Examples, 


(1) Solve the equation az* 4- bz +e — 0. 


Transpose c, az? + bz = — c. 

Multiply the equation by 4a and add the square of 5, 
4% ＋ () +0 -- D Aac. 

Extract the root, 2 +b =+ Vb? Aud. 

στη 


"zc 
2a 


(2) Solve the equation (a? + 1)z = az* +a. 
Transpose az* and change the sign, 
απ] — (a? + 1)z -- — a. 
Multiply by 4a, and complete the square, 
4a () (% 1f - 4a? +a*+ 283 41 
.= 2a 1. 
Extract the root, 2az — (a? +1) = + (a? J). 
Reduce, 2az = (a? + 1) + (αἳ — 1), 
= 2a? or 2. 


amm Te miam anm 


1 
"n r ad or =: 
a 


(3) Solve the equation adx — acz? ber — bd. 


Transpose bez and change the signs, 
acz? + bez - adz = bd. 
Express the left member in two terms, 
acz? + (be — ad) x = bd. 
Multiply by 4ac, and complete the square, 
4 arctan? + () + (be — ad)? = bc? + 2abed + a*d*. 
Extract the root, 
t 2 der + (bc — ad) = + (be + ad). 
| Reduce, 2 der = — (be - ad) + (bc + ad) 
= 2ad or — 2bc. 
d b 


. 4 2 or . 
ο a 


“νο ουν ο 


—— a oe TRI 
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(4) Solve the equation pz! — pz + r + qz = 
Express the left member in two terms, 
(De- = 
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PY 
pt4 


Pq 
ptq 


Multiply by four times the coefficient of z?, 
4% U f- 40 CD- 454 

Complete the square, 
4% ο) --() c (p - o! =p? + 2pg + g. 
Extract the root, 
2(p Q2 - (p 9) - «(p * 9). 


Reduce, 


ST 


2(p g)z—(p—4)*(p * 4) 


= 2p or —2q. 


p 
“pra? 


4 


"pta 


Nore. The left-hand member of the equation when simplified 
must be expressed in two terms, simple or compound, one term con: 
taining a°, and the other term containing æ. 


Exercise 95. 


Solve: 
1. 2 ＋ 2 = 8a. 
2. 2 4d = 12a. 
3. αἳ -- 8h = 903. 
4. zt -4-3bz 1035. 
5. 2 4 Bar 14 
6. 3 ＋ Aer 40. 
T. 5az — 22! = 2a. 
8. 6 —ar— a =Q. 


9. 
10. 


11. 


12. 


13. 


2 + az — 1—0. 
12 b —5bz — 8. 


224 4 11 α(α--8α) 


QUADRATIC EQUATIONS. 
. 2 — g4 a= 2a. 22. (a- ) = ab. 
28. 


32 ＋24 10 


24. 
σα ey | 


25. — 
26. 


27. 


: (32 — a)(2z +a), 


51 


m 


9. 92 --- 3(a ＋ 250 ＋ 2ab — 0. 


y (2a ＋ 1)2* -- 8a*z -- à? — à? — 0. 

. (1—2)2—92(1--2)2z4-1—2* —0. 
. (α-- by! — (a — b’) = ab. 

. + Aber H — ez! -2atz- P. 

. (a 5) * (2 b)z 4- a — 0. 


: Bat P) — 241) - (89) GP 51). 

ς 2? — (a ＋ b)z J- ac be — e — 0. 

- —pr—(ptgnrtn 

: (at + ab) (a —1) — (a+) LAT MAD =O 
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SOLUTIONS BY FACTORING. 


286. A quadratic which has been reduced to its simplest 
form, and has all its terms written on one side, may often 
have that side resolved by inspection into factors. 

In this case, the roots are seen at once without com- 
pleting the square. 


(1) Solve αἳ 4- 7 z — 60 = 0. 


Since z? + 7x -- 60 = (z + 12) (x - 5), 
the equation z*4-72:—60-0 
may be written (æ + 12) (x — 5) = 0. 


If either of the factors «+12 or z — 5 is 0, the product of the two 
factors is 0, and the equation is satisfied. 

Hence, z+12=0, or r—5=0, 

„. 4 12, or z-265. 

(2) Solve 222 —22 6 — 0. 

The equation 22—2!—6r:-0 
becomes z(22? — x — 6) = 0, 
and is satisfied if æ = 0, or if 22 6 0. 

By solving 22? — z — 6 = 0, the two roots 2 and — 3 are found. 


Hence the equation has three roots, 0, 2, -- 2 


2 

(3) Solve & r 42 —4—0. 
The equation 95 ＋ 4 — 42 4-0 
becomes a(z - 1) 46 - 1) - 0, 
(a? — 4)(z 1) 0. 


Hence the roots of the equation are — 1, 2, — 2. 


(4) Solve z—22-—11z--12- 0. 
By trial we find that 1 satisfies the equation, and is therefore 4 
root (4 89). 
Divide by z — 1; the given equation may be written 
(z—1)(2à —2 — 12) - 0, 
and is satisfied if z — 1 0, or if 2 1 12 0, 
The roots are found to be 1, 4, — 3, 


rete 


QUADRATIC EQUATIONS. 


(5) Solve the equation z(z* — 9) = a (a — 9). 


If we put a for z, the equation is satisfied; therefore a is a 
root ( 89). 
Transpose all the terms to the left-hand member and divide by 
z— a. 
The given equation may be written 
(z — a) (a? + az + αἳ — 9) — 0, 
and is satisfied if z—a =, 
1 or if a? + az +a? — 9 --0. 
The roots are found to be 


a, =a + v36—3a* — δαὶ 
2 


— 


2 


Exercise 96. 
Find all the roots of 
. 2 52 40. . 62 0. 
. 227-2 30. . 24+8=0. 
- 102+2—8=0. 8. 3*—16—0. 
9. (z— 1) (zx — 8) (11 4-5z 4- 6) — 0. 
10. (2z —1)(z 2) (8225 —5z — 2) — 0. 
11. (* ＋ 2 — 2) (22! --3z — 5) 0. 
19. 2-F2*— 4(z 4-1) 0. 
19. 3 +227 — (3z4- 2) — 0. 
14. 27 — 132 ＋ 89 — 0. 
15. z--8--3(2—4)—0. απ. 2 22 (αἳ---1)Ξ-0 
16. z(2—1)—6(z—1)—0. 18. 2—32z—2—0. 
19. 22° + 22° + (23 — 5z — 6) — 0. 
20. 4 24.162 12 0. 


1 5 

2. 67 —5z—6—0. 6. 2—8-—0. 
3 7 

4 


* 
„ anm nti te m t — — 
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SOLUTIONS BY A FORMULA. 


287. Every quadratic equation can be made to assume 
the form az’ + bz -- c — 0. ; 
Solving this equation ($ 285, Ex. 1), we obtain for its 


two roots 
—b+ Aae —b— vbi —4ac 


2a : 2a 


There are two roots, and but two roots, since there are 
two, and but two, square roots of the expression 55 — 4ac. 

By this formula, the values of z in an equation of the 
form az* -- bz - e — 0 may be written at once. 


Ex. Find the roots of the equation 32* — 5z ＋ 2 — 0. 

Here a=3, b=—5, c=2. 

Putting these values for the letters in the above formulas, we have 
1 2+ V25—24 --- or 9— V25 24 Ya 


m 
< 


- 
— 


ns 


or 
=1 or 3. 
Exercise 97. 
Solve by the above formulas: 
1. 22--8z— 14. 7. 5 —75z2——2. 
2. δα’. 52 12. 8. 42 — 9 — 98. 
i 8. 2 7 18. 9. ba e 
$ 4. 5 — r= 42, 10. Hz-—9z-——75 
Hn δ. 67 10. 11. 7 ＋5 — 88. 
i 6. 32 — 112 — 6. 13. 521— 72—6. 
Í 
| 
J 
d 
* 
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EQUATIONS IN THE QUADRATIC Form. 


288. An equation is in the quadratic form if it contains 
but two powers of the unknown number, and the exponent 
of one power is exactly twice that of the other power.. 


289. Equations not of the second degree, but of the 
quadratic form, may be solved by completing the square. 


(1) Solve: 82° + 632° = 8. 
This equation is in the quadratic form if we regard 2° as the un- 
known number, 
We have 825 + 6323 = 8. 
Multiply by 32 and complete the square, 
25625 + () + (63)? = 4225. 
Extract the square root, 162° 63 = 4 65. 


Hence, * -i or —8. 


Extracting the cube root, two values of z are and —2. There 
are four other values of z which we do uot find at present. 


(2) Solve: Vi — 8 V2 -- 40. 
Using fractional exponents, we have 
αἳ — 321 = 40, 


This equation is in the quadratic form if we regard zł as the un- 
known number. 


Complete the square, 42 1221 9 = 169. 
Extract the root, 9α- 3 = 413. 
. 221 = 10 or — 10, 
αἳ -- 8 or —5, 
z= 16 or 5V5. 
There are other values of z which we do not find at present. 
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(3) Solve completely the equation & = 1. 


We have a3—1-0. 
Factoring, (r— 1) ( +% + 1) — 0. 
Therefore, either 2z—120 
or * * 10. 
z—1-0. | αἳ ＋ εἰ --0. 
^ gml. ! 


| Soles —12 3 
Solving, z= Tene 


21 
“ 


The three values, 1, lives pat — ν-- ὃ are the three cube 


roots of 1. 


(4) Solve: (2z — 8)? — (22 — 8) = 6. 
Put y for 22 — 3, and therefore y? for (22 — 3y*. 


We have y!—y- 6. 
Solving, y=3 or —2. 
Putting now 22 —3 for y, 
227—323, 22—3——2, 
ᾱ--3. 2-1. 


Exercise 98. 


1. 25— ba3--4— Q. 6. 102*—21-—2*. 

2. 2 182* 4- 36 — 0. τ. Và 4 8Vz-M. 

3. 2*— 912! — 100. 8. 8Vz —2vVz =- 20. 

4. 42* 3 — 27, 9. 527--32^— 6j. 

5. 2 5 = 913. 10. (S T8) ＋ (8743) = 90. 
11. 20 -N TI =I. 

12. 2 980. 14. (e+1)+Ve+1=6 

13. 4 6 15. 2 — 132 — — 86. 


16. 2 E 4 9 ＋ N TAT 9 — 40. 
δαΐ--Ίσ-Ἴ-6 2 
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RADICAL EQUATIONS. 


290. Ifan equation involves radical expressions, we first 
clear of radicals as follows : 

Solve Vz -- 4 - V9 z + 6 — ντα 4- 14. 
Square both sides. 

* ＋ A N T2246 - 72 +14 
Transpose and combine, 2V(x +4) (2x 4-6) = 4% 4. 
Divide by 2 and square, (a + 4) (2% + 6) = (2 + 27. 
Reduce, a? 3 10. 
Hence, * = 55 or 2. 
Of these two values, only 5 will satisfy the original equation. 
The value — 2 will satisfy the equation 


VITIVI G- Ve T II. 
In fact, squaring both members of the original equation is equiva- 
lent to transposing /r ; + Il to the left member, and then multiplying 


by the rationalizing factor Vz +4 + V22+6+ ντα +14, so that 
the equation stands 


(TA MTT Viet 14)(V244 + V2040 + Viet 14) =0, 
which reduces to V(x + 4)(2a + 6) — (22 + 2) =0. 
Transposing and squaring again is equivalent to multiplying by 
(Vzr34- Vizi64 Vizri)(Vzrti- V20 4 6— ντα 1). 
Multiplying out and reducing, we have 
* — 3 10-0. 
Therefore, the equation z? — 3 æ — 10 = 0 is really obtained from 
«ατα + Via T8- VTE * M) 
x (VST II V224+64 Viz +14) 
x (W244— Vie +6— ντα 13) 
x VTI Vie εδ: Vlar )=0. 


This equation is satisfied by any value that will satisfy any one 
of the four factors of its left member. The first factor is satisfied 
by 5, and the last factor by —2, while no values can be found to 
satisfy the second or third factor, 


SDT) etm CONI Cm Ve CC pr rng 


— 
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Hence, if a radical equation of this form is proposed for solution, 
if there is a value of z that will satisfy the particular equation given, 
that value must be retained, and any value that does not satisfy the 
equation given must be rejected. (See Wentworth, McLellan and 
Glashan’s Algebraic Analysis, pp. 278-281.) 


291. Some radical equations may be solved as follows: 
Solve 723 —5z EVT — 5r 4-1— —8. 
Add 1 to both sides, 


Put VAI SHT I= the equation becomes 


y-8y-2-'. 
Hence, y=—lor—7, 
y? = 1 or 49. 


We now have 727—52+41=1, or 72?7—524+1=49, 
Solving these, we find for the values of z, 

0, 5 3, 16 
7 


These values all satisfy the given equation when we take the 
negative value of the square root of the expression 72? --δα +1; 
they are in fact the four roots of the biquadratic obtained by clear- 
ing the given equation of radicals. 


Exercise 99. 
1. V9r+40 —2V2+7= Vz. 


2. VA Y N . 


3 H. — 
34 VATY --- r 


4. Vz—8— VN II MIX 155. 
5. Vr -4-- νγα-- να. 


Solve: 


2 


3 d, N 


QUADRATIC EQUATIONS. 


,8Vz-4 15.8Vz 
9 ντ 40 ＋ VN 


. VII +9Ve+14+vV82+1 -1--0. 
€ Vbe4 1—2—vz+1=0. 
VZ TVT V4z--1- 0. 


= 0. 


» Vi —24+ Vst lot Vr FS =O: 


„ 3V FIT+ VP +14+2V524+41=0. 


. 9 —V2z—1-2z-2. 


91 


ο Vis ribe-— 
V32-+ LIB. 


2 + 82 DVZ -E-8z--9— —3. 


- 827+ 15 2 T5 T1 2. 

. — VND 32 2 

(22 N 2 342 +9. 

3 — 4 NA — 618. 

3 . 83a? — l6z 4- 21 = 162. 


aW —3ꝓ 


A t TE 
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292. Problems involving Quadratics. Problems which in- 
volve quadratic equations apparently have two solutions, 
since a quadratie equation has two roots. When both roots 
of the quadratic equation are positive integers, they will, 
generally, both be admissible solutions. 

Fractional and negative roots will in some problems give 
admissible solutions; in other problems they will not give 
admissible solutions. ; 

No difficulty will be found in selecting the result which 
belongs to the particular problem we are solving. Some- 
times, by a change in the statement of the problem, we may 
form a new problem which corresponds to the result that 
was inapplicable to the original problem. ; 

Imaginary roots indicate that the problem is impossible. 

Here as in simple equations z stands for an unknown 
number. 


(1) The sum of the squares of two consecutive numbers 
is 481. Find the numbers. 


Let æ = one number, 
and x + 1= the other. 
Then * + (2+ 1): = 481, 
or : 2x? ＋ 2x +1 = 481. 


The solution of which gives x= 15 or — 16. 
The positive root 15 gives for the numbers, 15 and 16. 
The negative root — 16 is inapplicable to the problem, as consect 
tive numbers are understood to be integers which follow one another 
in the common scale, 1, 2, 3, 4 .... 


(2) A pedler bought a number of knives for $240. 
Had he bought 4 more for the same money, he would have 
paid 3 cents less for each. How many knives did he buy: 
and what did he pay for each? 

Let æ= number of knives he bought. 


nen = = number of cents he paid for each. 


QUADRATIC EQUATIONS. 


x + 4 number of knives he bought, 

240 

* ＋ 4 

240 240 

ς rt4 

But 3 = the difference in price. 


= number of cents he paid for each, 


= the difference in price. 


Solving, * 16 or — 20. 


He bought 16 knives, therefore, and paid 249, or 15 
cents for each. 

If the problem is changed so as to read: A pedler bought 
a number of knives for $2.40, and if he had bought 4 less 
for the same money, he would have paid 3 cents more for 
each, the equation will be 


240 240 


Saree 
z= 20 or — 16. 


This second problem is therefore the one which the neg- 
ative answer of the first problem suggests. 

(3) What is the price of eggs per dozen when 2 more in 
a shilling's worth lowers the price 1 penny per dozen? 

Let t= number of eggs for a shilling. 

Then Ξ = cost of 1 egg in shillings, 


and 


2 = cost of 1 dozen in shillings. 


Bat if z 2 number of eggs for a shilling, 
12 
* ＋ 
^ = = J5 = i (1 penny being yy of a shilling). 
The solution of which gives z= 16, or — 18. 
And, if 16 eggs cost a shilling, 1 dozen will cost 9 pence. 


Therefore, the price of the eggs is 9 pence per dozen. 


“Se cost of 1 dozen in shillings. 
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If the problem is changed so as to read: What is the 
price of eggs per dozen when two /ess in a shilling's worth 
raises the price 1 penny per dozen? the equation will be 


122 21 


The solution of which gives æ = 18, or — 16. : j 
Hence, the number 18, which had a negative sign and was inappli- 
cable in the original problem, is here the true result. 


Exercise 100. N 


1. The sum of the squares of two consecutive integers is 
761. Find the numbers. 


2. The sum of the squares of two consecutive numbers ex- 
ceeds the product of the numbers by 13. Find the numbers. 


3. The square of the sum of two consecutive even kr 
bers exceeds the sum of their squares by 336. Find t 
numbers. 


4. Twice the product of two consecutive numbers ex 
ceeds the sum of the numbers by 49. Find the numbers. 


5. The sum of the squares of three consecutive numbers 


is 110. Find the numbers. 


6. The difference of the cubes of two successive odd 
numbers is 602. Find the numbers. 


7. The length of a rectangular field exceeds its breadth 
by 2 rods. If the length and breadth of the field were 
~ each increased by 4 rods, the area would be 80 square 

Find the dimensions of the field. 


The area of a square may be doubled by increasing 
by 10 feet and its breadth by 3 feet. Determine 


QUADRATIC EQUATIONS. 


9. A grass plot 12 yards long and 9 yards wide has a 
path around it. The area of the path is 4 of the area of the 
plot. Find the width of the path. 


10. The perimeter of a rectangular field is 60 rods. Its 
area is 200 square rods. Find its dimensions. 


11. The length of a rectangular plot is 10 rods more 
than twice its width, and the length of a diagonal of the 
plot is 25 rods. What are the dimensions of the field? 


12. The denominator of a certain fraction exceeds the 
numerator by 3. If both numerator and denominator be 
increased by 4, the fraction will be increased by 3. Deter- 
mine the fraction. 


13. The numerator of a fraction exceeds twice the de- 
nominator by 1. If the numerator be decreased by 3, and 
the denominator increased by 3, the resulting fraction will 
be the reciprocal of the given fraction. Find the fraction. 


14. A farmer sold a number of sheep for $120. If he 
had sold 5 less for the same money, he would have received 
$2 more per sheep. How much did he receive per sheep? 

State the problem to which the negative solution applies. 


15. A merchant sold a certain number of yards of silk 
for $40.50. If he had sold 9 yards more for the same 
money, he would have received 75 cents less per yard. 
How many yards did he sell? 


16. A man bought a number of geese for $27. He sold 
all but 2 for $25, thus gaining 25 cents on each goose sold. 
How many geese did he buy ? 


17. A man agrees to do a piece of work for $48. It 
takes him 4 days longer than he expected, and he finds 
that he has earned $1 less per day than he expected. In 
how many days did he expect to do the work? 
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18. Find the price of eggs per dozen when 10 more in 
one dollar's worth lowers the price 4 cents a dozen. 


19. A man sold a horse for $171, and gained as many 
per cent on the sale as the horse cost dollars. How much 
did the horse cost ? 


20. A drover bought a certain number of sheep for $160. 
He kept 4, and sold the remainder for $10.60 per head, and 
made on his investment ἃ as many per cent as he paid dollars 
for each sheep bought. How many sheep did he buy? 


21. Two pipes running together can fill a cistern in 5j 
hours. The larger pipe will fill the cistern in 4 hours less 
time than the smaller. How long will it take each pipe 
running alone to fill the cistern? 


22. A and B can do a piece of work together in 18 days, 
and it takes B 15 days longer to do it alone than it does A. 
In how many days can each do it alone? 


23. A boat's crew row 4 miles down a river and back 
again in l hour and 30 minutes. Their rate in still water 
is 2 miles an hour faster than twice the rate of the current. 
Find the rate of the crew and the rate of the current. 


24. A number is formed by two digits. The units’ digit 
is 2 more than the square of half the tens’ digit, and if 18 
be added to the number, the order of the digits will be 
reversed. Find the number. 


25. A circular grass plot is surrounded by a path of 8 
uniform width of 8 feet. The area of the path is j the area 
of the plot. Find the radius of the plot. 


26. Ifa carriage wheel 11 feet round took 3 of a sec 
less to revolve, the rate of the carriage would be 5 miles 


-. more per hour. At what rate is the carriage travelling? 


CHAPTER XIX. 


SIMULTANEOUS QUADRATIC EQUATIONS. 


293, Quadratic equations involving two unknown num- 


bers require different methods for their solution, according 
to the form of the equations, 


Case I. 


294, When from one of the equations the value of one of the 
unknown numbers can be found in terms of the other, and this 
value substituted in the other equation. 


Ex. Solve: E ovy (1) 


£—3-—2 Qe 
Transpose z in (2), 
In (1) put z — 2 for y. 
323—22(2 —2) — 5, 
The solution of which gives z — 1, or z — — 5. 
If z-1 
-1-2--1; 
and if pent 
y-—5—2-—7. 
of values, 


9 2. 


We have therefore the pairs 


ME iat equations are both satisfied by either pair of values. 
9 values z= 1, =~ 7, will not satisfy th tions; nor will 
the values 5 51 not satisfy the equatio 

The Student must be carefu 
the corresponding value of y. 


l to join to each value of z 
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Case II. 


295. When the left side of each of the two equations is 

homogeneous and of the second degree. 
Solve: „ () 

y—2=16 2) 


Let y = vz, and substitute vz for y in both equations. 


From (1), 2v%s? — Avr? + 32? 17. 
à τς 
ἘΝ 2v 4 ＋ 3 
From (2), viz? — 16. 
: 16 
ὧν αν 2T 
Equate the values of αὖ, 17 i 


277 — 1 3 v-—l 
32v! — 64v + 48 = 17v! — 17, 
15v! — 64 v = — 65, 
225v! — 980v = — 975, 
225v! — ( ) + (32)? = 49, 


15» —32-2 & 7. 
à v-$ or 5. 

5 -13 

If =y If v δ 
youn UR d 

Substitute in (2), Substitute in (2), 
1692? 

Ba a= 16, 795. — at = 16, 

22 --θ, 2-2, 

α-- 43, 45 

yn 9225, z 3 

132 13 


— ae 


ne 


ER 
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Case III. 


296. When the two equations are symmetrical with respect to 
xand y; that is, when x and y are similarly involved. 

Thus, the expressions 
22--82*y +2 , 2ay—38x—8y+1, 2f—38ey—32y7'+y, 
are symmetric al expressions. In this case the general rule 


is to combine the equations in such a manner as to remove 
the highest powers of z and y. 


Solve: * 4- % = 887) (1) 
j (2) 


fae Bt Sig 


To remove z* and γ΄, raise (2) to the fourth power, 


*. . 4% +627? +4ey+ yt= 2401 
Add (), 4 + * 337 


22% + 4% + 62*y? + Any? + 2γ'-- 2138 
Divide by 2, z* + 2 32! p2zy B y= 1369. 
Extract the square root, ** + αγ +y? = 37. (8) 
Subtract (8) from (5, zy = 12 or 86. 
We now have to solve the two pairs of equations, 


z+y= T; z+y= 7 


zy = 12 zy = 865” 
From the first, 1-4, ο 5-9 E 
y-3) y=4 
From the second, „ 
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297. The preceding cases are general methods for the 
solution of equations which belong to the kinds referred to; 
oftén, however, in the solution of these and other kinds of 
simultaneous equations involving quadraties, à little inge- 
nuity will suggest some step by which the roots may be 
found more easily than by the general method. 


(1) Solve: 2 Ὁ 
. ry = 800 (3 
Square (1), z42zxy4y'- 1600. (8) 
Multiply (2) by 4, 4ay = 1200. 9 
Subtract (4) from (3), 
2 — 2% + y! = 400. 6) 
Extract root of each side, z — y = + 20. (6) 
From (1) and (6), 22301. or 101. 
y=10 ' y=30 
1-1 9 (1) 
2) Solve: =+-=— 
(2) Solve * -+ „ 30 
lI 1.— 
* y 400 
i xc DH © 
Square (1), 25 * pe + y 400 
2 40 ( 
Subtract (2) from (3), 2 400 
Subtract (4) from (2), F 
p- 3.1 54. 
2 zy y! 400 
ir μα. 6 
Extract the root, T a + 20 
From (1) and (5), ani οἱ LA 
y-5) yr 


— À ee ΕΝ 


P4 
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(3) Solve: z—y= 4] (1) 
α3 Ly! 40 (2) 
Square (1), 2! — 2zy + y? — 16. (3) 
Subtract (2) from (3) — 2 = —24. (4) 


Subtract (4) from (2), 
αἳ «29 + y! = 04. 


Extract the root, e+y=+8. (6) 
From (1) and (5), dei op te Ft, 
y= 2 y=- 65 s 

(4) Solve: +y = 9] ὶ ϐ) 

x +y = 7 (2) 
Divide (1) by (2), 2 — ay +y? = 13, @) 
Square (2), a? ＋ 2% + y! = 49. (4) 
Subtract (3) from (4), Say = 36, 
Divide by —3, — ay — — 12. 0) 


Add (5) and (3), 2 — 2ay y:— 1. 


Extract the root, e—y=+1, e 
From (2) and (6), απ ot BP 
y=3)' y-4 
(5) Solve: zy = 182y 0 
Divide (1) by(2, 4 —ay +y’ = 25 . 
. Square (3), * + 2% + y? = 14. " 
Subtract (4) from (3), — Say = — Um 
: Which gives ay = 93. 
We now have, 1 12 
xy = 32 


Solving, we find, ων , 
yet) ye 
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Exercise 101. 
1. Sn 3. ΓΗ δ. 272 
zy — 10 zy-——8 æ ＋ 57 = 80 
a Et 4. „ 6. z +y = e 
zy = 27 zy—1l z-Ly-29 
7. 2—9 — E 18. E 
zy 45 8α--ψ--8 
8. α +2y = 3 1,1 
+ y!'—-10 av = 
9. A aed 12 
a! —y' —16) * 
10. y —3z-F1 } 90. PU ἕο. 
* + αγ = 88 E 
11. δα 497 =10} l 30 
3 —4y-— 8 y 
12 porem OLET VIS 
zy =6 uy, 
13. 22 —3y =2 } 9γ--6 
æ — 2 -- ---Ἱ 
iii » ite 
14. 22 —3y = ο ο 
4 y 
15. 5 
ο ον 23. 245-4 
16. 3 E OW. 
24 37 7 zy —16 
17. E 24. et ear} 
* — 7 =] z+y= 5 


Boy" 
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pv 37. z'- zy y! —89 } 
1 θα] + 8zy +y? = 63 
* +y = 5 zy ＋ 27 — 40 
a p 39. 25 10 
1 4708 AR 
. 27 
pu 40. * ＋ 27 ＋2˙ 44 
22 327216 
1 y 126 } 
α-αγ-γ'--9ι 41. 239-8) 
: 2 — = 56 | 4zy +y = 33 
ΓΠν- a2. 822+ T2y — 82 } 
ο 85 2 ＋ 52 L 97 — 219 
5 
5 43. err 
27 12 αν π- 
p 44. z*4- 2 
y 5 2 
1 45. ΚΡ 
y α 18 2 
/ at 46. αν ο 
47 ＋ y= 40 spy t 
E 4T py e m 
Ty — eo ft = ay 
2ay + 4y! = 190 zy = 
Moa ΤΙ 49. ei- b 


52. 


54. 


55. 


56. 


57. 
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: tH 4 


z +y =24 


cp tum s) 


a* J- ay? y —21 
ROGER 


z—y zy 8 


ο dee gel 
zy +16=0 


a y! = 272 
* ＋ -—3zy—4 


; ial ed 


z ＋ =22y—1 


61. 


62. 


63. 


67. 


68. 


70. 


4 bt 
PE e. 


5 

2 —y =a 
κ. 

PER La 

a,b 
„ 

y b + ay 

. ay „ 
αγ--α"-- δ᾽ 


zy—1 
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Exercise 102. 


1. The area of a rectangle is 60 square feet, and its 
perimeter is 34 feet. Find the length and breadth of the 
rectangle. 


2. The area of a rectangle is 108 square feet. If the 
length and breadth of the rectangle are each increased by 
8 feet, the area will be 180 square feet. Find the length 
and breadth of the rectangle. 


3. If the length and breadth of a rectangular plot are 
each increased by 10 feet, the area will be increased by 400 
square feet. But if the length and breadth are each dimin- 
ished by 5 feet, the area will be 75 square feet. Find the 
length and breadth of the plot. 


4. The area of a rectangle is 168 square feet, and Gie 
length of its diagonal is 25 feet. Find the length and 
breadth of the rectangle. 


5. The diagonal of a rectangle is 25 inches. If the 
rectangle were 4 inches shorter and 8 inches wider, the 
diagonal would still be 25 inches. Find the area of 
the rectangle. 


6. A rectangular field, containing 180 square rods, is 
surrounded by a road 1 rod wide. The area of the road 
18 58 square rods. Find the dimensions of the field. 


7. Two square gardens have @ total surface of 2187 
Square yards. A rectangular piece of land whose dimen- 
Sons are respectively equal to the sides of the two squares, 
802 have 1093 square yards less than the two gardens 
United. What are the sides of the two squares? 


f αὐ The sum of two numbers is 22, and the difference 
9 their squares is 44. Find the numbers. 
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9. The difference of two numbers is 6, and their 
product exceeds their sum by 39. Find the numbers. 


10. The sum of two numbers is equal to the difference 
of their squares, and the product of the numbers exceeds 
twice their sum by 2. Find the numbers. 


11. The sum of two numbers is 20, and the sum of their 
cubes is 2060. Find the numbers. j 


12. The difference of two numbers is 5, and the differ- 
ence of their cubes exceeds the difference of their squares 
by 1290. Find the numbers. 


13. A number is formed of two digits. The sum of the 
squares of the digits is 58. If twelve times the units’ 
digit be subtracted from the number, the order of the 
digits will be reversed. Find the number. 


14. A number is formed of three digits, the third digit 
being twice the sum of the other two. The first digit plus 
the product of the other two digits is 25. If 180 be added 
to the number, the order of the first and second digits will 
be reversed. Find the number. 


15. There are two numbers formed of the same two 
digits in reverse orders. The sum of the numbers is 33 
times the difference of the two digits, and the difference of 
the squares of the numbers is 4752. Find the numbers. 


16. The sum of the numerator and denominator of a cer- 
tain fraction is 5; and if the numerator and denominator 
be each increased by 3, the value of the fraction will be 
increased by 4. Find the fraction. 

17. The fore wheel of a carriage turns in a mile 132 
times more than the hind wheel; but if the circumferences 
were each increased by 2 feet, it would turn only 88 times 
more. Find the circumference of each. 


CHAPTER XX. 
PROPERTIES OF QUADRATICS. 


298. Every affected quadratic can be reduced to the form 
ax’ + bz -+e — 0, of which the two roots are 


e nd 2 Ve Fae ga 
2a 2a 2a 2a 


CHARACTER OF THE ROOTS. 


299, As regards the character of the two roots, there are 
three cases to be distinguished. 


I, If b. 4ao is positive and not zero. In this case the 
Toots are rea] and unequal. The roots are real, since the 
Square root of a positive number can be found exactly or 
approximately. If j'— 4ac is a perfect square, the roots 
are rational; if 5: — 4ac is not a perfect square, the roots 
are surds. 


The roots are unequal, since Vb” Aae is not zero. 
IL If b. 44ο is zero, In this case the two roots are 


real and equal, since they both become 2 — 


— 


; πι. It b’—4ao is negative, In this case the roots are 
: J'nary, since they both involve the square root of a 
negative number. 

9 two imaginary roots of a quadratic cannot be equal, 


Since 2! —466 is not zero. They have, however, the same 
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real part, m and the same imaginary parts, but with 
40 


opposite signs; such expressions are called conjugate im- 
aginaries The expression 5˙ 4ac is called the disoriminant 
of the expression απ] + bx 4- c. 


800. The above cases may also be distinguished as follows: 


Case I. 5 4e 7 0, roots real and unequal. 
Case II. ὁ]-- 4ας-- 0, roots real and equal. 
Case ΠΠ. 2* — 4ac — 0, roots imaginary. 


801. By calculating the value of 5 — 4αο we can deter- 
mine the character of the roots of a given equation without 
solving the equation. 


(1) 213—5z--6—0. 


Here 4 = 1, b=—5, c=6. 
δ} 44 = 25 2A = 1. 


The roots are real and unequal, and rational, 


(2) 82°+7x—1=0. 
Here a= 3, b=7, c- —1. 
b? — 4ac = 49 + 12 = 61. 
The roots are real and unequal, and are both surds. 


(3) 42?— 122-9 — 0. 


Here α--4, b—-—12, c—9. 
B—4ac = 144 — 144 = 0. 


The roots are real and equal. 


(4) 222 34 4-4 — 0. 


Here a=2, ὃ -- —3, c—4. 
b — 4ac =9 — 32 = — 23. 
The roots are both imaginary. 
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(5) Find the values of m for which the following equa- 
lion has its two roots equal : 
2ma? + (ὅτι + 2)z 4- (4m -- 1) — 0. 
Here a=2m, b=5m+2, c=4m+1. 
Tf the roots are to be equal, we must have 
52 — 4 de - 0, or (5m 4 25 — 8m(&m ＋ 1) - 0 
This gives m-2, or — 3 
7 
For these values of m the equation becomes 


4α3 4-192 4-9 — 0, and 42?— 4 11 0, 


rdum acf itd 


itt dnt 


each of which has its roots equal. 


Exercise 103. 


Determine without solving the character of the roots of 
each of the following equations : 


1. * δα --6-- 0, 6 

2. 4 422 —15 — 0. 7 

3. ο’ 2 4 3 0. 8. 2 45 0. 
4. δα’ ＋ 7 T 20. 9. 62 E77 0. 
5. θα . 62 J 10. 10. 5 80. 


62 74 5Ξ-0. 


52 5 30. 


Determine the values of m for which the two roots of 
each of the following equations are equal : 


n. (m 4-1)2* -- (m — 1)z 4- m 4-1 —0. 
12. (2m g) mz 4- m — 1 — 0. 

13. 2m -z2--Az-E2mz-- 2m —4—0. 
14. 2ma!--3mz = 6 32 2m 
15. mz!--9z—10—8mz = 2 ＋ 2m. 


290 SCHOOL ALGEBRA. 


RELATIONS oF Roots AND COEFFICIENTS. 


302. Consider the equation 2° — 10z + 24 — 0. Resolve 
into factors, (x — 6)(z — 4) —O0. The two values of z are 
6 and 4; their sum is 10, the coefficient of z with its sign 
changed; their product is 24, the third term. 


808, In general, representing the roots of the quadratic 
pager: απ] b Ee = O by τι and r, we have (5 285), 


_ b Aae 
B 24 2a ᾿ 
7. 3 
: 2a 2a 


Adding τι τις : 


multiplying, TT = <. 
If we divide the equation az? + bz + e =0 through by 
a, we have the equation 2* a +5 =0; this may be 


σ 


written z!-Fpr-4-q-—0 where p-L Q5 


It appears, then, that if any quadratic equation be made 
to assume the form 2* + pz + 9 — 0, the following relations 
hold between the coefficients and roots of the equation : 


(1) The sum of the two roots is equal to the coefficient 
of z with its sign changed. 


(2) The product of the two roots is equal to the constant 
term. 
Thus, the sum of the two roots of the equation 


z—'"z48-—0 
is 7, and the product of the roots 8. 
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904, Resolution into Factors. By ἃ 303, if τι and 7, are 
the roots of the equation «*-+-pr+q=0, the equation 
may be written 

z!— (vi T r) +H mnn = 0. 


The left member is the product of z — 7 and z — Τε, 80 
that the equation may be also written 


(a — r)(z — 7) = 0. 

It appears, then, that the factors of the quadratic expres- 
sion * pg are z— r and z — Ts where 7; and 7, are 
the roots of the quadratic equation a* - pz t q — 0. ; 

The factors are real and different, real and alike, or 
imaginary, according as 71 and 7, are real and unequal, 
real and equal, or imaginary. 

If 7, — n, the equation becomes (z—n)z— ri) 0, or 
(z— y = O; if, then, the two roots of a quadratic equa- 
tion are equal, the left member, when all the terms are 
transposed to that member, will be a perfect square as 
regards z. 


305. If the equation is in the form az! bre —0, the 
left member may be written 


2 b [i 2 
a (« + 2E :) 
a(x — τι) (z . 


; : iven, we 
906, If the roots of a quadratic equation are given, 
can readily form the equation. 


Ex. Form the equation of which the roots are 3 and 2 


The equation is (z —3) (= n 3) =O, 


g 6 — 3) (22 +5) =0, 


$ 22 215 0. 
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307. Any quadratic expression may be resolved into 
factors by putting the expression equal to zero, and solving 
the equation thus formed. 


(1) Resolve into two factors & — 5 + 3. 


Write the equation 
z!'—5z43-0. 


Solve this equation, and the roots are found to be 
54 VIZ ud Ux ΜΊ3 
εφ 2 


Therefore, the factors of a? — δα + 3 are 
5— V13 


,.5: YN and 2— — 


(2) Resolve into factors 82! — 4z 4- 5. 


Write the equation 
322—424 5-0. 


Solve this equation, and the roots are found to be 
2+ v= II and 2— v—11l 


Therefore, the expression 32? — 4α 5 may be written (2 305), 
3 6 2 v= —̃ 22D) 
3 3 


Exercise 104. 

Form the equations of which the roots are 
$57: δ. 5. 1 — 14. 9. 34 V2,8— V2 
2. 5-8 € 1, H. 0. 14 ντι ντ 
3. 1 — 2. 7. 18, — 44. 11. a,a— 5. 
4. 4, 2. 8 = 11 12. a+b, α-- b: 

Resolve into factors, real or imaginary: 

19. 122+ z— 1. 16. 2—22+8. 
17. 2. 


14. 321 14 — 24. 
15. 2 — 2 2. 


18. 2—2zT9. 


CHAPTER XXI. 


m 


RATIO, PROPORTION, AND VARIATION. 


908, Ratio of Numbers. The relative magnitude of two 
numbers is called their ratio when expressed by the indi- 
cated quotient of the first by the second. Thus the ratio 


of a to b is 7 or a+b, or a : b. 


The first term of a ratio is called the antecedent, and the 
second term the consequent, When the antecedent is equal 
to the consequent, the ratio is called a ratio of equality; 
when the antecedent is greater than the consequent, the 
ratio is called a ratio of greater inequality; when less, a ratio 
of less inequality, 

When the antecedent and consequent are interchanged, 
= resulting ratio is called the inverse of the given ratio. 
Thus, the ratio 3:6 is the inverse of the ratio 6:3. 


309, A ratio will not be altered if both its terms are 
multiplied by the same number. For the ratio a:b is 


ma 
represented by A the ratio ma : mb is represented by nb 


a 1 ma a 
nd since , we have ma: mb a: b. 
mb 5 


910. A ratio will be altered if different multipliers of its 
terms are taken; and will be increased or diminished accord- 
Ing as the multiplier of the antecedent is greater than or 
ess than that of the consequent. Thus, 


—— 


1: 
d 
Bu 
14 
f 
He 
4 
$ 


—— 


πα ον 


| 
$i 
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If mn, E mn, 
then ma & na, then ma « na, 
d ma. na, ma na; 
an ue and b 
but τα ΞΕ nao ασ 
T 25 5 x: EE 
πια. a ma a 
πας δ᾽ nh E 
or ma: nb db. or ma: nb Cd: b. 


311. Ratios are compounded by taking the product of the 
fractions that represent them. Thus, the ratio compounded 
of a:b and e: d is ac: bd. 

The ratio compounded of a:b and a:b is the duplicate 
ratio αἲ : δ᾽; the ratio compounded of a: b, a:b, and a:b is 
the triplicate ratio q: δ᾽; and so on. 


312. Ratios are compared by comparing the fractions 
that represent them. 


Thus, a:b> or <e:d, 
according as 27 or < 2 
ad be 
as ba or Sza 
as ad & or < be. 


313. Proportion of Numbers. Four numbers, a, 5, c, d, are 
said to be in proportion when the ratio G: b is equal to the 
ratio ο: d. 

We then write a:b — c:d, and read this, the ratio of a to 
b equals the ratio of ο to d, or a is to b as o is to & 

A proportion is also written a:5::e: 

The 8 a, b, e, d, are called proportionals; d 


and d are called the extremes, 5 and c the means. 
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814 When four numbers are in proportion, the product 
of the extremes is equal to the product of the means. 


For, if a:b=c:d, 
th 2 
en pes 


Multiplying by bd, ^ ad = bc. 


The equation ad — bc gives a=}, b=, so that an 


extreme may be found by dividing the product of the 
means by the other extreme; and a mean may be found by 
dividing the product of the extremes by the other mean. 

three terms of a proportion are given, it appears from 


the above that the fourth term has one value, and but one 
value, 


815. If the product of two numbers is equal to the prod- 


uct of two others, either two may be made the extremes of 


* proportion and the other two the means. 


For, if ad — be, 
then, dividing by bd. ad — be 


or 


816, of a Proportion, If four numbers, a, 
e, d, are in proportion, they will be in proportion by : 

L Inversion; that is, ὁ will be to a as d is to c. 
Por, if 


5 
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and 15214 
or b d 
a ο 
b:a-d:c. 
IL Oomposition; that is, a--5 will be to b as d isto d. 
For, if a: B o: d, 
then 2737 
d 24 1 
Ἡ an 571 qth 
144 a+b_c+d 
ἱ ΟΥ : 8 
li „„ a LED:) rd: d 
di III. Division; that is, a — b will be to ö as c — d is to d. 
4 For, if a:b=ce:d, 
T then 2-5 
2 | " 
in and Ίαν 
| a—b_e—d 
d UR LUN 
a—b:b-c—d:d. 


IV. Composition and Division 
a —b as d is to c d. 


ab cd 

For, from II., er 
a—b_e—d 

and from III., 3 
EE a+b_c+d 
. gob end 


RATIO AND PROPORTION. 
V. Alternation; that is, a will be to c as ὁ is to d. 
For, if 
then 
b 


Multiplying by £, 
c 


or 


. 9IT. Tn a series of equal ratios, 
18 to the sum of the consequents 


consequent, 


the sum of the antecedents 
as any antecedent is to its 


> atetetg=(b+d+f+h)r. 
A Tete. g --ᾳ 
btd Ty 


l 8 en ae a 
In like manner it may be shown that 


πια πο pe gg : mb--nd--pf-- qR—a : b. 


318, PM ree Numbers are said to be in 

; on when the first is to the second as the 
TM 18 to the third, and so on. Thus, a, b, c, d, are in 
continued Proportion when 


= 


ὃς 
ο 


a e 
b d 
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819. If a, b, c are proportionals, so that a:6=6:¢, then 
b is called a mean proportional between a and c, and ¢ is 
called a third proportional to a and 5. 


If &:b —b:c, then b= Vac. 
For, if a:b=b:e, 
a b 
then 3 
and δ᾽ — ac. 
. ö — Vac. 


320. The produets of the corresponding terms of two or 
more proportions are in proportion. 


For, if a:b=e:d, 

e: g: l, 

*: I m: n, 
t . 
= $24) AL. 


Taking the product of the left members, and also of the 
right members of these equations, 


aek _ ogm, 
bfl dhn 
`. aek : bfl cm: dhn. 


321. Like powers, or like roots, of the terms of a propor- 
tion are in proportion, 


For, if a:b=e:d, 
a c 
then IY 
Raising both sides to the nth power, 
qu ο 
b = 
α": =e: d. 


: a 
Extracting the nth root, == 
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5 
- ο Ut mms 


1 
^ 


p 


e 


1 
d" 


1 


d". 
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322, The laws that have been established for ratios 


should be remembered when ratios are expressed in frac- 


tional form. 


(1) Solve: 


e+taotl 2 
S—r—1 α--α-- 2 
By composition and division 
22! 3 22 
2(2+1) —2(z—2) 


This equation is satisfied when z= 0. 


we may divide by z*. 


We then have 


and therefore 


(2) If a: e: d, show that 


If 


then 


and 


that is 


or 


αἱ + ab: ὁ" — ab 


P" 

b 
arb. 

a—b 
— 

—5 

a a+b 
me ta dh 
a? + ab _ 

b — ab 
a! + αὖ: b’ -- ab 


ο} ed: d ed. 


For any other value of z, 
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(8) If a:b ed, and a is the greatest term, show that 
a+ d is greater than b + c. 


Since = = and a >o, 0) 
the denominator 5 d. 

From (I), by division, £— baad 2) 

b d 

Since b>d, 
from (2), a—b>c-d. 

Now, b+d=b+d, 

Adding, a+d>b+t+e. 


323. Ratio of Quantities. To measure a quantity of any 
kind is to find out how many times it contains another 
known quantity of the same kind, called the unit of measure. 
Thus, if a line contains 5 times the linear unit of measure, 
one yard, the length of the line is 5 yards. 


824, Commensurable Quantities. If two quantities of the 
same kind are so related that a unit of measure can be 
found which is contained in each of the quantities an in- 
tegral number of times, this unit of measure is a common 
measure of the two quantities, and the two quantities are 
said to be commensurable, 

If two commensurable quantities are measured by the 
same unit, their ratio is simply the ratio of the two numbers 
by which the quantities are expressed. Thus, } of a foot is 
a common measure of 21 feet and 33 feet, being contained 
in the first 15 times and in the second 22 times. 

The ratio of 21 feet to 33 feet is therefore the ratio of 
15: 22. 


Evidently two quantities different in kind can have no 
ratio. 


RATIO AND PROPORTION. 301 


925. Incommensurable Quantities. The ratio of two quan- 
tities of the same kind cannot always be expressed by the 
ratio of two whole numbers. Thus, the side and diagonal 
of a square have no common measure; for, if the side is a 
inches long, the diagonal will be αν inches long, and no 
measure can be found which will be contained in each an 
integral number of times. 

Again, the diameter and circumference of a circle 
have no common measure, and are therefore incommen- 
surable. 
mmon measure of the two 


In this case, as there is no co 
ratio by the method of 


quantities, we cannot find their 
ς 290 T t 3 
$324. We therefore proceed as follows: 


Suppose a and 5 to be two incommensurable quantities 


of the same kind. Divide b into any integral number (n) 
of equal parts, and suppose one of these parts is contained in 
a more than m times and less than m T 1 times. Then the 


ratio 2, but «ΕΙ. that is, the value of 7 lies 


n n 
m " 1 
between 2 and l 
"n n 


The error, therefore, in taking either of these values for 
RP Tu : - definitely, 5 can 
- is less than = But by increasing n indefinitety, £ 
b "i J 9 n 

be made to decrease indefinitely, and to become less than 
any assigned value, however small, though it cannot be 


made absolutely equal to zero. 
Hence, the ratio of two incommensural 


not be expressed exactly in figures, but it may 
e of accuracy. 
f a square, and a the 


le quantities can- 
be ex pressed 


approximately to any desired degre 
Thus, if 5 represent the side o 
diagonal, 


— 


pvp 


a mi AMA 


1 
τ 
I 
:| 
li 
{| 
1 
147 


re 
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Now V2 = 1.41421356....., a value greater than 1.414218, 
but less than 1.414214. 

If, then, a millionth part of b is taken as the unit, the 
1414213 2nd 1414214 
1000000 1000000' 
and therefore differs from either of these fractions by less 


than 


value of the ratio z lies between 


1 
1000000 
By carrying the decimal farther, a fraction may be found 
that will differ from the true value of the ratio by less than 
a billionth, a trillionth, or any other assigned value what- 
ever. 


826. The ratio of two incommensurable quantities is an 
incommensurable ratio, and is a fixed value toward which 
its successive approximate values constantly tend as the 
error is made less and less. 


327. Proportion of Quantities. In order for four quanti- 
ties, A, B, C, D, to be in proportion, A and B must be of 
the same kind, and C and D of the same kind (but Cand 
D need not necessarily be of the same kind as A and B), 
and in addition the ratio of A to B must be equal to the 
ratio of C to D. 

If this is true, we have the proportion 

A: B=C: D. 
When four quantities are in proportion, the numbers by 


which they are expressed are four abstract numbers in 
proportion. 


328. The laws of $316, which apply to proportion of 
numbers, apply also to proportion of quantities, except that 
alternation will apply only when the four quantities in 
proportion are all of the same kind. 
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Exercise 105. 


1. Find the duplicate of the ratio 3: 4. 
2. Find the ratio compounded of the ratios 2: 
6:7,14:8. 


Find a third proportional to 21 and 28. 


8. 8:4, 


and 42. 


3 

4. Find a mean proportional between 6 and 24. 
5. Find a fourth proportional to 8, 5, 

6. Find x if 5 Cr: 11325. 


7. Find the number which must be added to both the 
terms of the ratio 3:5 in order that the resulting ratio 


may be equal to the ratio 15 : 16. 
If a:b o: d, show that 
8. ac: bd — G: di. 10. 4 — δ᾽ 
9. ab:cd =. 11. 9a--b:2c ἆ-- bid. 
19. 5a—b:5e—d=a:e. 
13. a—85:a--35—c—8d:ct 9d. 
14. * - αὖ --- : a Lab Pod od dà edd 


e- H 


Find z in the proportion 
15. 45: 68 90:2 1. «:1ἑ-Μ:14 
16. 6:3 7. 18. 3.2212 
19. Find two numbers in the ratio 2: 3, the sum of whose 
squares is 325. 

20. Find two numbers in the ratio 5:3, 
of whose squares is 400. 

21. Find three numbers whi 
2:8:5, such that half the sum 0 
exceeds the other by 25. 


the difference 


ch are to each other as 
f the greatest and least 


οφ... s 


——— egomet eae aet n 


— 
————— — 4 
— —æ — a E r aaa 
star aA Si o * — M — 


— 
—5— — 


ο Ἕνοςα 
— 


— ss 


—— vem t 


d 
] 
i 
ἥ 
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22. Findrif6r—a:4z—b5-83z-r5:2z--a. 
23. Find z and y from the proportions 

*: % t : 42; r:y=a—y:6. 
24. Find z and y from the proportions 

2z--y:y : 2/ & 

21 1: 22 ＋ 6 = 5 +2. 


a+b+e+d_a—b+c—d hos that Case 
Bu wd acibewerpztt ep; 
VARIATION. 


829, A quantity which in any particular problem has a 
fixed value is called a constant quantity, or simply a constant ; 
a quantity which may change its value is called a variable 
quantity, or simply a variable. 

Variable numbers, like unknown numbers, are generally 
represented by z, y, z, etc. ; constant numbers, like known 
numbers, by a, b, c, etc. 


330. Two variables may be so related that when a value 
of one is given, the corresponding value of the other can be 
found. In this case one variable is said to be a function 
of the other; that is, one variable depends upon the other 
for its value. "Thus, if the rate at which a man walks is 
known, the distance he walks can be found when the time 
is given ; the distance is in this case a function of the time. 


981. There is an unlimited number of ways in which 
two variables may be related. We shall consider in this 
chapter only a few of these ways. 


932. When z and y are so related that their ratio is 
constant, y is said to vary as æ; this is abbreviated thus: 


305 


VARIATION. 


p The sign cc, called the sign of variation, is read 

E es as. Thus, the area of a triangle with a given 

base varies as its altitude; for, if the altitude is changed 

in any ratio, the area will be changed in the same ratio. 
In this case, if we represent the constant ratio by ΤΊ, 


y 
: = m, or mn Symm. 


. . ! i 
Again, if /, 2 and y", z" be two sets of corresponding 
values of y and z, then 


„„ § 316, V. 


or y':y T T. 


933, When x and y are so related that the ratio of y to 
is constant, y is said to vary inversely as 2} this is written 


1 i ; 
— Thus, the time required to do a certain amount of 


r of workmen employed : 
doubled, halved, or 
| be 


τ varies inversely as the numbe 
or, if the number of workmen be 
changed in any other ratio, the time required wil 
halved, doubled, or changed in the inverse ratio. 
f 1 m i 
In this case, /: m; .. | ᾱ» and zy =m; = 
th we : 
e product zy is constant. 
As before y I = 
, y AST ] y N. 
x T 
aly! — ally", 
or, y: y" = gt : al. § 315 
334. If the ratio of y: 42 is constant, then y 15 said to 
vary jointly as x and z. 


In this case, y= mzz, 


and y y! at 1 


— 
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935. If the ratio y: is constant, then y varies directly 
2 


as z and inversely as z. 


In this case, y=, 
z 
, n ! z" 

and EFV 

336. Theorems. 

I. If yeu, and z « z, then y cc z. 

For y=me and s= nz. 

S Y = mnz; 


-. y varies as 2. 
IL If y c z, and zocz, then (y 2- 2) oc z. 
For A mæ and z — nz. 
e στ (mne; 
./ E Varies as x. 
HL If yo when z is constant, and yz when 2 is 
constant, then y cc zz when z and z are both variable. 
Let 2’, /, 2, and z", y", z" be two sets of corresponding 
values of the variables. 
Let z change from 2 to x”, z remaining constant, and let 
the corresponding value of y be Y. 


Then : TSA: 2", 4) 
Now let z change from 2’ to 2", z remaining constant. 
Then F. 5 2: ον, (2) 
From (1) and (2), 
y'Y:y"Y — z'z : z"z", $ 320 
or y % alt: alg", 
or y «αὐ = zun iat, $ 316, V. 


the ratio H is constant, and y varies as zz. 
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In like manner it may be shown that if y varies as each 
of any number of quantities 2, 2, u, etc., when the rest are 
unchanged, then when the y all change, y «c zzu, ei 
the area of a rectangle varies as the base when th 
is constant, and as the altitude when the bs ase js constant, 


but as the product of the base and altitude when both vary. 


337. Examples. 


(1) If y varies inversely as z, 
responding value of v is 36, find the corresponc in 


and when y 


of z when y — 9. 
m 


Here y =, or m. 
+ m=2X36= 72 


If 9 and 72 be substituted for y and m respectively in 


m 
y z 

the result is 9 = or 92 = 72. 
T 


„ 4 = 8. Ans. 


(2) The weight of a sphere ! of given m aterial varies as 
its volume, and its volume varies 88 the cube of its diam- 
inches in diameter weighs 20 pounds, 


eter. If a sphere 4 
5 inches in diameter. 


find the weight of a sphere 
Let W represent the weight, 
V — the volume, 
D represent the diameter. 
Then Wee Vand Va D. 
e D. à 336, I 
Pat W-mD; 


then, since 20 and 4 are Bata 
20 = m x 64. 


T 


g values of W and D, 


N 
„ when D -- 5, W- =, of 125 = 394. 


Ϊ 


—  HÀÁB hd ate 
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Exercise 106. 
1. If æ y, and if y —3 when z= 5, find æ when y is 5. 


2. If W varies inversely as P, and W is 4 when Pis 
15, find W when P is 12. 


3. If zoc y and y œ z, show that zz oc y*. 
4. If σα} and yo x show that z ος z. 
y z 


5. If z varies inversely as y' — 1, and is equal to 24 
when y — 10, find z when y — 5. 


6. If α varies as 1.71, and is equal to 3 when y-1 
2 


and z= 2, show that zyz = 2(y + 2). 


7. If z— y varies inversely as 5r. and x+y varies 
inversely as 18575 find the relation between z and 2 if 


z=1, y=3, when z=}. 


8. The area of a circle varies as the square of its radius, 
and the area of a circle whose radius is 1 foot is 8.1416 


square feet. Find the area of a circle whose radius is 20 
feet. 


9. The volume of a sphere varies as the cube of its 
radius, and the volume of a sphere whose radius is 1 foot 18 


4.188 cubic feet, Find the volume of a sphere whose radius 
is 2 feet. 


10. If a sphere of given material 8 inches in diameter 
Weighs 24 lbs., how much will a sphere of the same material 
weigh if its diameter is 5 inches? 


VARIATION. 


11. The velocity of a falling body varies as the time 
during which it has fallen from rest. If the velocity of a 
falling body at the end of 2 seconds is 64 feet, what is its 
velocity at the end of 8 seconds? 


12. The distance a body falls from rest varies as the 
square of the time it is falling. If a body falls through 144 
feet in 8 seconds, how far will it fall in 5 seconds? 


The volume of a right circular cone varies jointly as 
its height and the square of the radius of its base. 

If the volume of a cone 7 feet high with a base whose 
radius is 8 feet is 66 cubic feet : 

13. Compare the volume of two cones, one of which is 
twice as high as the other, but with one half its diameter. 

14. Find the volume of a cone 9 feet high with a base 
whose radius is 8 feet. 

15. Find the volume of a cone 7 feet high with a base 
whose radius is 4 feet. 

16. Find the volume of a cone 9 feet high with a base 
whose radius is 4 feet. 

17. The volume of a sphere varies as the cube of its 
radius. If the volume is 179} cubic feet when the radius 
is 3} feet, find the volume when the radius is 1 foot 6 
inches, 

18. Find the radius of a sphere whose volume is the sum 
of the volumes of two spheres with radii 3} feet and 6 feet 
respectively. 

19. The distance of the offing at sea varies as the square 
root of the height of the eye above the sea-level, and the 
distance is 8 miles when the height is 6 feet. Find the 
distance when the height is 24 feet. 


i 
ru 
| 


| 
l 
| 
| 


"x - 
P 
— 


— — —Ä—2—ä—ä — i- 
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CHAPTER XXII. 


PROGRESSIONS. 


938. A succession of numbers that proceed according to 
some fixed law is called a series; the successive numbers are 
called the terms of the series. 

A series that ends at some partieular term is a finite series; 
a series that continues without end is an infinite series. 


339. The number of different forms of series is unlimited ; 
in this chapter we shall consider only Arithmetical Series, 
Geometrical Series, and Harmonical Series. 


ARITHMETICAL PROGRESSION. 


940. A series is called an arithmetical series or an arith- 
metical progression when each succeeding term is obtained 
by adding to the preceding term a constant difference. 

The general representative of such a series will be 

a,a+d,a+2d, a+3d......, 
in which a is the first term and d the common difference; 


the series will be increasing or decreasing according as d is 
positive or negative, 


341. The nth Term. Since each succeeding term of the 
series is obtained by adding d to the preceding term, the 
coefficient of d will always be one less than the number of 
the term, so that the nth term is a+(n—1)d. 

If the nth term is represented by 7, we have 

1—a-- (n Id L 
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949. Sum of the Series. If denotes the nth term, a the 
he common difference, 


first term, n the number of terms, d t 
and s the sum of n terms, it is evident that 
s= a (a -d)--(a--2d)4- + (1—d)4- 1 or 
Ι 4(2--d)+(l —2d)+-+@4+O+ ^ 
1 * — — — Ww 7 > = 
| “2s=(a+l)+(at+l)+@4+) +e +(a+l) +(a+/) 
—n(a + 7). 


s= 


— 
— EAM MID IAN 
— P» 


645 IE 
943. From the equations 

l=a+(n—- 1)d, I. 

; ? (a n II. 


any two of the five numbers a, d, l, n, 8, may be found when 


the other three are given. 


— 


(1) Find the sum of ten terms of the series 2, 5 


10. 


Here 4 = 2, d= 3, η 

From I., 1224727 229 j 

Substituting in II., EL (2 + 29) = 155. Ans. 
(2) The first term of an arithmetical series is 3, the last I 

term 31, and the sum of the series 136. Find the series. 
From I., 3123 ＋ (-d. Ὁ 
From II. 36 = ^( e i 
: 136 = 7 (3 + $1). 
From (2), n= 8. In 


Substituting in (1), d - 4. 
The series is 3, 7, 11, 15, 19, 23, 27, 31. 
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(3) How many terms of the series 5, 9, 18, ....., must be 
taken in order that their sum may be 275? 


From I., 1=5 +(n—1)4 
ο. b=4n41, () 
From II., 275 = 56 +). (2) 


Substituting in (2) the value of / found in (I), 
275 = 26 n 4 6), 
or 218 + 3n — 275. 
This is a quadratic with n for the unknown number. 
Complete the square, 
16n? + () +9 = 2209. 
Extract the root, 4n-r3- +47. 


Therefore, n = 11, or — 121. 


We use only the positive result. 


(4) Find n when d, J, s are given. 


From I., a —l— (n — 1)d. 
From II., m 2s— In 

n 
Therefore, l-(n—-1)d- 2s—ln 

n 


Án — dn? + dn — 25 — In, 
ο, dni — (204 d)n 24 
This is a quadratic with n for the unknown number. 
Complete the square, 
4d — () + (22+ d -- (31 + dy — 8 ἂν. 
Extract the root, 
2dn — (214 d) - « VQl+ dy — 8ds. - 


Therefore, n vita vert dy — 8ds 
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(5) Find the series in which the 15th term is — 25 and 
41st term — 41. 


If a is the first term and d the common difference, the 15th term 
is a + 14d, and the 41st term is a + 40d. 


Therefore, a 4 14d — — 25, (1) 
and a 4- 40d — — 41. (2) 
Subtracting, —2d= 16. 
doe 
13 
Substituting in (1), a = — 1665 


Hence, the series is — 1645, — 17, — 175. 
344, The arithmetical mean between two numbers is the 
à number which stands between them, and makes with them 
an arithmetical series. 
If a and b represent two numbers, and A their arithmet- 
ical mean, then a, A, b are in arithmetical progression, and 
by the definition of an arithmetical series, § 340, 


A—acd, 
and ς--.4--ᾱα. 
„ Α--α--ὖ--4Α. 


345. Sometimes it is required to insert several arithmeti- 


cal means between two numbers. 


Ex. Insert six arithmetical means between 3 and 17. 
Here the whole number of terms is eight; 3 is the first term and 
17 the eighth. 
By I, 1723774 
422. 
The series is 3, [5, 7, 9, 11, 13, 15, 17, the terms in 
brackets being the means required. 


—— — 


| 


— τπτ 


r 


— 
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846, When the sum of a number of terms 1η arithmetical 
progression is given, it is convenient to represent the terms 
as follows: 


Three terms by z — y, z, 2-9; 
four terms by 4 — 3% & — J T , td 3%; 


and so on. 


Ex. The sum of three numbers in arithmetical progres- 
sion is 36, and the square of the mean exceeds the product 
of the two extremes by 49. Find the numbers. 


Let z — y, z, x+y represent the numbers. 
Then, adding, 3a = 36. 
~ a= 12. 
Putting for z its value, the numbers are 
12 — y, 12, 12+y. 
Then (12) — (12 — y) (12 + y) = the excess. 


But 49 — the excess. 
Therefore, 144 — 144 + y! = 49, 
= y=. 


The numbers are 5, 12, 19; or 19, 12, 5. 


Exercise 107. 
l=a+(n—1)d; Fat) [2a (n—1)d} 
Find / and s, if 
l.a—T7, d—4, n—18. 4. a—63, d— —5, n—& 
δ 4-8 .-19 » 4-1 go> l 
; T 7 


3. “=> d=6, n=680. 6. a = gn, d — 2n, n — 96. 


ARITHMETICAL PROGRESSION. 


Find d and s, if 


T. @=2 41 194; 5 — 18. 


8. a=0 


l= 200, n= 51. 


9. a= 169, l= 8, n = 24. 


a ba 


145 α", n= 21. 


Insert eight arithmetical means between 


11. 13 and 76. 
12. land 2. 


Find a and s, if 
15. d—7, I: : 149, n= 22 


eu. 


Find n and s, if 
11. αξ- 11, 1-- 350, d —9. 


Find d and n, if 

19. a— 14, l= 54, s — 999. 
Find d and J, if 

21. a=10, n=14, s— 1050. 
Find a and d, if 

28. [—21, n— 7, s=105. 
Find a and l, if 

25. R= 21, d= 4. 8-— 1197. 
Find πι and l if 

27. 8 = 636, a=9, d—8. 


Find a and n, if 
39. „ 623 d=5, 1— 77. 


13. 


14. 


16. 


18. 


20. 


24. 


26. 


28. 


30. 


1 and 3 
2 4 


47 and 2. 


d—21, 1-242, n= 12. 


a= 84, 1-- 10, d=- 2. 


a=2, l=87, s= 801. 


a I, n= 90, s= 805. 


72105, n= 16, s = 840. 


s= 798, a= 18, a=6. 


s= 1008, d=4, 1-- 88. 
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Find the arithmetical series in which 


31. The 15th term is 25, and the 29th term 46. 


How many terms must be taken of 
32. The series —16, —15, —14, ..... to make — 100? 


33. The series 20, 183, 171, ..... to make 162}? 


34. The sum of three numbers in arithmetical progres- 
sion is 9, and the sum of their squares is 29. Find the 
numbers. 


35. The sum of three numbers in arithmetical progres 
sion is 12, and their product is 60. Find the numbers. 


GEOMETRICAL PROGRESSION. 


347. A series is called a geometrical series or a geometrical 
progression when each succeeding term is obtained by mul- 
tiplying the preceding term by a constant multiplier. 

The general representative of such a series will be 

a, ar, ar, ar, ar* ..... 
in which a is the first term and r the constant multiplier 
or ratio. 

The terms increase or decrease in numerical magnitude 


according as 7 is numerically greater than or numerically 
less than unity. 


848, The nth Term. Since the exponent of r increases by 
one for each succeeding term after the first, the exponent 
will always be one less than the number of the term, 8° 
that the nth term is ar“. 


If the nth term is represented by J, we have 
iw I. 


GEOMETRICAL FR. GRESSION. 


949, Sum of the Series. If Z represent the nth term, a the 
first term, n the number of terms, 7 the common ratio, and 


8 the sum of n terms, then 


8 a 17 a } TT ar 
Multiply by 7, 
a 2 
8 ar ar aT πι ος ar ar" (2) 


8 1, 


ubtracting the first equation from the secon 


or (r ~1l)s=a(” - 1). 


a(»* - 1) II. 


Since L= ar". rl = ar", and II. may be written 


εἶ --ᾱ, III. 


$ r +} two equa- 
350. From the two equations I. and II., or the two equ 
NC 
re given. 


tions I. and III., any two of the five num bers 4, 
d when the other three art 


may be founi 


n, δν 


ant 


(1 T} ar ies 18 8, the ο 
| The first term of a geometri ical series 1% 


ag]. Find the number 


yp Ως 
term 192, and the sum of t 


of terms and the ratio. 


From I 192 3 ru 1 
? d 92r—3 (2 
From III., 381 = 182r —7, i 
pc 
From (2), r= 2. 
Substituting in (1) 9n-1 = 64 
n-i 


The series js 3, 6, 


ως 
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(2) Find / when r, n, s are given. 


From I., a r 
ΕΞ 


l 


rí——— 


Substituting in III. RUP κας 


r—1 
(r—1)s= — 
cet 


«ας (r πλω 


— 1 


351. The geometrical mean between two numbers is the 
number which stands between them, and makes with them 
a geometrical series. 

If a and b denote two numbers, and G their geometrical 
mean, then a, G, b are in geometrical progression, and by 
the definition of a geometrical series, § 347, 


5 and at 
G b 

ape ELE 

G = Vab. 


352, Sometimes it is required to insert several geometri- 
cal means between two numbers. 

Ex. Insert three geometrical means between 8 and 48. 

Here the whole number of terms is five; 3 is the first term and 48 


the fifth. 
By I., 48 = 31, 
rt = 16. 
τ- «2. 


The series is one of the following: 
3, [ 6 12, 441], 48; 
3, [-6, 12, —24] 48. 
The terms in brackets are the means required. 
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953. Infinite Geometrical Series, When 7 is less than 1, the 
successive terms become numerically smaller and smaller; 
by taking n large enough we can make the nth term, arg, 
as small as we please, although we cannot make it absolutely 
zero. 

l—a rl 


The sum of n terms, ^ i Z 
9 ,may be written τ-- ; 
T] 1—7 l-r 


--- — 


this sum differs from 1 Z by the fraction ie by taking 
--τ — 1 


enough terms we can make /, and consequent] 
the greater the number of 


y the fraction 


rl : 

τ” smali as we please; 
a 

terms taken the nearer does their sum approach 1—7 


Hence oo is called the sum of an infinite number of 


terms of the series. 


(1) Find the sum of the infinite series 1— it 4 -i s 
Here, a= 1, KERN E 

2 
The sum of the series is LH or 2 Ans. 


+4 
We find for the sum of n terms 2+5 Es QE this sum evidently 


approaches i as n increases. 


(2) Find the value of the recurring decimal 


0.12135135 ..... 
Consider first the part that recurs: this may be written 
s : 135 
195 195 f this series is — 
100000 + 100000000 * —— , and the sum © 1-3 
which reduces to I. Adding 0.12, the part that does not recur, We ` 
* 449. Ans 


* H 1 
obtain for the value of the decimal 10640 3700 


14 
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Exercise 108. 


han oth: 20-1). 22 


r—1 11 


Find “ and s, if 


1. α- 4 r—2, n f. 8. a — 9, r=; n II. 


Find r and s, if 

8. αξ 1, n4, l= 04. 

4. a=, n — 8, l= 896. 
Insert 1 geometrical mean between 14 and 686. 
Insert 8 geometrical means between 31 and 496. 
Find a and s, if 7=128, r=2, »— T. 
Find s and n, if 4 = 9, l= 2304, r= 2. 
Find r and n, if a = 2, l= 1458, s= 2186. 


„ P 2 


32 
10. If the Sth term is Š and the Tth term 55, find the 
series. 


11. Find three numbers in geometrical 
sum is 14, and the sum of whose squares 1$ 84. 


al progression whose 


Sum to infinity : 
1 9 9 i Ex m 
12. 1,5, i ο 2, % 1% 19 1, 4, 15 


4 
15. 8,9. 5 x 15. 5, 8, =) 17. 8, —2, 3 


Find the value of ; 
18. 0.16. 20. 0.86, 22. 0.736. 


19. 0.378. 21. 0.54. 23. 0.363. 


HARMONICAL PROGRESSION. 


HanMoNICAL PROGRESSION. 


364. A series is called a harmonical series, or a barmonical 
progression, when the reciprocals of its terms form an arith- 
metical series. 


The general representative of such a series will be 
1 — 1 m , piis SSUES 
a a a+2d a (N= d 


Questions relating to harmonical series are best solved 
by writing the reciprocals of its terms, and thus forming 
an arithmetical series. 


855. If a and 5 denote two numbers, and H their har- 
monical mean, then, by the definition of a harmonical series, 


d delcgm 

H a b 
Ae E 2ab 
a+b 


356. Sometimes it is required to insert several harmoni- 


cal means between two numbers. 
Ex. Insert three harmonical means ΜῊ 3 


Find the three arithmetical means between d and + 
These are found to be 19.14 14 9 . therefore, the harmonical means 
Ἐν 12 72 


uum, 
e apie ο P T 


and 18. 


a+b = 2m 
367. Since 4 — L^ and G= Va, and EH a 


mean between two numbers is 


That is, the geo trical 
e geometri "ho arithmetical and 


also the geometrical mean between 
harmonical means of the numbers. 75 
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Exercise 109. 


1. If a, b, ο are in harmonical progression, show that 
a -b: - dare. 

2. Show that if the terms of a harmonical series are all 
multiplied by the same number, the products will form 8 
harmonical progression. 

3. The second term of a harmonical series is 2, and the 


fourth term 6. Find the series. 


4. Insert the harmonical mean between 2 and 3. 


5. Insert 2 harmonical means between 1 and 1 


. 


6. Insert 5 harmonical means between 1 and = 


7. The first term of a harmonical progression is 1, and 


the third term 5 Find the Sth term. 


8. The first term of a harmonical progression is 1, and 


the sum of the first three terms is 1$. Find the series. 


9. Ifa is the arithmetical mean between ὦ and c, and b 
the geometrical mean between a and c, show that ¢ 18 the 


harmonical mean between a and 5. 


10. The arithmetical mean between two numbers exceeds 
re of the 


the harmonica] mean by 1, and twice the squa 
arithmetical mean exceeds the sum of the squares of the 
harmonical and geometrical means by 11. Find the num- 


bers. 


X ων ο a 


CHAPTER XXIII. 
PROPERTIES OF SERIES. 


358. Oonvergent and Divergent Series. By performing the 
the 


indicated division, we obtain from the fraction Dara 


infinite series 1 L 2 T 2 L +e. This series, however, 
is not equal to the fraction for all values of z. 


359. If z is numerically less than 1, the series is equal to 
the fraction. In this case we can obtain an approximate 
value for the sum of the series by taking the sum of à 
number of terms; the greater the number of terms taken, 
the nearer will this approximate sum approach the value of 
the fraction. The approximate sum will never be exactly 
equal to the fraction, however great the number of terms 
taken; but by taking enough terms, it can be made to differ 
from the fraction as little as we please. 

Thus, if z=, the value of the fraction is 2, and the 
series is 


The sum of four terms of this series is 1j; the sum of 
1H; and so on. 


five terms, 144; the sum of six terms, 
The successive approximate sums approach, but never 
reach, the finite value 2. 


300, An infinite series is said to be convert ee 
sum of the terms, as the number of terms s indefinitely in- 
the this finite value 


creased, approaches some fired finite value ; 
is called the sum of the series. 
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361. In the series 1 T TA 4 2 4 e suppose 4 
numerically greater than 1. In this case, the greater the 
number of terms taken, the greater will their sum be; by 
taking enough terms, we can, make their sum as large as 
we please. The fraction, on the other hand, has a definite 
value. Hence, when x is numerically greater than 1, the 
series is not equal to the fraction. 

Thus, if z — 2, the value of the fraction is — 1, and the 
series 18 


1--24-44-84 


The greater the number of terms taken, the larger the sum. 
Evidently the fraction and the series are not equal. 


362. In the dem series suppose 7 = 1. In this case the 


1 170 and the series 141414117 


1 . , 
The more terms we take, the greater will the sum of the 


series be, and the sum of the series does not approach 8 


fixed finite value. : 1 
If x, however, is not exactly 1, but is a little less than 4, 


l will be very great, and the 


fraction is 


the value of the fraction 1 


fraction will be equal to the series. YT 
Suppose z — — l. In this case the fraction is τει ? 


and the series 1—1+1—1+- If we take an orai 
number of terms, their sum is 0; if an odd number, their 


sum is 1. Hence the fraction is not equal to the series. 


963. A series is said to be divergent when the sum of the 
terms, as the number of terms is indefinitely incre 
either increases without end, or oscillates in value t? 


approaching any fixed finite value. 
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No reasoning can be based on a divergent series; hence, 
in using an infinite series it is necessary to make such 
restrictions as will cause the series to be convergent. Thus, : | 
We can use the infinite series 1 L en when, 
and only when, z lies between +1 and — 1. 


364. Identical Series. Zf two series, arranged by powers 
of x, are equal for all values of x that make both series nn 
vergent, the corresponding coefficients are equal each to each. 


For, if A + Br + Ci 4 m A! + Bat Ot nmm | 
by transposition, i 
4-4. (-H (Ci O + E^ | 


Now, by taking z sufficiently small, the right side of Les 
equation can be made /ess than any assigned ku rà 
ever, and therefore less than 4— A,, if A— A mi s y 
value whatever. Hence, A—A' cannot have any value: 

Therefore, 

A~—A'=0 or A=A’. 

Hence, Br - C- + Du Can Bir Oe + N 
" (Bur = (O 0)e 4 (D -DARE ; 
by dividing by z, z 

B-B= (€ — C)z4- D ts 
and, by the same proof as for A — A’, 
B- B'=0 or B. 
In like manner, 
σ- ο D= D, and so on. 


iw 


Hence, the equation is S 
| A+ ee =A't Bet OF s ü; 
if true for all finite values of z, 15 an 7 


that is, the coefficients of like powers of © 
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365. Indeterminate Üoefficients. 


A 9--8z . : 
Ex. Expand — + in ascending powers of x. | ^ 
I l+24+2 8 P 5 
Assume Pe pos = A+ Bu + Ce? + Da? i 

1 - α -- αἳ 


then, by clearing of fractions, 
24322 A+ Bz 4 C8 + De + AUS 
+ Ax + Βοῦ GU ee 


+ Ac? + BÈ 
KA 24322 A4(B4 A)z (0484) 4 (D C4 B)? * E 
By ὁ 364, 422, B+A=3, C+B+A=0, D+0+B=0; 
whence B=1, σ--5, D=2, and so on. 


27432 
—— 2 * 1 3 ＋ 2 + e 
lrt? 
The series is of course equal to the fraction for only such values 
of z as make the series convergent. 


oying the method of Indeterminate Coefficients, 
the form of the given expression must determine what powers of the 
variable « must be assumed. It is necessary and sufficient that the 
assumed equation, when simplified, shall have in the right member 
all the powers of æ that are found in the left member. S: 
If any powers of x occur in the right member that are not in the 
left member, the coefficients of these powers in the right member will 7 
vanish, so that in this case the method still applies; but if any powers 
of z occur in the left member that are not in the right member, then : 
the coefficients of these powers of z must be put equal to Oin equating © 
the coefficients of like powers of z; and this leads to ts. 


Thus, if it were assumed that 22 κα 


Nore. In empl 


2432 42 4 Br OP + 
IT αἳ EY 
be in the simplified equation no term on the right cor- 2 ο 
on the left; so that, in equating the coefficients Of — " 
2. which is 22°, would have to be put equal to oM τος 


absurdity. — 


I 


| 
i 

| 
EF 
i 


of the denominator of the give 
'the reverse of the process of α 


- tial fractions, each assum 
of the given denominator ; moreover, pde rs of tbe 
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Exercise 110 


Expand to four terms: 


1 PASE T. A LE 
1+ 22 ITT 1—z—2 
Ei B COTES 6. LE 
£0 2—82 l+2-2 LIT 
3. 142. ο ον Aber 

2432 ' 1-224327 a eee 
Expand to five terms: 

4 5—2z 32—2 

10. 3 13. „ sl 

2 -α *. T z(z—1) 
2 2-2 2 — 21 aca E 
11. : E πως 15. 

SFr 13 z(z—2) (=I +) 


966. Partial Fractions. To resolve a fraction into partial 
fractions is to express itas the sum of a number of frac- 


tions of which the respective denominators are the factors 
n fraction. This process 1s 


dding fractions which have 


different denominators. 
Resolution into partial fractions m 
plished by the use of indeterminate 00 


ay be easily accom- 
i and the 


. theorem of $ 364. 
fraction into its simplest partial 


In decomposing a given 
fractions, it 1s important to 
fractioris must have. fs eta 

sum of the required par- 


Since the given fraction is the 
ed denominator must be 8 


determine what form the assumed 


-given denominator must be taken as 


assumed fractions. 


5 2 — 
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Since the required partial fractions are to be in their 
simplest form incapable of further decomposition, the nu- 
merator of each required fraction must be assumed with 
reference to this condition. Thus, if the denominator is 
1* or (x +a)", the assumed fraction must be of the form 


A . — Ar4-B | Αα B 
5 or Guay’ for if it had the form -- ΟΥ cia ay 


it could be decomposed into two fractions, and the partial 
fractions would not be in the simplest form possible. 

When all the monomial factors, and all the binomial 
es ai of the form z--a, have been removed from the 
denominator of the given expression, there may rema 
quadratic factors which cannot be further resolved; and 
the numerators corresponding to these quadratic factors 
may each contain the first power of 2, so that the assumed 

Az-- B or the 
* xar 


fractions must have either the form 
Az -4-B 
2 ＋ 5 


form 


(1) Resolve into partial fractions. 


3 
v+1 

Since 2° 1 ( ) - +1), the denominators will be 7+1 
and z*— z 4 1. 


— i ETTEN 
then 3= A(z —2 +1) +(Br+ OE 
=(4 +B) (B4 C— A)2 & (A Oy 
whence, 3470 B C—A-0, A4 B-0, 
and A=1, B--1, C=2. 
3 1 z-2 


ώρα ντ ath ἕ-ετῖ 
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i 4 — 2? 3t- | 
(2) Resolve ———7 82 — 2 into partial fractions. | 
i 2 (Y 1) E 
The denominators may be 2, αὖ, 2+ 1, (z 1) 
Ama, 12 . 4% . 
ssume 2 (a + ly stot stl αν 
„ 4 —21-32—22 Az (z 4 1 24 Βίας 1f O8 1) δα 
=(A + 0) (22 1: B4 04 Dj? (4428) Bi 
| whence, A 4 02-4, 
2A44B*C-D-—À 
ὃ 472323, 
| B=-2; 
and % B 2, 11, C=3, D=—4. 
Th αν 1 1.55 1 
erefore, EP TES ae τη 352 + 1 Gti 
Exercise 111. 
Resolve into partial fractions: 
PIC d. T. 32-1. 
eee m 4 ( 5) 1 
ag 250 01 — 32) (@-ly@r+ E 
3 5r—1 22 —12＋41 E t 
G = κ 3 14. 
2 -1 : 1 
J. 10. — — mes τν 
(4 — 5)(#@+2) T= CANIT: 
μὴ 1. 8 E 
sg Y στης | 
€ H 5 1 
FEST 12. E uoc — i 
» z(s-—4) ! STI = E 1 
E z : 


CHAPTER XXIV. 
BINOMIAL THEOREM. 


367. Binomial Theorem, Positive Integral Exponent. By suc- 
cessive multiplication we obtain the following identities : 
(a + b! = a? + 2ab + b; 
(a 4-0 — d + 8a?b + 8 αὖ! +8; 
(a Fb) = a‘ + ab + bab + 4 aD? +b. 
The expressions on the right may be written in a form 
better adapted to show the law of their formation : 
(a + by =a? + 2ab HELP ; 
yd 2 3.2% 421% 
(a+b = + 8a'b +7508 TII ; 
frames „ 48.911. 

Nore. The dot between the Arabic figures means the same as the 
sign X. 

968. Let n represent the exponent of (a + b) in any one 
of these identities; then, in the expressions on the right, 
we observe that the following laws hold true: 

I. The number of terms is n+ 1. 

II. The first term is a", and the exponent of a is one 

` less in each succeeding term. 

The first power of 5 occurs in the second term, the 
second power in the third term, and the exponent of b is 
one greater in each succeeding term. 

The sum of the exponents of a and b in any term is % 


2 
2 
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III. The coefficient of the first term is 1; of the second 


term, n; of the third term, — and so on. 


369. Consider the coefficient of any term; the number 
of factors in the numerator is the same 88 the number of 
factors in the denominator, and the number of factors in 

each is the same as the exponent of b in that term ; this 
i exponent is one less than the number of the term. 


370. Proof of the Theorem. That the laws of $ 368 hold 
| true when the exponent is any positive integer, is shown ' 
as follows : 
We know that the laws hold for the fourth power; 
suppose, for the moment, that they hold for the kth power. 
We shall then have 


(a+b) = a* + kab + D gp 
ra- DED grap om 
αμα Yd 9 


Multiply both members of (1) by a5; the result is 
(a+ by =a + (k+ 1)αδ + 12 LA 


4 CEEDERG Ὁ oor Be (2) 
1:2:8 


In (1) put £41 for k; this gives E 
k = 
e er Cre 


E: íGEDOEL HES gd nme 
123 
k 
EUM ου 


4 GEDEG— a O 


e same 88 equation (2). 


Equation (3) is seen to be th 
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Hence (1) holds when we put &-- 1 for I; that is, if the 
laws of $368 hold for the kth power, they must hold for 
the (k + 1)th power. 

But the laws hold for the fourth power; therefore they 
must hold for the fifth power. 3 

Holding for the fifth power, they must hold for the sixth 
power; and so on for any positive integral power. 

Therefore they must hold for the nth power, if nisa 
positive integer ; and we have 


(a +b)" =a" + πα". 0 Ἔα — D qp 


178 


p B= D (n2) η» Πεν (Α) 


Nore. The above proof is an example of a proof by mathematical 
induction. 


371. This formula is known as the binomial theorem. 

The expression on the right is known as the expansion of 
(a b); this expansion is a finite series when n is a positive 
integer. That the series is finite may be seen as follows : 

In writing out the successive coefficients we shall finally 
arrive at a coefficient which contains the factor n — Ἡ; the 
corresponding term will vanish. The coefficients of all the 
succeeding terms likewise contain the factor n — n, and 
therefore all these terms will vanish. 


972. If a and b are interchanged, the identity (A) may 
be written 


(a+ p+ ay aot nba 0 Dee 
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This last expansion is the expansion of (A) written in 


reverse order. Comparing the two expansions, we 866 
that : the coefficient of the last term is the same as the co- 
efficient of the first term; the coefficient of the last term 
but one is the same as the coefficient, of the first term but 


one; and so on. 

In general, the coefficient of t 
is the same as the coefficient of the rth te 
beginning. In writing out an expansion by 
| theorem, after arriving at the middle term, W 
] the work by observing that the remaining co 
those already found, taken in reverse order 


he rth term from the end 
rm from the 
the binomial 
e can shorten 
efficients are 


ms which involve even 


373. If 5 is negative, the ter 
involve odd 


powers of b will be positive, and those which 


powers of b negative. Hence, 


na" b + n i = 1) 4 57 


(a — b)" — a^ — 


_ n(n—3)(n —2) grr + 7 B 
12:8 aU + (B) 
z for b, in (A) and (B), 


n(n—U y 


(TY =I 1 2 


KE we (0) 


— — 
- 


domaro d 


n(n— I= em (D) 


CERTI ie 


eot th, 
— 


Also, putting 1 for a and 
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974, Examples: 
(1) Expand (1 + 22)*. 


In (O) put 2z for z and 5 for n. The result is 
5'4 5:4:3 


1422) 1 41 52% + — 4a! + 8 
(14229 71-4 5(22) 24 17973 
5:4:3:2 5:4:3:2:199, 
216 32 
tropa "53345 


1410 +4027 + 80 + 802* 3225, 


6 
(2) Expand to three terms G T . 


Put a for 1 and b for 2 then, by (B), 
* 


(a — by = aê — 6a*b + 15a*b? — «+ 


Replacing a and b by their values, 


E (J. OE)» OEE 


375. Any Required Term. From (A) it is evident ($ 372) 
that the (r+ 1)th term in the expansion of (a+6)" is 


1x2x92... T 


Nore. In finding the coefficient of the (r+ 1)th term, write 
the series of factors 1x 2x3....7 for the denominator of the co- 
efficient, then write over this series the factors n(n — 1 — 2), ete» 
writing just as many factors in the numerator as there are in the 
denominator. 


The (r+1)th term in the expansion of (a b)" is the 
same as the above if is even, and the negative of the 
above if 7 is odd. 


— za — — — BRÓÀ— ο. 
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T 


ἽΝ 10 
Ex. Find the eighth term of (4 — 3 . 


2 ” 
Here α--4, 5-5. n=10, 7. 


ο ον 10:9:8:7:06:5074 (4 7 
; 5.4645 — -- 
The term required is 22344 826 7 0 2) 
which reduces to — 60 z^. 

876, A trinomial may be expanded by the binomial 


theorem as follows: 


Expand (1-- 22 — zy. 


Put 21 * ; 
then (12) 1 32482 2. 
Replace z with 2z K. 
n (+202) =l + 8(2α — αἳ 4 3(22 - zy 4 (22 — 23 


L146e492 4 92 £69 . 


5 Exercise 412. 
Expand : 


1. (a4- by. 6. (a 4-5). 11. (mi +n’). 
3. (z— 2). 7. (a ο ds ο 
3. (34 — 29)". 8. (a— py. 13. (325 4- ν᾽. 
y "s £) | ο. (εὐ. ια. ( ey. 


δ. (44-3y)*. 10. Gey (a a. 


|. 
] 
| 
| 
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5 
22. - 7 23. . 
C d d bNa ac 
24. Find the fourth term of (2z — 3y)'. " 


25. Find the ninety-seventh term of (2a — 5). 


Nore. As the expansion has 101 terms, the ninety-seventh term 
from the beginning is the fifth term from the end. 


26. Find the eighth term of (3z — y)". 

27. Find the tenth term of (2a! — $a)”. 

28. Find the fifth term of (a—2V6)*. 

29. Find the eleventh term of (2 — a)". 

30. Find the fifteenth term of (2 ＋ y)". 

31. Find the fourth term of (8 — 22°)’. 

32. Find the twelfth term of (a? — ανα)". 

33. Find the seventh term of (y*— 1)". 

34. Find the fifth term of ($a — b V5)”. 

35. Find the fourth term of (Va — VE)”. 

36. Find the third term of (Va — V= by. 

37. Find the sixth term of (Va? — v — 1). 

38. Find the eighth term of (να + Mehr. 

39. Find the ninth term of (VN 1 +y v~- 1)". 
: ΕΝΑ 

40. Find the fifth term of G ο 


a 


41. Find the seventh term of (x |-α-'γ». 
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877. Binomial Theorem, Any Exponent. We have seen 
(5 810) that when n is a positive integer we have the 


identity 
aye ο Da 4 MO DOS 2» 
1:2 1:2:3 
We proceed to the case of fractional and negative expo- 
nents. 
I. Suppose » is a positive fraction, P. We may assume 
that q 
QE xy — (A+ Bet f Dr on y, Q) 
provided z be so taken that the series 
A+ B 4 C? + Di t 7 
is convergent ($ 360). 
That this assumption is allow 
Expand both members of (1). We obtain 


able may be seen 88 follows: 


ae —1)(p—2 
prete a tE t jag ; 


and «Α.Α Bz [4-2 Α1-Β1-4 AI DF 


ts of the second series there enter 


only the first & of the coefficients 4, B. C D. . I, then, 
of corresponding terms in the 


we equate the coefficients t 
two series (§ 364) as far as the kth term, we shall have just 
k equations to find k unknown numbers A, B, G D. . 
Hence the assumption made in (1) is allowable. 

Comparing the two first terms and the two gecond terms, 
we obtain 


4 „ aum 
24 B =p, or 4852, 


In the first & coefficien 


iR 
RE 7 
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Extracting the gth root of both members of (1), we have 


(tz =145 0+ OP ΡΕ < À (2) 


where z is to be so taken that the series on the right is 
convergent. 


II. Suppose π is a negative number, integral or frac- 
tional. Let u m, so that m is positive; then 
1 
11 27 =(1+2)" = ------- 
aer = προ 
From (2), whether m is integral or fractional, we may 
assume 


EU. c. 
(1 --α) 1+ πια + cu? + dz +--+ 
By actual division this gives an equation in the form 
(1--2)- —1— mz 4- Οὔ + Πα) ++ (3) 


378. It appears from (2) and (8) § 377 that whether n be 
integral or fractional, positive or negative, we may assume 
(IT IT C? + De? ., 


provided the series on the right is convergent. 
Squaring both members, 


(IT 22427)" =1-+2nr+ 2 Cx? +2 DT . (1) 
＋ n +2n0 + «.... 
Also, since 
(I TY — 1-4 ny t Cy + Dy t e 


we have, putting 22 C for y, 
(ITT TY = 1-4 n(2z4- 2)4- C(22z 4- αγ 
A D(2z- zy e 


— 


1 
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Comparing corresponding coefficients in (1) and (2), 


n 440 = 20, 
40+8D= 2 D 4- 2nC. 


s. 20 — = n, and gana, 


n(n =D —2). 


3 D — (n — 2)0, and D= 1:2:8 


and so on. 
Hence, whether be integra 


negative, we have 
(12-2 —1 pnr 2077 Da RONG e+ Me 


be so id that the series on the right 


1 or fractional, positive or 


provided, always, 2 
is convergent. | 

The series obtained will be an infinite series unless m is & 
positive integer (5 371). 


970. If x is negative, 
μα) zÜ 2 no DG Ya 


(I- =I I 
Also, if x< a, 
(cay - (142) 


— [1 +n= 2 20 7 3 


—1 Oe Ῥ-- : 
era ο 3 


if «>a, * 
ο «(153 


— 


—— — e 
? ——— 
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380, Examples. 


(1) Expand (1 T). 
W μονό 


4 idee 


x 
1 ze er 
tirg j^ ggg 


The above equation is only true for those values of z which make 
the series convergent. 


1 
2) Expand 
(2) Exp * 


-(1--αγὲ 


Vi-z 


1:5:9 9 
48 R 48:12 
if α is so taken that the series is convergent, 


A root may often be extracted by means of an expansion. 


(3) Extract the cube root of 344 to six decimal places. 


1 
944 = 1+— 14 —- $ 
4 343 ( t -π[ * * 


„ - aa)’ 
4 7 17843 


T "i TEA T (s)* o» ] 


= "T (1 + 0.000971815 — 0,000000944+ ~=), 
= 7.006796. 


| 


τ ; ο Vi 
(4) Find the eighth term of ( mes ct 
) g 1 
Here d &, beac 3 1 27. 


—̃ͤ— Ῥτ μμ Ls Y 


Αντ 4 2 


The term is 


1:2:3:4:5:677 
1:3-5:1:9:11:198: 3! 
2:4:6:8:10-12- 14:4 n 
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Exercise 113. 


Expand to four terms. 


1. (+s). 
2. (I T). 


9. (1-2) 5. 


4. (1 — 2f. 
8. (1 4) l. 


e. (1＋ l. 

7. (T! 
8. (1 AN 
9. (14 52). 
10. (1＋ δα). 


941 


11. (51-34) . 
12. (224-39) *. 
1 
Ja 
14. RS 
Ma xz) 


15. Find the fourth term of 6 EA 
2 


1 


16. Find the fifth term of = 
Ma -- 22) 


17. 
18. 
19. 
20. 
21. 
:22. 


23. 
24. 


25. 


26. 


Find the seven 


Find th 


Find the fourth 


Find the third term of 


Find the sixth term of ( 


Find the third term of 


Find the sixth term of 


e fourth term of (1+ 


65 . $ 


Find the fifth term of (2z — 8 E 


term of (1 — 


(4— T2). 
os 2a). 
Find the fifth term of (1 22) i 
Find the fifth term of (1— —x)*. 

th term of (1— a 
042) 2 


{αγ}. 


δα). A 


" 
rein 


A — P 
8 3 ——— 
fi N ' 


CHAPTER XXV. 
LOGARITHMS. 


381. If the natural numbers are regarded as powers of 
ten, the exponents of the powers are the Üommon or Briggs 
Logarithms of the numbers. If A and B denote natural 
numbers, a and 5 their logarithms, then 10*— A, 10 = B; 
or, written in logarithmic form, log A =a, log B= b. 


382. The logarithm of a product is found by adding the 
logarithms of its factors. 


For Ax B= I x 1 — 10**. 
Therefore, log (A B)=a+ = log A + log B. 


883. The logarithm of a quotient is found by subtracting 
the logarithm of the divisor from that of the dividend. 


For --------10”». 
ας 
Therefore, log 3 2 5 = log A log B. 


384, The logarithm of a power of a number is found by 
multiplying the logarithm of the number by the exponent 
of the power. 


For A* (10% = 10™. 
Therefore, log A" = an = n log A. 
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985, The logarithm of the root of a number is found by 
dividing the logarithm of the number by the index of the 
root. 

For VA = ν10:Ξ 10. 


Therefore, log VA = a log A 
NR 


886, The logarithms of 1, 10, 100, ete., and of 0.1, 0.01, 
0.001, etc., are integral numbers. The logarithms of all 
other numbers are fractions. 


Since 10˙ 1, 107(=75) =9.1, 
] 10'— 10, 10 (23194) =0.01, 
10: -- 100, 10 (Tur) = 0.001, 
therefore log 150, lg01 1, 
lg 10 „„ BUM 2; 
log 100 — 2, log 0.001 — — 3. 


Also, it is evident that the common logarithms of all 


numbers between 
land 10 will be O a fraction, 
10 and 100 will be 18 fraction, 
100 and 1000 willbe 2+2 fraction, 
1 and 0.1 will be 174 fraction, 
01 and 0.01 will be - 2+8 fraction, 
0.01 and 0.001 will be — 3+2 fraction. 


is less than ], the logarithm is nega- 


387. If the number 
uch a form that the f^ 


tive ($ 386), but is written in 8 
part is always positive. 


388, Every logarithm, therefore, 
positive or negative inte number, 


| 

| 

| characteristic, and 8 positive proper 
ji 

E 
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the mantissa, Thus, in the logarithm 3.5218, the integral 
number 3 is the characteristic, and the fraction .5218 the 
mantissa. In the logarithm 0.7825 — 2, which is sometimes 
written 2.7825, the integral number — 9 is the character- 


Q 


istic, and the fraction 7825 is the mantissa. 


389. If the logarithm has a negative characteristic, it is 
customary to change its form by adding 10, or a multiple 
of 10, to the characteristic, and then indicating the sub- 
traction of the same number from the result. Thus, the 
logarithm 2.7825 is changed to 8.7825 — 10 by adding 10 to 
the characteristic and writing — 10 after the result. The 
logarithm 18.9278 is changed to 7.9278 — 20 by adding 20° 
to the characteristic and writing — 20 after the result. 


390. The following rules are derived from $386: 


Rune 1. If the number is greater than 1, make the 
characteristic of the logarithm one unit less than the num- 
ber of figures on the left of the decimal point. 

Rue 2. If the number is less than 1, make the charac- 
teristic of the logarithm negative, and one unit more than 
the number of zeros between the decimal point and the first 
significant figure of the given number. 

Rune 3. If the characteristic of a given logarithm is 
, positive, make the number of figures in the integral part of 
the corresponding number one more than the number of 
units in the characteristic. 

Rurg 4. If the characteristic is negative, make the num- 
ber of zeros between the decimal point and the first sig- 
nificant figure of the corresponding number one less than 
the number of units in the characteristic. 


Thus, the characteristic of log 7849.27 is 3; the character- 
istic of log 0.081 is —2= 8.0000 — 10. If the characteristic 
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is 4, the corresponding number has five figures in its integral 
part. If the characteristic is — 8, that is, 1.0000 — 10, the 
corresponding fraction has two zeros between the decimal 
point and the first significant figure. 


391. The mantissa of the common logarithm of any inte- 
i gral number, or decimal fraction, depends only upon the 
digits of the number, and is unchanged so long as the 

sequence of the digits remains the same. 

For changing the position of the decimal point in a 

number is equivalent to multiplying or dividing the num- 

ber by a power of 10. Its common logarithm, therefore, 

will be increased or diminished by the exponent of that 

power of 10; and since this exponent is integral, the man- 

tissa, or decimal part of the logarithm, will be unaffected. 


Thus, 27196 = 10, 27196 — 10955, 
2719.6 —10*99, 0.27196 = 10065, 
27.196 — 10%, 0.0027196 = 10099. 


One advantage of using the number ten as the base of a 
system of logarithms consists in the fact that the mantissa 
depends only on the sequence of digits, and the characteristic 
on the position of the decimal point. 


{ 
I 
| 
f 


392. In simplifying the logarithm of 8 root the equal 
positive and negative numbers to be added to the logarithm 
should be such that the resulting negative number, when 
divided by the index of the root, gives 8 quotient of — 10. 

Thus, if the log 0.0023 = $ of (1.8010 — 10), the expres- 
sion $ of (1.3010 — 10) may be put in the form 4 of 
(27.3010 — 30), which is 9.1003 — 10, since the addition of 
20 to the 7, and of —20 to the — 10, produces no change 


in the value of the logarithm. 
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Exercise 114. 


Given: 1og2— 0.3010; log 3 0.4771; log 5= 0.6990; 
log 7 — 0.8451. 

Find the common logarithms of the following numbers 
by resolving the numbers into factors, and taking the sum 
of the logarithms of the factors: 


1. log 6. 5. log25. 9. log0.021. 18. log 2.1. 
2. log 15. 6. log 30. 10. log 0.35. 14. log 16. 
3. log 21. 7. log 42. 11. log 0.0035. 15. log 0.056. 
4. log 14. 8. log 420. 12. log 0.004. 16. log 0.63. 


Find the common logarithms of the following: 


17. 9. 20. b. 23. δὲ 26. 71. 29. 5L 
18. 5. 21. 2. 24. τ᾽ 27. 5. 30. 2. 
19. T. 22. 5}, 28. 21. 28. 37t, 31. 51. 


393, The logarithm of the reciprocal of a number is 
called the cologarithm of the number. 
If A denote any number, then 


colog 4 — log = log1-— log A (ἡ 883) = — log A (5 886). 


Hence, the cologarithm of a number is equal to the log- 
arithm of the number with the minus sign prefixed, which 
sign affects the entire logarithm, both characteristic and 
mantissa. 

In order to avoid a negative mantissa in the cologarithm, 
it is customary to substitute for — log A its equivalent 
(10 — log A) — 10. 

Hence, the cologarithm of a number is found by subtract- 
ing the logarithm of the number from 10, and then annexing 
— 10 to the remainder. 
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The best way to perform the subtraction is to begin on 
the left and subtract each figure of log A from 9 until we 
reach the last significant figure, which must be subtracted 
from 10. 

If log A is greater in absolute value than 10 and less 
than 20, then in order to avoid a negative mantissa, it is 
necessary to write — log A in the form (20 — log A) — 20. 
So that, in this case, colog A is found by subtracting log A 
from 20, and then annexing — 20 to the remainder. 


(1) Find the cologarithm of 4007. 


10 —10 
Given: log 4007 = 3.6028 
Therefore, colog 4007 = 6.3972 — 10 


(2) Find the cologarithm of 103992000000. 
20 —20 

Given: log 103992000000 — 11.0170 

Therefore, colog 103992000000 — 8.9830 — 20 


If the characteristic of log A is negative, then the subtra- 
hend, —10 or —20, will vanish in finding the value of 


colog A. 
(3) Find the cologarithm of 0.004007. 


10 —10 
Given: log 0.004007 = 7.6028 — 10 
Therefore, colog 0.004007 = 2.3972 


By using cologarithms the inconvenience of subtracting the 
logarithm of a divisor is avoided. For dividing by a num- 
ber is equivalent to multiplying by its reciprocal. Hence, 
instead of subtracting the logarithm of a divisor, its colog- 
arithm may be added. 


X 
—— — — —ͤ—ö PN TAN RN 
— é " » 1 
I 
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(4) Find the logarithm of 


5 
0.002 


5 
00037 log 5 + colog 0.002. 


log 5 = 0,6990 

colog 0.002 = 2.6990 

log quotient = 3.3980 
0.07. 


03 
2 


log 


(B) Find the logarithm of 


log E = log 0.07 + colog 2°. 


log 0.07 = 8.8451 — 10 
colog 2 = (10 — 3 log 2) — 10 = 9.0970 — 10 
log quotient = 7.9421 — 10 


Exercise 115. 
Given: log2=0.3010; log 3 — 0.4771; log5= 0.6990 ; 
log 7 = 0.8451; log 11 = 1.0414. 
Find the logarithms of the following quotients: 


1. 7 8. a 15. AE 22. 55 
2. 5 9. 11 16. E 23. = 
3. 5 10. 2. 17. 611 24. Lm 
4. z 11. ~ 18. a 25. E 
5. 11 12. 2 19. P 26. A 
e. B. 1s. l. 20. 9. 27. 90055 
* : 14. Pa 21. Z ae 28. 6017 


— ů —. 


* 
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394, Tables. A table of fowr-place common logarithms 
is given at the end of this chapter, which contains the com- 
mon logarithms of all numbers under 1000, the decimal point 
and characteristic being omitted. The logarithms of single 
digits, 1, 8, etc., will be found at 10, 80, ete. 

Tables containing logarithms of more places can be pro- 
cured, but this table will serve for many practical uses, and 
will enable the student to use tables of five-place, seven- 
place, and ten-place logarithms, in work that requires 
greater accuracy. 

In working with a four-place table, the numbers corre- 
sponding to the logarithms, that is, the antilogarithms, as 
they are called, may be carried to four significant digits. 


395, To Find the Logarithm of a Number in this Table. 

(1) Suppose it is required to find the logarithm of 65.7. 
In the column headed “N” look for the first two significant 
figures, and at the top of the table for the third significant 
figure. In the line with 65, and in the column headed 7, 
is seen 8176. To this number prefix the characteristic and 
insert the decimal point. Thus, 

log 65.7 = 1.8176. 


(2) Suppose it is required to find the logarithm of 20347. 
In the line with 20, and in the column headed 3, is seen 
3075; also in the line with 20, and in the 4 column, is seen 
3096, and the difference between these two is 21. The dif- 
ference between 20300 and 20400 is 100, and the difference 
between 20300 and 20347 is 47. Hence, 100 of 91 = 10, 
nearly, must be added to 3075; that is, 

log 20347 = 4.3085. 

(8) Suppose it is required to find the logarithm of 
0.0005076. In the line with. 50, and in the 7 column, 8 
geen 7050; in the 8 column, 7059: the difference is 9. The 
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difference between 5070 and 5080 is 10, and the difference 
between 5070 and 5076 is 6. Hence, 3% of 9=5 must be 
added to 7050; that is, 


log 0.0005076 — 6.7055 — 10. 


996, To Find a Number when its Logarithm is Given. 


(1) Suppose it is required to find the number of which 
the logarithm is 1.9736. 

Look for 9736 in the table. In the column headed“ NS 
and in the line with 9736, is seen 94, and at the head of 
the column in which 9736 stands is seen l. Therefore, 
write 941, and insert the decimal point as the characteristic 
directs; that is, the number required is 94.1. 

(2) Suppose it is required to find the number of which 
the logarithm is 3.7936. 

Look for 7936 in the table. It cannot be found, but the 
two adjacent mantissas between which it lies are seen to be 
7931 and 7938; their difference is 7, and the difference be- 
tween 7931 and 7936 is 5. Therefore, $ of the difference 
between the numbers corresponding to the mantissas, 7931 
and 7938, must be added to the number corresponding to 
the mantissa 7931. 

* The number corresponding to the mantissa 7938 is 6220. 
The number corresponding to the mantissa 7931 is 6210. 
The difference between these numbers is 10, 

and 6210 + $ of 10 = 6217. 

Therefore, the number required is 6217. 

(3) Suppose it is required to find the number of which 
the logarithm is 7.3882 — 10. 

Look for 3882 in the table. It cannot be found, but the 
two adjacent mantissas between which it lies are seen to be 
3874 and 3892; the difference between the two mantissas * 
is 18, and the difference between 3874 and the given man- 
tissa 3882 is 8. 


a 
^ 
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The number corresponding to the mantissa 3892 is 2450. 
The number corresponding to the mantissa 3874 is 2440. 
The difference between these numbers is 10, 


and 2440 ＋ 8, of 10 = 2444. 


Therefore, the number required is 0.002444. 


Exercise 116. 


Find, from the table, the common logarithms of: 

1. 50. 4. 7803. 7. 7063. 10. 0.5234. 
2. 201. 5. 4325. 8. 1202. 11. 0.01423. 
3. 888. 6. 8109. 9. 0.00789. 13. 0.1987. 


Find antilogarithms to the following common logarithms: 
13. 4.1432. 15. 2.3177. 17. 9.0380 — 10. 
14. 3.5317. 16. 1.3709. 18. 9.9204 — 10. 


397. Examples. 
(1) Find the product of 908.4 x 0.05392 x 2.117. 


log 908.4 = 2.9583 
log 0.05392 = 8.7318 — 10 
log 2117— 03257 
2.0158 = log 103.7. Ans. 


When any of the factors are negative, find their logarithms with- 
out regard to the signs ; write — after the logarithm that corresponds 
to a negative number. If the number of logarithms so marked is 
odd, the product is negative: if even, the product is positive. 


(2) Find the quotient of — 8.3700 x 834.687, 


7308.946 
log 8.3709 = 0.9227 — 
log 834.037 — 2.9215 + 
colog 7308.946 = 6.1362 — 10 + 
9.9804 — 10 = log — 0.9558. Ans. 
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(3) Find the cube of 0.0497. 
log 0.0497 — 8.6964 — 10 
Multiply by 3, 3 
6.0892 — 10 = log 0.0001228, Ans. 


(4) Find the fourth root of 0.00862. 
log 0.00862= 7.9355 — 10 

Add 30 — 30, 30. — 30 

Divide by 4, 4) 37.9355 — 40 


9.4839 — 10 = log 0.3047. Ans. 


(5) Find the value of NI 3.1416 x 4771.21 x 9.71835 
30.108* x 0.4343! x 69.897 


log 3.1416 = 04971 = 0.4971 
log 4771.21 = 3.6786 = 3.6786 
flog 2.7183= 0.4343+2 = 0.2172 
4colog 30.103 = 4(8.5214 — 10) = 4.0856 — 10 
1 colog 0.4343 = 0.3622+2 = 0.1811 
4colog 69.897 = 4(8.1555 — 10) = 2.6220 — 10 
11.2816 — 20 
30 — 30 
5 )41.2816 — 50 
8.2563 — 10 
= log 0.01804. Ans. 


398. An exponential equation, that is, an equation in which 
the exponent involves the unknown number, is easily solved 
by Logarithms. 

Ex. Find the value of 2 in 81* = 10.. 

8]. — 10. 
. log (817) = log 10, 
e z log 81 = log 10, 


128.10 10000 082 
Tog 81 19085 0.524. Ans. 


$ 
f 
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Exercise 117. 
Find by logarithms the following products: 
1. 948.7 x 0.04387. 5. 7564 x (— 0.003764). 
2. 3.409 x 0.008763. 6. 3.764 x (— 0.08349). 
3. 830.7 x 0.0003769. 7. —5.845 x (— 0.00178). 
4. 8.439 x 0.9827. 8. — 8945.7 x 73.84. 


Find by logarithms: 


9. 7065. 11. 07654 

5401 88.94 x 0.8395 

1ο... 1053 12. 22 (6.12) x (—2008) 
* — 0.06875 365 x (— 531) x 2.576 

13. 0.1768*. 11. 04. 21. 2.563". 

14. 1211". 18. 906.81. 22. (81). 

15. 113. 19. (81). 23. (51. 

16. (iD. 20. (748). 24. (919). 


2. ͤ C MU 
25. 2|0.0075’ x 78.34 X 172.45 x 0.00052 
42851 x 54.27* x 0.001 x 86.79% 


[0.082717 x 8.429 x 0.7752" 
32.19 x 0.00371‘ 


27. M 7.126 x 0.1827 x 0.05738 _. 
04846 x 17.38 x V0.006872 


Find z from the equations: 
28. 5*— 10. 30. 7 40. 32. (0.4) = 8. 


29. 4* = 20. 51. (137 4.2. 35. (0.9)7=2 


26. 


yc 70 


10 | 0000 | 0043 
11 | 0414 | 0453 
12 |0792 | 0828 
18 | 1139 | 1173 
14 | 1461 | 1492 


A τος. 


| 


—— 


loeo mae 


r 


15 
16 
17 
18 
19 


20 
21 
22 
23 
24 


25 
26 
27 
28 
29 


37 
38 
39 


45 
46 
47 
48 
49 


1761 | 1790 | 1818 | 1847 | 1875 
2041 | 2068 | 2095 | 2122 | 2148 
2304 | 2330 | 2355 | 2380 | 2405 
2553 | 2577 | 2601 | 2625 | 2648 
2788 | 2810 | 2833 | 2856 | 2878 


es Dene Sees aN SO 


3010 | 3032 | 3054 | 3075 | 3096 
3222 | 3243 | 3263 | 3284 | 3304 
3424 | 3444 | 3464 | 3483 | 3502 
3617 | 3636 | 3655 | 3674 | 3692 
3802 | 3820 | 3838 | 3856 | 3874 


M rmi n 
3979 | 3997 | 4014 | 4031 | 4048 


4150 | 4166 | 4183 | 4200 | 4216 
4314 | 4330 | 4346 | 4362 | 4378 
4472 | 4487 | 4502 | 4518 | 4533 


4624 | 4639 | 4654 | 4669 | 4683 | 


5441 
5563 
5682 
5198 
5911 


B 
. 
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B 
B 


4843 | 4857 | 4871 | 4886 | 4900 


4983 | 4997 | 5011 | 5024 | 5038 
5119 | 5132 | 5145 | 5159 | 5172 
5250 | 5263 | 5276 | 5289 | 5302 


5378 | 5391 | 5403 | 5416 | 5428 


5502 | 5514 | 5527 | 5539 | 5551 
5623 | 5635 | 5647 | 5658 | 5670 
5740 | 5152 | 5763 | 5775 | 5786 
5855 | 5866 | 5877 | 5888 | 5899 


5966 | 5977 | 5988 | 5999 | 6010 


6075 | 6085 | 6096 | 6107 | 6117 
6180 | 6191 | 6201 | 6212 | 6222 
6284 | 6294 | 6304 | 6314 | 6325 
6385 | 6395 | 6405 | 6415 | 6425 


6484 | 6493 | 6503 | 6513 | 6522 


62 
63 


70 
Τι 
72 
73 
74 


75 


iiis 
He 


55 | 7404 | 7412 | 7419 | 7 
66 | 7482 | 7490 | 7497 
57 7559 | 7566 | 7574 
58 7634 | 7642 | 7649 
59 | 7709 | 7716 | 7723 


60 | 7782 | 7789 | 7796 | 7803 7810 
61 | 7853 | 7860 | 7868 | 7875 | 7882 


64 8062 | 8069 | 8075 | 8082 | 8089 


αν ους kantina atirli iiet e 
8751 | 8756 | 8762 | 8768 | 8774 


LOGARITHMS. 


7474 
7551 
7627 
7694 | 7701 
7767 | 7774 


7839 | 7846 
7910 | 7917 
7980 | 7987 
8048 | 8055 
8116 | 8122 


8182 | 8189 
8248 | 8254 
8312 | 8319 
8376 | 8382 
8439 | 8445 


8500 | 8506 
8561 | 8567 
8621 | 8627 
8681 | 8686 
8739 | 8745 


8797 | 8802 
8854 | 8859 
8910 | 8915 
8965 | 8971 
9020 | 9025 


9074 | 9079 
9128 | 9133 
9180 | 9186 
9232 | 9238 
9284 | 9289 


7466 
7543 
7619 


7451 

7528 
7604 
7679 
7752 


7825 
7896 
7966 


7582 7589 
7657 7664 
7731 | 7738 


1924 | 7951 | 7938 | 7945 | 7952 
1993 | 8000 | 8007 | 8014 | 8021 


8169 
8235 
8299 
8363 
8426 


8488 
8549 | 8555 
8609 
8669 
8727 


8779 | 8785 
8837 | 8842 
8893 | 8899 
8949 | 8954 


8470 
8531 
8591 
8651 
8710 


8463 
8525 
8585 
8645 
8704 


8457 
8519 
8579 
8639 
8698 


8451 
8513 
8573 
8633 
8692 


—— . 


8808 | 8814 | 8820 | 8825 | 8831 
8865 | 8871 | 8876 | 8882 | 8887 
8921 | 8927 | 8932 | 8938 | 8943 
79 | 8976 | 8982 | 8957 | 8982 | 8987 | 8993 | 8998 


9031 | 9036 | 9042 | 9047 | 9053 
9085 | 9090 | 9096 | 9101 | 9106 
9138 | 9143 | 9149 | 9154 | 9159 
9191 | 9196 | 9201 | 9206 | 9212 
9243 | 9248 | | 9253 | 9258 | 9263 


CHAPTER XXVI. 
GENERAL REVIEW EXERCISE. 
If a—6, b=5, c— —4, d= — 8, find the value of 
1. Mag V Zac. 3. VII de νο — 240. 


LO INO cs e ot NOTE 
2a— —ac e 4- 2d(d' — e) 

Find the value of 
2 ＋ 2 abe 

5. ate when shears 

3G 
a b a Dada oes: 
33 ο a'(b —a) 

- ἢ kp when 2 ΠΕ 

8. (α-- z) (b 4- α) — a (b e) A, when z=% 

9. 9 . when x = - ad. 


a(l T5) = α-- 2b 
10. Add (a) F (b —e)y*- (c—a) 2, (b — ο) tHe a)y 
+ (a - 5) 2, and (e — a) z? 4- (a — b) y + (b — e)7- 
11. Add (a 4-5) z 4- (b -F e) y = (ea), (Ocz (eta 
— (a ＋ b) y, and (a 4- c) y - (a = Ger. 
12. Show that 22 -- y! + 2 — 8220, if z 4- y - 2 — 0. 
18. Show that 2 87 — 27 — 182yz —0, if 2 2% +32. 


GENERAL REVIEW EXERCISE. 357 


Simplify by removing parentheses and collecting terms : 
4. 3a—2(b— c) —[2(a—5)—3(c--a)] -[8c—4(e— α)]- 
15. 7 (2a 4-5) — {194 — [18 (c — a) +12(6 — ὁ}}}. 

16. z — jy 4 [36 — 2) (z+ 2% Qy K — 22)1- 
17. 1422 ＋ 4 3[z 4-5 — 4 (z +D]. 

18. 102 —j4[5z — 3(z —1)] — 8[4z — 3(z + 2)]H- 

19. 3 [2a*- (327) TZ 23—(82—2)]- [57 (2:242) . 
20. (x — 2) (æ —8) — (z —7)(@—1) + (s - Ds — 2. 
21. (+y? — 22 (824-29) - (y — ) 7 2 9) 

22. de [2a 8a — 5] ο κο 


Resolve into lowest factors : 


23. (r--yy —4z. 27. 92 fry +i 
a (ov 
24. (zy 4. 28. G) *() —2 
25. aœ — b — c 2be. 29. 81a*— 1. 
26. ( % —2y — Ay. 30. a — 5. 
31. (gt —  -- à —d*y — (2ac — 25d Y. 
32. 2?— 19 4-84. 40. α--γ'. 
33. 42+ Yr — 36. 41. 84r ax. 
34. 2' — 8x 4- 15. 42. οὐ --αἳ. 
35. 92° — 1502+ 600. 43. 91a! — 64. 
36. 56 ＋ 82% 20%. 44. 2 — 32". 
37. 122*--87z 21. 45. a? 558. 
38. 38 — 14 40 46. 4 1024 
39. 62 ＋ 5 4. 47. a! — (b 1- ο). 


48. 82 62/(22 ＋ 30 + 219. 


358 SCHOOL ALGEBRA. 


Find the H.C. F. of 
49. 62*— 2 -- 923 -- 9z — 4, and 92*+ 802? — 9. 
50. 3 — 5 -- 2, and 2 5 +3. 
δι. 2 93 — 308, and 2 212 1312 — 231. 
52. 1 — 24 — 6x -- δ, and * — 2 — 22 ＋ 6 8. 
53. 2 42 — 2? 4. 2 4 2, and - 2 ＋ 2. 
54. δα) 10 4- Τα — 2, and 827 ＋ 1943 ＋ 17 4- 6. 
55. 42, — 92 ＋ 62 — 1, and θα) 7 4-1. 
56. 2 4 112 12, and αὖ + 11 αἳ + 54. 


Find the L. C. M. of 
57. 42°+42—8, and 4z* 4- 2z — 6. 
58. „ — 4y', and 2 ＋ zy — 64’. 
59. Ta'r(a— &), 21 d (a ), and 120 (a + z). 
60. 9 —2z— 2, and 822 10 — Τα — 4. 
61. 2 — 5 ＋ 6, z! — 4x -- 9, and z-—39r--2. 
62. 223 ＋ δαῦγ-- δαν +y, and 2 — Ἰ αἲν 4- δαγ'-- y. 
Simplify : 
es. 241 3242 24 1 
z(r—2) 40 T1) 4 — 2 —2 
64. 1 1 =e. I l-z 


— —— — 


1— 115. 1— 1427 
65. —1 2{α +2) = +5 
CES CES) 5) 1) (z — 1)(x 4-2) 
1 1 3 
E ag arbie Ῥ[αε- δα 
67 zr α--λ --8 


| α-ϑ)α-Ὁ N= C- 90 — =z) 


P 

n 

i 
β 

ΜΕ 

9 
[2 

. κ 
B 
b 

με 

* 

E 

* 
de 


GENERAL REVIEW EXERCISE. 959 


4 12 4 12 

1 — tá EAN EE. f 

(I zn z+3 

69. rra x 24] 
aty y) Μπο Y 

a'-—b a —b Gi E ER ) | 


68. 


ο 


. ο πρ 3 
a — b (αἱ — b) Ολα δὶ a+b 
1 1 
ΝΣ. "WU 
T1. a D σ ^ 74. T 
i ICI b—1+3 
a op c αὖ $ 
1 * 1 76. ——— 
1—a Ἱ--α 4 —1 * 
12. ĩ5—x.¶᷑ q—!ꝑꝗBß— z 
a 1 1+ 
+ — 4—2 i 
1— 4 1＋ 4 1 1 
1 1 1 76. ———————— 
— — — K a 
13. : lr 1 
1-i(1—àiü0-2) lad 
1-24 
Solve: 
62 4.13. 92415, g 35115, | 
n. i, ba 35 5 | 
9χ--α βα--ᾱα ο 
8. —— — — Ξ i 
"e Rte ' 
r 1 471 α-θ z—9 
" z—9 21 826 41 — 7 
4 b 5x 0.3 
44 Ὁ -- 81. 224+—=6 $ 
z, 10 102 9 | 
z,10. 224 2 81 ἡ 
$ y 24 17 7 j 


860 SCHOOL ALGEBRA. 
2α ὃν 42 asró--e 
οἱ 34.941 7.1 1 
es c - z'y's : 
42 ἀν 32 g 2 Le 
TOME c ty "i 
9 
Bz ἀν 33. 5 2a- b ο Ὁ 
4 b c Aa y 6 


Find the arithmetical value of 
84. 361: 27}; 16t; sot; 4! ; st; 278; oat. 
as. 32}; 64“; 811; (85); Grot: (lye). 
86. (0.95)!; (0.027)! ; 49%; 32%; 81°. 
87. 36 3; 27}; (50 3; (0.16) 1; (0.0016) l. 
88. Interpret a; a^; αἲ; at. (ayt, 

Simplify : : 
89. al x at; el x el; m! x m3; nt x n^ . 
90. abi xa 15 ict. alble 5 x att held, 
91. (2ab -- Abe + 2ae — a — δ) e + (a? ＋ 51 A ch. 
92. VIZ; V8; V50; V16; 4V250; V3; Vl; Vir 
93. 5/— 820; Vab; Va; Var Ca; 31/545. 
94. 2-/18 — 3V8 + 2V50; VSI 24 — VI92. 
95. $$ + V80— 1-20; 8ης + 10V 39 — 21. 


Rationalize the divisor, and find the value of 


E PERS TV 5 | 
gas 5 νᾶ ΝΤ με v5 4- ΝΤ 
97. Bi 99. N 101. -2V6 . 

$4 v6. NY y3 — V5 


re HC EIPRE EPERE HE FEE REEL REM T 
e E ο οπως 


ipa of 


* 


p tS 


μμ teri nb eno X 
* v ` J m det η επ 


i: 
5 
1 

4 

| 
zr 
"i 


104. 


105. 


106. 


τοις = 


Form the e 


ar EY d 


a—b, a+b. 


25, a +36. 


a+26, 2a4- b. 


' Solve: 


122. 


2. — 5 ＋4 = 0. 


. —92--8-90. 
. 92 — 132 4-4 — 0. 
2 Ag — 17 ＋4 =. 


242 5 4-2— 0. 


361 

165. POTE atb, 

ata b ab 
110. az'———; = ez — ba? 
111. 2452 

1 ＋ 5 zc 
112. 32 —5y = 1} 

δαν +3 —92) 
113. α 4 10 — 11] 

bzy—9y = 2) 
114. „„ 

z—y-i 

1 αν ντ a 
115. 

zy—2-—8 


119. 
120. 


121. 


121. 
128. 
129. 
130. 
131. 


quations of which the roots are: 


1＋ V3, 1— W. 
—14- V8, —1— V8. 
14-V-8, 1—-v-3. 


255 — 192 4- 24 — 0. 
2 — 1 0. 

2 120. 

αἳ 4 82190. 
1621 —17z#41=0. 


SCHOOL ALGEBRA. 


221 341. 1-0. 137. 1752 1 140. 


3% 5 / T2 0. 198. 4 l 32 l 27 =0 
. 6Vz—8Vz—45—0. 139. 2 3 — 40. 

21 N 57-0. 140. 32 20 — αἲ — 0. 
„3420 0. 141. V2z— V2z—2-—0. 


142. 3 40/39 — 0. 
143. VA LAV — 2a* — 0. 
144. 3 V2bz — 5b V2bz — 2% — 0. 
145. Vz-F4-4 V3z4l- VS i. 

. V5zltl42Viz—8-—10vz—2. 
147. 2Vz+2—3V32—5+ V5z4-1-0. 
148. Vll—2+ VZ VAT 2z — 0. 


Expand: 


149. 


150. 


151. 


. Expand to five terms 


(ala) (843—205 (ad ahy; (2 8). (3-4) 
(2-2); (2234-3 z)*; (Va?+1+a°); (13-22—2*—2? y. 


Expand to four terme 
(1—32)3; 1—42)1; (1—425!; (a- 22 h. 
Find the eighty-seventh term of (2z — y)". 


. Resolve into partial fractions 


8--2α 8—2z Mis M 
1— 32 ＋ 2 0—2-32) 1-2 
8—2z . 

1—3z-rF22 


R : SA es 


ο στ σος, 
" A5» ye 


^d 


